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Abstract. Large scale real-world network data such as social and information
networks are ubiquitous. The study of such networks seeks tofind patterns and
explain their emergence through tractable models. In most networks, and espe-
cially in social networks, nodes have a rich set of attributes associated with them.
We present the Multiplicative Attribute Graphs (MAG) model, which naturally
captures the interactions between the network structure and the node attributes.
We consider a model where each node has a vector of categorical latent attributes
associated with it. The probability of an edge between a pairof nodes depends
on the product of individual attribute-attribute similarities. The model yields it-
self to mathematical analysis. We derive thresholds for theconnectivity and the
emergence of the giant connected component, and show that the model gives rise
to graphs with a constant diameter. We also show that MAG model can produce
networks with either log-normal or power-law degree distribution.

Keywords: social networks,network model,latent attribute

1 Introduction

With the emergence of the Web, large online social computingapplications have be-
come ubiquitous, which in turn gave rise to a wide range of massive real-world social
and information network data such as social networks, Web graphs, and so on. The
unifying theme of studying real-world networks is to find patterns of connectivity and
explaining them through models. The main objective is to answer questions such as:
What do real graphs look like? How can we find models that explain the observed
patterns? What are algorithmic consequences of the models?

Research on empirical observations about the structure of networks and the models
giving rise to such structures go hand in hand. The empiricalanalysis of large real-
world networks aims to discover common structural properties, such as heavy-tailed
degree distributions [5], local clustering of edges [19], small diameter [11], and so on.
In parallel, there have been efforts to develop the network formation mechanisms that
naturally generate networks with the observed structural features. In these network for-
mation mechanisms, there have been two dichotomous modeling approaches. Broadly
speaking, the theoretical computer science and physics community have mainly focused
on relatively simple “mechanistic” but analytically tractable network models where con-
nectivity patterns observed in the real-world naturally emerge from the model. The

⋆ The full version of this paper appears in http://arxiv.org/abs/1009.3499.
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prime example in this line of work is the Preferential Attachment model with its many
variants [3, 1, 4], which specifies a simple but natural edge creation mechanism that
in the limit leads to networks with power-law degree distributions. Other models of
similar flavor include the Copying Model [8], the Small-world model [19], the Forest
Fire model [11], and models of bipartite affiliation networks [9]. On the other hand, in
statistics, machine learning and social network analysis,a different approach to mod-
eling network data has emerged. There the effort is in the development of statistically
sound models that consider the structure of the network as well as the features of nodes
and edges in the network. Examples of such models include theExponential Random
Graphs [18], the Stochastic Block Model [2], and the Latent Space Model [6].

“Mechanistic” and “Statistical” models. Generally, there has been some gap between
the above two lines of research. The “mechanistic” models are analytically tractable
in a sense that one can mathematically analyze properties ofthe networks that arise
from the models. These models emphasize the natural emergence of networks that have
structural properties which are found in real-world networks. However, such models
are usually not statistically interesting in a sense that they do not nicely lend themselves
to model parameter estimation and are generally too simplistic to be able to model
heterogeneities between individual nodes.

On the contrary, “statistical” models are generally analytically intractable and the
network properties do not naturally emerge from the model ingeneral. However, these
models are usually accompanied by statistical procedures for model parameter estima-
tion and very useful for testing various hypotheses about the interaction of connectivity
patterns and the properties of nodes and edges.

Although models of network structure and formation are seldom bothanalytically
tractable and statistically interesting, an example of a model satisfying both features
is the Kronecker graphs model [10], which is based on the recursive tensor product
of small graph adjacency matrices. Kronecker graphs are analytically tractable in a
sense that one can analyze global structural properties of networks that emerge from the
model [14, 10]. In addition, this model is statistically meaningful because there exists an
efficient parameter estimation technique based on maximum likelihood [10]. It has been
empirically shown that with only four parameters Kroneckergraphs accurately model
the global structural properties of real-world networks such as degree distributions, edge
clustering, diameter and spectral properties of the graph adjacency matrices.

Modeling networks with rich node attribute information. Network models investi-
gate edge creation mechanisms, but generally a rich set of attributes is associated with
each node. This is especially true in social networks, wherenot only people’s connec-
tions but also their profiles like age and gender have been collected. In this sense, both
node characteristics and the network structure need to be considered simultaneously.

The attempt to model the interaction between the network structure and node at-
tributes raises a wide range of questions. For instance, howdo we account for the het-
erogeneity in the population of the nodes or how do we combinenode features in an
interesting way to obtain probabilities of individual links? While the earlier work on
a general class of latent space models formulated such questions, most resulting mod-
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Fig. 1. Schematic representation of the Multiplicative AttributeGraphs (MAG) model. Given a
pair of nodesu andv with the corresponding binary attribute vectorsa(u) anda(v), the proba-
bility of edgeP [u, v] is the product over the entries of attribute-attribute similarity matricesΘi

where values ofai(u) andai(v) “select” the appropriate entries (row/column) ofΘi.

els were either analytically tractable but statistically uninteresting or statistically very
powerful but do not lend themselves to mathematical analysis.

To bridge this gap, we propose a class of stochastic network models that we refer
to as Multiplicative Attribute Graphs (MAG). The model naturally captures the inter-
actions between the network structure and the node attributes in a clean and tractable
manner. We consider a model where each node has a vector of categorical attributes
associated with it. Individual attributes of nodes are thencombined to model the emer-
gence of links. The model allows for rich interaction between node features in a sense
that one can simultaneously model features that reflect homophily (i.e., love of the
same) as well as those reflecting heterophily (i.e., love of the different). For example, if
people share certain features like hobby, they are more likely to be friends. However, for
some other features like gender, people may tend to form a relationship with someone
with the opposite characteristic. The proposed MAG model isdesigned to capture the
homophily as well as the heterophily that both naturally occur in social networks.

We proceed by formulating the model and show that it is both statistically inter-
esting and analytically tractable. In the following sections, we present our mathemati-
cal results. First, we examine the number of edges and show that our model naturally
obeys the Densification Power Law [11]. Second, we examine the connectivity of MAG
model, which includes the conditions not only when the network contains a giant con-
nected component but also when it becomes connected. Third,we show that the di-
ameter of the MAG model remains small even though the number of nodes is large.
Fourth, we show that networks emerging from the MAG model have log-normal degree
distributions. Furthermore, we describe a more general version of the model that can
also capture the power-law degree distributions. We view this as particularly interesting
in the light of a long-standing debate about how to distinguish power-law distributions
from log-normal in empirical data [16] and what implications this would make for real-
world networks. Also, our results imply that the MAG model isflexible in a sense that
networks with different properties emerge depending on theparameter configuration.

2 Formulation of the Multiplicative Attribute Graph Model

General considerations.We consider a setting where each nodeu has a vectora(u)
of l categorical attributes associated with it. For example, one can regard the attribute
vectors as a sequence of answers tol yes/no questions such as “Are you female?”.
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The other essential ingredient of our model is to specify a mechanism that generates
the probability of an edge between two nodes based on their attribute vectors. As men-
tioned before, we want our model to account for both the homophily of certain features
as well as the heterophily of the others. More precisely, we associate each attributei
(i.e., i-th question) with an attribute-attribute similarity matrix Θi. For the binary ex-
ample in Fig. 1, eachΘi is a 2 × 2 matrix. The entries of matrixΘi represent the
probability of an edge given the values of thei-th attribute of both nodes,i.e., attribute
values act as “selectors” of an appropriate cell ofΘi. Thus, if the attribute reflects ho-
mophily, the corresponding matrixΘi would have large values on the diagonal (i.e., the
edge probability is high when the nodes’ answers match), whereas if the attribute repre-
sents heterophily the off-diagonal values ofΘi would be high (i.e., the edge probability
is high when nodes’ answers do not match). The top of Fig. 1 illustrates the concept of
node attributes acting as selectors of entries of matricesΘi.

The Multiplicative Attributes Graph (MAG) model. Now we formulate a general
version of the MAG model. To start with, let each nodeu have a vector ofl categorical
attributes and let each attribute have cardinalitydi for i = 1, 2, · · · l. We also havel
matrices,Θi ∈ di × di for i = 1, 2, · · · l. Each entry ofΘi is a probability,i.e., a real
value between 0 and 11. Then, the probability of an edge(u, v), P [u, v], is defined as
the multiplication of probabilities corresponding to individual attributes,i.e.,

P [u, v] =

l
∏

i=1

Θi [ai(u), ai(v)] (1)

whereai(u) denotes the value ofi-th attribute of nodeu. Note that edges appear in-
dependently with probability determined by node attributes and matricesΘi. Figure 1
illustrates the model.

One can interpret the MAG model in the following sense. In order to construct
a social network, we ask each nodeu a series of multiple-choice questions and the
attribute vectora(u) stores the answers to these questions.Θi then reflects the marginal
edge probability over thei-th answers of for a pair of nodes. That is, the answers of
nodesu andv on a questioni select an entry of matrixΘi, i.e., u’s answer selects a row
andv’s answer selects a column. One can thus think of matricesΘi’s as the attribute-
attribute similarity matrices. Assuming that the questions are appropriately chosen so
that answers are independent of each other, the product overthe entries of matricesΘi

results in the probability of the edge betweenu andv.
The choice of multiplicatively combining entries ofΘi is very natural. In partic-

ular, the social network literature defines a concept of Blau-spaces [15] where socio-
demographic attributes act as dimensions. Organizing force in Blau space is homophily
as it has been argued that the flow of information between a pair of nodes decreases
with the “distance” in the corresponding Blau space. In thisway, small pockets of nodes
appear and lead to the development of social niches for humanactivity and social orga-
nization. In this respect, multiplication is a natural way to combine node attribute data

1 Note that there is no condition forΘi to be stochastic, we only require each entry ofΘi to be
on interval(0, 1).
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(i.e., the dimensions of the Blau space) so that even a single attribute can have profound
impact on the linking structure (i.e., it creates a narrow social niche communitiy).

The proposed MAG model is also analytically tractable in a sense that we can for-
mally analyze the properties of the model. Moreover, the MAGmodel is also statis-
tically interesting as it can account for the heterogeneities in the node population and
can be used to study the interaction between properties of nodes and their linking be-
havior. Moreover, one can pose many interesting statistical inference questions: Given
attribute vectors of all nodes and the network structure, how can we estimate the values
of matricesΘi? Or, given a network, how can we estimate both the node attributes and
the matricesΘi? The focus of this paper is in mathematical analysis and we leave the
questions of parameter estimation for the future work.

Simplified version of the model. Next we delineate a simplified version of the model
that we will mathematically analyze in the further sectionsof the paper. First, while
the general MAG model applies to directed networks, we consider undirected version
of the model by requiring eachΘi to be symmetric. Second, we assume binary node
attributes and thus matricesΘi have 2 rows and 2 columns. Third, to further reduce the
number of parameters, we also assume that the similarity matrices for all attributes are
the same,i.e., Θi = Θ for all i. These three conditions imply thatΘ[1, 1] = α, Θ[1, 0] =
Θ[0, 1] = β, andΘ[0, 0] = γ for 0 ≤ α, β, γ ≤ 1. Furthermore, all our results will hold
for α > β > γ. As we show later, the assumptionα > β > γ is natural since most
large real-world networks have a common structure [10].

Last, we also assume a simple generative model of node attributes. We usei.i.d.
Bernoulli distribution parameterized byµ to model the attribute vector of each nodeu,
i.e., P (ai(u) = 1) = µ for i = 1, 2, · · · , l and0 < µ < 1.

Putting it all together, the MAG modelM(n, l, µ, Θ) is fully specified by six pa-
rameters:n is the number of nodes,l is the number of attributes of each node,µ is
the probability that an attribute takes a value of1, andΘ = [α β; β γ] specifies the
attribute-attribute similarity matrix.

We now study the properties of the random graphs that result from theM(n, l, µ, Θ)
where every unordered pair of nodes(u, v) is independently connected with probability
P [u, v] defined in (1). Since the probability of an edge exponentially decreases inl, the
most interesting case occurs whenl = ρ log n for some constantρ.2

Connections to other models. We note that our model belongs to a general class
of latent space network models, where nodes have some discrete or continuous val-
ued attributes and the probability of linking depends on thevalues of attribute of the
two nodes. For example, the Latent Space Model [6] assumes that nodes reside in
d-dimensional Euclidean space and the probability of an edgedepends on the Eu-
clidean distance between the locations of the nodes. Similarly, in Random Dot Product
Graphs [20], the linking probability depends on the inner product between the vectors
associated with node positions. Furthermore, recently introduced Multifractal Network
Generator [17] can also be viewed as a special case of MAG model where the node
attribute distribution and the similarity matrix are equalfor every attribute.

2 Throughout the paper,log(·) indicateslog
2
(·) unless explicitly specified asln(·).
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The Kronecker graphs model [10] takes a small (usually2 × 2) initiator matrix
K and tensor-powers itl times to obtain a large graph adjaceny matrixG. The MAG
model generalizes this Kronecker graphs model in the following sense.

Proposition 1. A Kronecker graphG on 2l nodes with a2 × 2 initiator matrix K is
equivalent to the following MAG graphM : Let us number the nodes ofM as0, · · · , 2l−
1. Let the binary attribute vector of a nodeu ofM be a binary representation of its node
id, and letΘi = K. Then individual edge probabilities(u, v) of nodes inG match those
in M , i.e., PG[u, v] = PM [u, v].

The above observation is interesting for several reasons. First, all results obtained for
Kronecker graphs naturally apply to a subclass of MAG graphswhere the node’s at-
tribute values are the binary representation of its id. Thismeans that in a Kronecker
graph version of the MAG model each node has a unique combination of attribute
values (i.e., each node has different node id) and all attribute value combinations are
occupied (i.e., node ids range0, . . . , 2l − 1). Second, building on this correspondence
between Kronecker and MAG graphs, we also note that the estimates of the Kronecker
parameter matrixK nicely transfer to matrixΘ of MAG model. For example, Kro-
necker parameter matrixK = [α = 0.98, β = 0.58, γ = 0.05] accurately models the
graph of the internet connectivity, [10]. Thus, in the rest of the paper, we will consider
the above values ofK as the typical values that the matrixΘ would normally take. In
this respect, the assumption thatα > β > γ appears as very natural.

Furthermore, the fact that most large real-world networks satisfy α > β > γ tells
us that such networks have an onion-like “core-periphery” structure [12, 10]. In other
words, the network is composed from denser and denser layersof edges as one moves
towards the core of the network. Basically,α > β > γ indicates that more edges are
likely to appear between nodes which share1’s on more attributes and these nodes form
the core of the network. Since more edges appear between pairs of nodes with attribute
combination “1–0” than between those with “0–0”, there are more edges between the
core and the periphery nodes (edges “1–0”) than between the nodes of the periphery
themselves (edges “0–0”).

In following sections, we analyze the properties of the MAG model. We focus
mostly on the simplified version. Each section states the main theorem and the overview
of its proof. We omit the proofs and describe them in the full paper [7].

3 The Number of Edges

In this section, we derive the expression for the expected number of edges in MAG
model. Moreover, this formula can valdiate not only the assumption, l = ρ log n, but
also a substantial social network property, namely the Densification Power Law.

Theorem 1. For a MAG graphM(n, l, µ, Θ), the number of edges,m, satisfies

E [m] =
n(n − 1)

2

(

µ2α + 2µ(1 − µ)β + (1 − µ)2γ
)l

+ n (µα + (1 − µ)γ)
l
.
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The expression is divided into two diffrent terms. The first term indicates the number
of edges between distinct nodes, whereas the second term means the number of self-
edges. If we exclude self-edges, the number of edges would betherefore reduced to the
first term.

Before the actual analysis, we define some useful notations that will be used through-
out this paper. First, letV be the set of nodes inM(n, l, µ, Θ). We refer to theweight
of a nodeu as the number of1’s in its attribute vectors, and denote it as|u| , i.e.,|u| =
∑l

i=1 1 {ai(u) = 1} where1 {·} is an indicator function. We additionally defineWj as
a set which consists of all nodes with the same weightj, i.e., Wj = {u ∈ V : |u| = j}
for j = 0, 1, · · · , l. Similarly,Sj denotes the set of nodes with weight which is greater
than or equal toj, i.e., Sj = {u ∈ V : |u| ≥ j}. By definition,Sj = ∪l

i=jWi.
To complete the proof of Theorem 1, using the definition of thesimplified MAG

model, we can derive the main lemma as follows:

Lemma 1. For u ∈ V , E [deg(u)|u ∈ Wi] is equal to

(n − 1) (µα + (1 − µ)β)
i
(µβ + (1 − µ)γ)

l−i
+ 2αiγl−i .

By using this lemma, the outline of the proof for Theorem 1 is as follows. Since
the number of edges is half of the degree sum, all we need to do is to sumE [deg(u)]
over the degree distribution. However, becauseE [deg(u)] = E [deg(v)] if the weights
of u andv are the same, we can add upE [deg(u)|u ∈ Wi] over theweightdistribution,
i.e., binomial distributionBin(l, µ).

On the other hand, more significantly, Theorem 1 can result intwo substantial fea-
tures of MAG model. First, the assumption thatl = ρ log n for a constantρ might be
validated by the next two corollaries.

Corollary 1. m ∈ o(n) w.h.p.3 asn → ∞, if l
log n > − 1

log(µ2α+2µ(1−µ)β+(1−µ)2γ) .

Corollary 2. m ∈ Θ(n2−o(1)) w.h.p. asn → ∞, if l ∈ o(log n).

Note thatlog
(

µ2α + 2µ(1 − µ)β + (1 − µ)2γ
)

< 0 because bothµ andγ are less
than1. Thus, in order forM(n, l, µ, Θ) to have a proper number of edges (e.g., more
thann), l should be bounded by the order oflog n. On the contrary, since most social
networks are sparse,l ∈ o(log n) case can be also reasonably excluded. In consequence,
both Corollary 1 and Corollary 2 provide the upper and lower bounds ofl for social
networks. These bounds eventually support the assumption of l = ρ log n.

Although we do not technically define any process of MAG graphevolution, we
can interpret it in the folllowing way. When a new node joins the network, its behavior
is governed by the node attribute distribution which is seemingly independent of the
graph structure. However, in a long term, since the number ofattributes grows slowly
as the number of nodes increases, the node attributes and thegraph structure are not
independent. This phenomenon is somewhat aligned with the real world. When a new
person enters the network, he or she seems to act independently of other people, but
people eventually constitue a structured network in the large scale and their behaviors
can be categorized into more classes as the network evolves.

3 With high probability. It indicates the probability1 − o(1).
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Second, under this assumption, the expected number of edgescan be approximately

restated as12n2+ρ log(µ2α+2µ(1−µ)β+(1−µ)2γ) . We can easily figure out that this fact
agrees with the Densification Power Law [11], one of the properties of social networks,
which indicatesm(t) ∝ n(t)a for a > 1. For example, an instance of MAG model with
ρ = 1, µ = 0.5 (Proposition 1), would have the densification exponenta = log(|Θ|)
where|Θ| denotes the sum of all entries inΘ.

The full proofs of all are described in the full paper [7].

4 Connectivity

In the previous section, we observed that MAG model obeys theDensification Power
Law. In this section, we mathematically investigate MAG model for another general
property of social networks, the existence of a giant connected component. Further-
more, we also examine the situation where this giant component covers the entire net-
work, i.e., the network is connected.

We begin with the theorems that MAG graph has a giant component and further
becomes connected.

Theorem 2. (Giant Component)Only one connected component of sizeΘ(n) exists in
M(n, l, µ, Θ) w.h.p. asn → ∞ , if and only if

[

(µα + (1 − µ)β)
µ

(µβ + (1 − µ)γ)
1−µ

]ρ

≥
1

2
.

Theorem 3. (Connectedness)Let the connectedness criterion function ofM(n, l, µ, Θ) be

Fc(M) =

{

(µβ + (1 − µ)γ)ρ when(1 − µ)ρ ≥ 1
2

[

(µα + (1 − µ)β)
ν
(µβ + (1 − µ)γ)

1−ν
]ρ

otherwise

where0 < ν < µ is a solution of

[

(

µ
ν

)ν
(

1−µ
1−ν

)1−ν
]ρ

= 1
2 .

Then,M(n, l, µ, Θ) is connected w.h.p. asn → ∞, if Fc(M) > 1
2 . In contrast,

M(n, l, µ, Θ) is disconnected w.h.p. asn → ∞ if Fc(M) < 1
2 .

To show the above theorems, we require the monotonicity property of MAG model.

Theorem 4. (Monotonicity)For u, v ∈ V , P [u, v||u| = i] ≤ P [u, v||u| = j] if i ≤ j.

Theorem 4 ultimately demonstrates that a node of larger weight is more likely to be
connected with other nodes. In other words, a node of large weight plays a ”core” role in
the network, whereas the node of small weight is regarded as ”periphery”. This feature
of the MAG model has direct effects on the connectivity as well as on the existence of
a giant component.

By the monotonicty property, the minimum degree is likely tobe the degree of the
minimum weight node. Therefore, the disconnectedness is proved by showing that the
expected degree of the minimum weight node is too small to be connected with any
other node. Conversely, if this lowest degree is large enough, then any subset of nodes
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would be connected with the other part of the graph. Thus, to show the connected-
ness, the degree of the minimum weight node should be necessarily inspected, using
Lemma 1.

Note that the criteria in Theorem 3 is separated into two cases depending onµ,
which tells whether or not the expected number of weight0 nodes,i.e., E [|W0|], is
greater than1, because|Wj | is a binomial random variable. If this expectation is larger
than1, then the minimum weight isO(1) with high probability. Otherwise, ifE [|W0|] <

1, the equation ofν describes the ratio of the minimum weight tol asn → ∞. There-
fore, the condition for connectedness actually depends on the minimum weight node.
In fact, the proof of Theorem 3 is accomplished by computing the expected degree of
this minimum weight node and by using some techniques introduced in [14].

Similar explanation works for the existence of a giant component. Instead of the
minimum weight node, Theorem 2 shows that the existence ofΘ(n) component relies
on the degree of themedianweight node. We intuitively understand this in the following
way. We might throw away the lower half of nodes by degree. If the degree of the me-
dian weight node is large enough, then the half of the networkis likely to be connected.
The connectedness of this half network implies the existence of Θ(n) component, the
size of which is at leastn2 . In the proof, we actually examine the degrees of nodes of
three different weights:µl, µl + l1/6, andµl + l2/3. The existence ofΘ(n) component
is determined by the degrees of these nodes.

However, the existence ofΘ(n) component does not necessarily indicate that it is
a giant component, since there might be anotherΘ(n) component. Therefore, to prove
Theorem 2 more strictly, the uniqueness ofΘ(n) component has to follow the existence
of it. We can prove the uniqueness by showing that if there aretwo connected subgraphs
of sizeΘ(n) then they are connected each other with high probability.

The proofs of those three theorems are in the full paper [7].

5 Diameter

Another property of social networks is that the diameter of the network remains small
although the number of nodes grows large. We can show this property in MAG model by
applying the similar idea as in [14].

Theorem 5. If (µβ + (1 − µ)γ)
ρ

> 1
2 , thenM(n, l, µ, Θ) has a constant diameter

w.h.p. asn → ∞.

This theorem does not specify the exact diameter, but, underthe given condition, it
guarantees the bounded diameter even thoughn → ∞ by using the following lemmas:

Lemma 2. If (µβ + (1 − µ)γ)
ρ

> 1
2 , for λ = µβ

µβ+(1−µ)γ , Sλl has a constant diameter
w.h.p. asn → ∞.

Lemma 3. If (µβ + (1 − µ)γ)
ρ

> 1
2 , for λ = µβ

µβ+(1−µ)γ , all nodes inV \Sλl are
directly connected toSλl w.h.p. asn → ∞.

By Lemma 3, we can conclude that the diameter of the entire graph is limited to
(2+ diameter ofSλl). Since by Lemma 2 the diameter ofSλl is constant with high
probability under the given condition, the actual diameteris also constant. The proofs
are represented in the full paper [7].
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6 Degree Distribution

In this section, we analyze the degree distribution of the simplified MAG model un-
der some reasonable assumptions.4 Depending onΘ, MAG model produces graphs
of various degree distributions. For instance, since the MAG model becomes a sparse
Erdös-Rényi random graph ifα ≈ β ≈ γ < 1, the degree distribution will approxi-
mately follow the binomial distribution. For another extreme example, in case ofα ≈ 1
andµ ≈ 1, the network will be close to a clique, which represents a degree distribution
different from a sparse Erdös-Rényi random graph. For this reason, we need to narrow
down the conditions onµ andΘ as follows. Ifµ is close to0 or 1, then the graph be-
comes an Erdös-Rényi random graph with edge probabilityp = α (whenµ ≈ 1) or γ

(whenµ ≈ 0). Since the degree distribution of Erdös-Rényi random graph is binomial,
we will exclude these extreme cases ofµ. On the other hand, with regard toΘ, we
assume that a reasonable configuration space forΘ would be whereµα+(1−µ)β

µβ+(1−µ)γ is be-
tween1.6 and3. For the previous Kronecker graph example, this ratio is actually about
2.44. Our approach for the condition onΘ can be therefore supported by real examples
in [10]. Assuming all these conditions, we result in the following theorem.

Theorem 6. In M(n, l, µ, Θ)that follows above assumptions, if

[

(µα + (1 − µ)β)
µ

(µβ + (1 − µ)γ)
1−µ

]ρ

>
1

2
,

then the tail of degree distribution,pk, follows a log-normal, specifically,

N

(

ln
(

n(µβ + (1 − µ)γ)l
)

+ lµ lnR +
lµ(1 − µ)(ln R)2

2
, lµ(1 − µ)(ln R)2

)

,

for R = µα+(1−µ)β
µβ+(1−µ)γ asn → ∞.

In other words, the degree distribution of MAG model approximately follows a
quadratic relationship on log-log scale. This result is nice since some social networks
follow the log-normal distribution. For instance, the degree distribution ofLiveJournal
network looks more parabolic than linear on log-log scale [13].

In brief, since the expected degree is an exponential function of the node weight by
Lemma 1, the degree distribution is mainly affected by the distribution of node weights.
Since the node weight follows binomial distribution, it canbe approximated by a normal
distribution for sufficiently largel. Because the logarithmic value of the expected degree
is linear in the node weight and this weight follows a binomial distribution, the log
value of degree approximately follows normal distributionfor largel. This eventually
indicates that the degree distribution roughly follows a log-normal.

Note that there exists a condition,
[

(µα + (1 − µ)β)µ (µβ + (1 − µ)γ)1−µ
]ρ

> 1
2 ,

which is related to the existence of a giant component. First, this condition is perfectly

4 We trivially exclude self-edges not only because computations become simple but also because
other models usually do not include them.
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acceptable because real-world networks have a giant component. Second, as we de-
scribed in Sec. 4, this condition ensures that the median degree is large enough. Equiv-
alently, it also indicates that the degrees of a half of the nodes are large enough. If we
refer to the tail of degree distribution as the degrees of nodes with degrees above the
median degree, then we can show Theorem 6.

The full proofs for this analysis are described in the full paper [7].

7 Extensions: Power-Law Degree Distribution

So far we have handled the simplified version of MAG model parameterized by only
few variables. Even with these few parameters, many well-known properties of social
networks can be reproduced. However, regarding to the degree distribution, even though
the log-normal is one of the distributions that social networks commonly follow, many
social networks also follow the power-law degree distribution [5].

In this section, we show that the MAG model produces networkswith the power-
law degree distribution by releasing some constraints. We do not attempt to analyze it in
a rigorous manner, but give the intuition by suggesting an example of configuration. We
still hold the condition that every attribute is binary and independently sampled from
Bernoulli distribution. However, in contrast to the simplified version, we allow each
attribute to have a different Bernoulli parameter as well asa different attribute-attribute
similarity matrix associated wit it. The formal definition of this model is as follows:

P (aj(u) = 1) = µj , P [u, v] =

l
∏

j=1

Θj [aj(u), aj(v)] .

The number of parameters here is4l, which consist ofµj ’s andΘj ’s for j = 1, 2, · · · , l.
For convenience, we denote this power-law version of MAG model asM(n, l, µ, Θ) where
µ = {µ1, · · · , µl} andΘ = {Θ1, · · · , Θl}. With these additional parameters, we are
able to obtain the power law degree distribution as the following theorem describes.

Theorem 7. For M(n, l, µ, Θ), if µj

1−µj
=

(

µjαj+(1−µj)βj

µjβj+(1−µj)γj

)−δ

for δ > 0, then the

degree distribution satisfiespk ∝ k−δ− 1

2 asn → ∞.

In order to investigate the degree distribution of this model, the following two lemmas
are essential.

Lemma 4. The probability that nodeu in M(n, l, µ, Θ) has an attribute vectora(u)
is

l
∏

i=1

(µi)
1{ai(u)=1}(1 − µi)

1{ai(u)=0} .

Lemma 5. The expected degree of nodeu in M(n, l, µ, Θ) is

(n − 1)
l

∏

i=1

(µiαi + (1 − µi)βi)
1{ai(u)=1} (µiβi + (1 − µi) γi)

1{ai(u)=0}
.
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By Lemmas 4 and 5, if the condition in Theorem 7 holds, the probability that a node
has the same attribute vector as nodeu is proportional to(−δ)-th power of the expected
degree ofu. In addition,(− 1

2 )-th power comes from the Stirling approximation for
largek. This roughly explains Theorem 7.

We provide the full proof and simulation experiments in the full paper [7].
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