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Query optimization that involves expensive predicates has received considerable attention in the
database community. Typically, the output to a database query is a set of tuples that satisfy
certain conditions, and, with expensive predicates, these conditions may be computationally costly
to verify. In the simplest case, when the query looks for the set of tuples that simultaneously
satisfy k expensive predicates, the problem reduces to ordering the evaluation of the predicates
so as to minimize the time to output the set of tuples comprising the answer to the query. We
study different cases of the problem: the sequential case, in which a single processor is available
to evaluate the predicates and the distributed case, in which there are k processors available, each
one dedicated to each different attribute (column) of the database, and there is no communication
cost between the processors.

For the sequential case, we give a simple and fast deterministic
k-approximation algorithm, and prove that k is the best possible approximation ratio for a deter-
ministic algorithm, even if exponential time algorithms are allowed. We also propose a randomized,
polynomial time algorithm with expected approximation ratio 1 +

√
2/2 ≈ 1.707 for k = 2, and

prove that 3/2 is the best possible expected approximation ratio for randomized algorithms. We
also show that given 0 ≤ ε ≤ 1, no randomized algorithm achieves approximation ratio smaller
than 1 + ε with probability larger than (1 + ε)/2.

For the distributed case we consider two different models: the preemptive model, in which a
processor is allowed to interrupt the evaluation of a predicate, and the non-preemptive model, in
which the evaluation of a predicate must be completed once it is started. We show that k is the best
possible approximation ratio for a deterministic algorithm, even if exponential time algorithms
are allowed. For the preemptive model we introduce a polynomial time k-approximation algo-
rithm. For the non-preemptive model, we introduce a polynomial time O(k log2 k)-approximation
algorithm.

Categories and Subject Descriptors: F.2.2 [Analysis of Algorithms and Problem Com-
plexity]: Nonnumerical Algorithms and Problems—Computations on discrete structures; Se-
quencing and scheduling; G.2.2 [Discrete Mathematics]: Graph Theory—Graph algorithms;
H.2.4 [Database Management]: Systems—Query processing; Relational databases; Multimedia
databases; H.3.3 [Information Storage and Retrieval]: Information Search and Retrieval—
Information filtering; Search process; Selection process; G.3 [Probability and Statistics]: Prob-
abilistic algorithms

General Terms: Algorithms, Design, Performance

Additional Key Words and Phrases: Competitive Analisys, Online Algorithms

1. INTRODUCTION

The main goal of query optimization in databases is to determine how a query
over a database should be processed in order to minimize the user response time.
A typical query extracts the tuples from a database relation that satisfy a set of
conditions, or predicates, in database terminology. For example, consider the set
of tuples D = {(a1, b1), (a1, b2), (a1, b3), (a2, b1)} (see Fig. 1(a)) and a conjunctive
query that seeks to extract the subset of the tuples (ai, bj) for which ai satisfies
predicate P1 and bj satisfies predicate P2. These predicates can be viewed together
as a 0/1-valued function δ defined on the set of tuple elements {a1, a2, b1, b2, b3},
with the convention that δ(ai) = 1 if and only if P1(aj) holds and δ(bj) = 1
if and only if P2(bj) holds. The answer to the query is the set of pairs (ai, bj)
with δ̄(ai, bj) = δ(ai)δ(bj) = 1. The query optimization problem that we consider
is the one of determining a strategy for evaluating δ̄ so as to compute this set of
tuples by evaluating as few values of the function δ as possible (or, more generally,
ACM Journal Name, Vol. V, No. N, Month 20YY.
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with the total cost for evaluating the function δ̄ minimal).
It is usually the case that the cost (measured as the computational time) to

evaluate the predicates of a query can be assumed to be bounded by a constant so
that the query can be answered by just scanning through all the tuples in D while
evaluating the corresponding predicates.

This is not the case with computationally expensive predicates. For instance,
when the database holds complex data as images, tables, long sequences etc, this
constant may happen to be so large as to render the usual strategy impractical. In
such cases, the different costs involved in evaluating each predicate must also be
taken into account in order to keep user response time within reasonable bounds.

Among several proposals to model and solve this problem (see, for example
[Bouganim et al. 2001; Chaudhuri and Shim 1993; Hellerstein 1998]), we focus on
the improvement of the approach proposed in [Porto 2001] where, differently from
the others, the query evaluation problem is reduced to an optimization problem on
a hypergraph (see Fig. 1). We study different cases of the problem: the sequential
case, in which a single processor is available to evaluate the predicates and the
distributed case, in which there are k processors available, each one dedicated to
each different attribute (column) of the database and there is no communication
cost between the processors.

1.1 Problem Statement

A hypergraph is a pair G = (V (G), E(G)) where V (G), the set of vertices of G, is
a finite set and each edge e ∈ E(G) is a non-empty subset of V (G).

The rank of G, denoted r(G), is the maximum cardinality of an edge in G.
A hypergraph G is said to be r-uniform if each edge has r(G) vertices. Hyper-
graph G is said to be k-partite if there is a partition {V1, . . . , Vk} of V (G) such
that no edge contains more than one vertex in the same partition class. Unless
otherwise noted, every hypergraph G in this work will be uniform, r(G)-partite
and {Vi(G) : 1 ≤ i ≤ r(G)} denotes the partition of V (G) under consideration.

A matching in a hypergraph G is a set M ⊆ E(G) with no two edges in M
sharing a common vertex. A hypergraph G is said to be a matching if E(G) is a
matching. A cover for G is a set C ⊆ V (G) such that every edge of G has at least
one vertex in C.

Given a hypergraph G and a function δ : V (G)→ {0, 1} we define an evaluation
of (G, δ) as a set E ⊆ V (G) such that, knowing the value of δ(v) for each v ∈ E,
one may determine, for each e ∈ E(G), the value of

δ̄(e) =
∏
v∈e

δ(v). (1)

Note that an evaluation for (G, δ) must be a cover for G, otherwise there will be
an edge for which the value of δ̄ cannot be determined.

Given a hypergraph G and a function γ : V (G)→ R we associate a cost γ(X) to
each subset X of V (G), as a function of the values of γ(x), x ∈ X, for example,

γ(X) =
∑
v∈X

γ(v).

See below for the different definitions of γ(X) to be used in later sections.
ACM Journal Name, Vol. V, No. N, Month 20YY.
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Given an integer k > 0, an instance of the Dynamic k-partite Ordering problem
(DkO) is a k-partite, k-uniform hypergraph G, together with functions δ and γ as
above. The goal in DkO is to determine an evaluation of minimum cost for (G, δ, γ).
Observe that while the value of γ(v) is known in advance for each v ∈ V (G), the
function δ is ‘unknown’ to us at first. More precisely, the value of δ(v) becomes
known only when δ(v) is actually evaluated, and this evaluation costs γ(v).

Before we proceed, let us observe that DkO models our database problem as
follows: the vertex classes Vi(G), 1 ≤ i ≤ k correspond to the k different attributes
of the relation that is being queried. Each vertex of G corresponds to a distinct
attribute value (tuple element). The edges correspond to tuples in the relation,
γ(v) is the cost to evaluate δ on v and δ(v) corresponds to the result of a predicate
evaluated at the corresponding tuple element. For this reason, we say that a vertex v
is a false vertex or a true vertex when δ(v) = 0 or δ(v) = 1, respectively.

As described up to this point, DkO stands for a whole family of related computa-
tional problems rather than a unique problem, since each different definition of the
cost γ(E) of an evaluation E may define a different problem. In every case, we will
refer to a minimum cost evaluation as an optimal evaluation. If I is an instance
of DkO we will denote an optimal evaluation for I by E∗I . We are interested in
modelling our database problem in two different contexts.

The case in which there is only one processor available to evaluate the predicates
will be called the sequential case of DkO, denoted sDkO. In this case, the cost of
an evaluation E is defined as

γ(E) =
∑
v∈E

γ(v).

The case in which there are k processors available, one dedicated to evaluate the
predicates referring to each attribute of the database, will be called the distributed
case of DkO, and will be denoted by dDkO. In the distributed case, we address
both the preemptive and the non-preemptive models. In the former, we are allowed
to interrupt the evaluation of a vertex before completed, while in the latter such
an interruption is not allowed.

Figure 1(b) shows an instance of sD2O. The value of δ(v) is indicated inside each
vertex v. Suppose that γ(a1) = 3 and γ(b1) = γ(b2) = γ(b3) = 2. In this case, any
strategy that starts evaluating δ(a1) will return the evaluation {a1, b1, b2, b3}, of
cost 9. However, the evaluation of minimum cost for this instance is {b1, b2, b3}, of
cost 6. This example highlights the key point: the problem is to devise a strategy for
dynamically choosing, based on the function γ and the values of δ already revealed,
the next vertex v whose δ-value should be evaluated, so as to minimize the overall
cost.

In the distributed case, an evaluation is an object more complex than a set of
vertices, because of the scheduling information involved. In order to remain close to
the motivating problem, we allow for processors in idle state while waiting for others
to complete their respective evaluations, or for processors aborting the evaluation of
a vertex before completed, to start the evaluation of another vertex (preemption).

To illustrate the subtleties involved in these scheduling issues, let us consider an
instance I = (G, δ, γ) of dD2O, in which G has a single edge e = {v1, v2} with
costs γ(v1) = 1 and γ(v2) = 1000:
ACM Journal Name, Vol. V, No. N, Month 20YY.
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(a) (b)

b3

b2

b1

b3

b2

b1a1

a2

a1

V1(G) V2(G) V1(G) V2(G)

1 0

0

0

Fig. 1. (a) The set of tuples {(a1, b1), (a1, b2), (a1, b3), (a2, b1)} and (b) an instance of D2O

—In the non-preemptive model, if both processors start to evaluate simultaneously,
the cost would be 1000, whatever the values of δ(v1) and δ(v2); if the processor in
charge of V2(G) waits for the result of the evaluation of v1 before processing v2,
the cost of the evaluation would be either 1001, if δ(v1) = 1 or 1, if δ(v1) = 0.

—In the preemptive model, if both processors start to evaluate simultaneously, the
cost would be either 1 if δ(v1) = 0, or 1000 if δ(v1) = 1.

The results we are concerned with here do not require us to explicitly formalize
the scheduling information contained in an evaluation. It will be enough for our
purposes to define the cost of an evaluation E as the time elapsed between the
start of evaluation by the first processor and the end of the evaluation by the last
processor.

1.2 Measuring the Performance of Algorithms for DkO

Let A be an algorithm for DkO and let I = (G, δ, γ) be an instance of DkO. We will
denote the evaluation computed by A on input I by A(I). Establishing a measure
for the performance of a given algorithm A for DkO is somewhat delicate: for
example, a worst case analysis of γ(A(I)) is not suitable since any correct algorithm
should output an evaluation comprising all vertices in V (G) when δ(v) = 1 for
every v ∈ V (G). Hence the following definition.

Let I = (G, δ, γ) be an instance of DkO and let E be an evaluation for I. The
deficiency of evaluation E (with respect to I) is the ratio

d(E, I) =
γ(E)
γ(E∗I)

.

Given an algorithm A for DkO, we define the deficiency of A as the worst case
ACM Journal Name, Vol. V, No. N, Month 20YY.
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deficiency of the evaluation A(I), where I ranges over all possible instances of the
problem, that is,

d(A) = max {d(A(I), I) : I is an instance of DkO} .

If A is a randomized algorithm, then d(A(I), I) is a random variable, and the
deficiency of A is defined as the maximum over all instances of the expected value
of this random variable, that is,

d(A) = max {E [d(A(I), I)] : I is an instance of DkO}

We say that algorithmA is a deficiency-optimal algorithm for DkO if its deficiency
is the best possible. Clearly, in all scenarios we wish to devise fast algorithms whose
deficiency is as close to 1 as possible. In this paper, we are concerned with designing
algorithms for DkO, analyzing them and establishing bounds for their deficiency.

1.3 Statement of Results

The results in this work are organized as follows. Section 2 deals with the sequential
case of DkO (sDkO) and Section 3 deals with the distributed case (dDkO). In
Section 4 we indicate some open problems.

The study of the sequential case in Section 2 starts with the establishment of
lower bounds on the deficiency of deterministic and randomized algorithms for
sDkO (Section 2.1). These bounds apply for exponential time algorithms as well.

We then introduce a deficiency-optimal deterministic algorithm for sDkO with
time complexity O(k|E(G)| log |V (G)|) in Section 2.2. This algorithm does not need
to know the whole hypergraph in advance in order to solve the problem, since it
scans the edges (tuples), evaluating each of them as they become available. This is
a convenient feature for the database application that motivates this work.

Section 2.3 focuses on the study of the sequential case of the Dynamic 2-partite
Ordering Problem (sD2O). We introduce Rε, a randomized algorithm for sD2O
with time complexity O(|V (G)|3) whose expected deficiency is at most 2 − ε for
any given 0 ≤ ε ≤ 1 −

√
2/2. Clearly, the best bound for the expected deficiency

of Rε is achieved when ε = 1 −
√

2/2. However, the greater the value of ε, the
greater the probability that a particular execution of Rε will return a poor result.
In Section 2.3.1 we prove that the algorithm’s deficiency is always bounded from
above by 1 + 1/(1− ε).

The deficiency Rε is not assured to be highly concentrated around the expecta-
tion. In Section 2.3.2, we show that this limitation is inherent to the problem, rather
than a weakness of our approach. More precisely, we show that for any 0 ≤ ε ≤ 1,
no randomized algorithm can have deficiency smaller than 1 + ε with probability
larger than (1 + ε)/2. The proof of this fact makes use of Yao’s Minimax Principle
(see Theorem 2.2).

The study of the distributed case in Section 3 also starts with lower bounds on
the deficiency of deterministic and randomized algorithms for dDkO (Section 3.1).
Again, these lower bounds hold for exponential time algorithms as well.

Section 3.2 introduces deterministic algorithms for dDkO. In Section 3.2.1, we
present a deficiency-optimal algorithm with time complexity O(k|E(G)| log |V (G)|)
for the preemptive model and in Section 3.2.2 we give an algorithm with time
ACM Journal Name, Vol. V, No. N, Month 20YY.
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complexity O(k|E(G)| log |V (G)|) and deficiency O(k log2 k) for the non-preemptive
model.

1.4 Related Work

The problem of optimizing queries with expensive predicates has received some at-
tention in the database community [Avnur and Hellerstein 2000; Bouganim et al.
2001; Chaudhuri and Shim 1993; Hellerstein 1998; Laber et al. 2002; Porto 2001].
However, most of the proposed approaches [Chaudhuri and Shim 1993; Hellerstein
1998] do not take into account the fact that an attribute value may appear in differ-
ent tuples. In other words, these approaches only address those instances (G, δ, γ)
of DkO where G is a matching.

The idea of processing the hypergraph induced by the input relation of the
database appears first in [Porto 2001], but no theoretical analysis is made.

The non-preemptive version of dD2O is studied in [Laber et al. 2002], where the
following results are presented

—a lower bound of 1.5 on the deficiency of any (not only polynomial) randomized
algorithm;

—a randomized polynomial time algorithm with deficiency 8/3;

—a linear time algorithm of deficiency 2 for the particular case of dD2O in which
all the vertices have the same cost.

In the present work, we restrict our attention to conjunctive queries (in the sense
of (1)). However, much more general queries could be considered. For example,
δ̄ : E(G) → {0, 1} could be any formula in the first order propositional calculus
involving the predicates represented by δ. In [Charikar et al. 2002], the problem
of evaluating a query on a single tuple is addressed. In particular, queries that
can be represented by an “and/or tree” over a set of variables, where the cost of
evaluating each variable may be different, are considered. This problem is further
studied in [Laber 2004; Cicalese and Laber 2005; 2006].

2. THE SEQUENTIAL CASE

In this section we study sDkO, the sequential case of DkO. We start with lower
bounds on the deficiency of deterministic and randomized algorithms for sDkO and
then introduce a deficiency-optimal deterministic algorithm for sDkO with time
complexity O(k|E(G)| log |V (G)|).

Next we focus on the study of the sequential case of the Dynamic 2-partite
Ordering Problem (sD2O) and introduce a randomized algorithm for sD2O with
time complexity O(|V (G)|3) whose expected deficiency is at most 2 − ε for any
given 0 ≤ ε ≤ 1 −

√
2/2. We then prove that this algorithm’s deficiency is

always bounded by 1 + 1/(1 − ε). Finally, we show that that for any 0 ≤ ε ≤ 1,
no randomized algorithm can have deficiency smaller than 1 + ε with probability
larger than (1 + ε)/2.

Recall that, since this section deals only with the sequential case of DkO, the
cost of an evaluation E is defined as γ(E) =

∑
v∈E

γ(v).

ACM Journal Name, Vol. V, No. N, Month 20YY.
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2.1 Lower Bounds

We start with some lower bounds for the deficiency of algorithms for sDkO. As
noted before, these bounds apply to exponential time/space algorithms as well.

Theorem 2.1. Let an integer k > 0 be given. Given a deterministic algorithm A
for sDkO and a hypergraph G with at least one edge and r(G) = k, there exist
functions γ and δ such that, for I = (G, δ, γ), we have d(A(I), I) = k.

Proof. Let A and G be as above and let e be an edge of G. Let γ and δ′ be
given by

γ(v) = δ′(v) =

{
1, if v ∈ e;
0, otherwise.

Consider the execution of A(G, δ′, γ). Let u be the last vertex of e evaluated in
this execution and let

δ(v) =

{
0, if v = u;
δ′(v), otherwise.

It is not difficult to see that γ(A(G, δ, γ)) = r(G) = k and that
E∗ = (V (G) − e) ∪ {u} is an evaluation of cost 1 of I = (G, δ, γ). Therefore
d(A(I), I) = γ(A(I))/γ(E∗) = k.

To prove the result analogous to Theorem 2.1 for randomized algorithms, we
will apply Yao’s minimax principle [Yao 1977], in the form below. We need some
preliminaries.

In what follows, we shall consider probability distributions π on the instances
of sDkO, supported on a finite set (Pπ(I) > 0 for finitely many I only). Given such a
distribution π and a fixed deterministic algorithm A for sDkO, we may consider the
expected cost of the output of A when A is run on a random instance I distributed
according to π. We shall denote this ‘average cost’ of A(I) by Eπ(γ(A)).

Suppose now that we have a randomized algorithm R for sDkO and that I is
a fixed instance. We may of course consider E(R(I)), the expected cost of the
output of R on the instance I (here E denotes expectation with respect to the
randomization present in R). Having introduced the notation above, we may state
Yao’s principle in the form that is convenient for us.

Theorem 2.2. Let π be a probability distribution with finite support on the set
of instances of sDkO. For any randomized algorithm R for sDkO we have that

min {Eπ [γ(A)] : A is a deterministic algorithm for sDkO}
≤ max {E [γ(R(I))] : Pπ(I) > 0} . (2)

With Theorem 2.2 at hand, we may prove our lower bound for the deficiency of
randomized algorithms for sDkO.

Theorem 2.3. Let k > 0. The deficiency of a randomized algorithm for sDkO
is at least (k + 1)/2.

Proof. Consider the probability distribution π on the instances (G, δ, γ) of sDkO
defined as follows: (i) the only instances with positive probability are those in which
ACM Journal Name, Vol. V, No. N, Month 20YY.
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V (G) = {1, . . . , k} with the single edge {1, . . . , k}, γ(v) = 1 for all v ∈ V (G) and
with exactly one false vertex; (ii) each of these instances have the same probability,
namely, 1/k. It is immediate that the cost of an optimal evaluation for any of these
instances is 1.

Let A be a deterministic algorithm for sDkO and let I be one of the instances
described above. Note that the value of γ(A(I)) ranges over all the possible values 1,
. . . , k, as I varies over its k possible values, and that A always evaluates the vertices
of the hypergraph in the same order until it evaluates the false vertex, at which
point it stops.

As there are exactly k instances of positive probability, all of them equiprobable,
the expected value of γ(A(I)) is

Eπ [γ(A(I))] =
k∑

i=1

1
k
i =

k + 1
2

. (3)

On the other hand, if R is a randomized algorithm for sDkO then

d(R) = max {E [d(R(I), I)] : I is an instance of sDkO}

= max
{

E
[
γ(R(I))

1

]
: I is an instance of sDkO

}
= max {E [γ(R(I))] : I is an instance of sDkO}

≥ max {E [γ(R(I))] : Pπ(I) > 0} ,

which, combined with (2), gives

d(R) ≥ min {Eπ [γ(A)] : A is a deterministic algorithm for sDkO} .

From (3) we conclude d(R) ≥ (k + 1)/2.

The above results can be summarized as follows.

Corollary 2.4. No deterministic algorithm for sDkO can achieve deficiency
smaller than k and no randomized algorithm for sDkO can achieve deficiency smaller
than (k + 1)/2.

2.2 A Deficiency-optimal Polynomial Deterministic Algorithm

In this section we introduce a deficiency-optimal polynomial time deterministic
algorithm for sDkO, that is, one which has deficiency k.

The algorithm works as follows. Given an instance (G, δ, γ) of sDkO, the algo-
rithm keeps track of a variable ψe(v) for each e ∈ E(G) and each v ∈ e. The main
loop of the algorithm scans E(G). For each examined edge e, it initializes ψe(v) for
every v ∈ e and then, if the value of δ̄(e) is unknown (because some of the vertices
in e have not yet been evaluated), the algorithm “evaluates” this edge (Algorithm
Eval). Let E′ be the set of edges already scanned by main the loop. The gap at
the vertex v is defined as the difference

Ψ(v) = γ(v)−
∑

e∈E′|v∈e

ψe(v). (4)

ACM Journal Name, Vol. V, No. N, Month 20YY.
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The “evaluation of e” consists of evaluating the vertices of e which have not been
evaluated up to this point in increasing order of their gaps. This “evaluation of
e” finishes when either one of its vertices is evaluated and is found to be false or
else when the last vertex of e is evaluated and is found to be true. During this
evaluation the values of the variables ψe(v) are updated and, in particular, the gap
at every evaluated vertex becomes 0. In Algorithm Eval, although not indicated,
whenever we modify a variable ψe(v), we shall update Ψ(v) so as to maintain (4)
valid. Our algorithm is as follows:

Algorithm P(G, δ, γ)

for each e ∈ E(G)
for each v ∈ e do

ψe(v)← 0
if δ̄(e) is unknown

Eval(e)

Algorithm Eval(e)

(1) while δ̄(e) is unknown
(a) v ← a vertex of minimum gap in e which has not yet been evaluated
(b) evaluate v
(c) ψe(v)← Ψ(v)

(2) v′ ← last evaluated vertex in the loop (1)
(3) for each u ∈ e not yet evaluated

ψe(u)← ψe(v′)

Theorem 2.5. Algorithm P is a deficiency-optimal algorithm for sDkO with
time complexity O(k|E(G)| log |V (G)|).

Proof. Let I = (G, δ, γ) be an instance for sDkO, let E∗ be an optimal evalua-
tion for I and let

J = {e ∈ E(G) : e is passed as a parameter to Eval}.

As E∗ is a cover for G, we have E∗ ∩ e 6= ∅. For each e ∈ J , let v′ be the vertex
of E∗ ∩ e with the maximum gap right before the execution of Eval(e). We must
have that either v′ is the last vertex processed by the loop in Eval or that v′ is not
processed at all, for otherwise the vertices in E∗ ∩ e would not suffice to determine
the value of δ̄(e). In either case, we have

ψe(v′) = max {ψe(u) : u ∈ e}

right after the execution of Eval(e) and we can conclude that, for every e ∈ J ,∑
v∈E∗∩e

ψe(v) ≥ max {ψe(u) : u ∈ e} .

ACM Journal Name, Vol. V, No. N, Month 20YY.
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Furthermore, upon the termination of P, we have γ(v) ≥
∑

e∈J ψe(v), and then,

γ(E∗) =
∑
v∈E∗

γ(v) ≥
∑
v∈E∗

∑
e∈J

ψe(v)
∑
e∈J

∑
v∈E∗∩e

ψe(v) ≥
∑
e∈J

max {ψe(v) : v ∈ e} .

(5)
If v is indeed evaluated then γ(v) =

∑
e∈J ψe(v), and it follows that

γ(P(I)) =
∑

v∈P(I)

∑
e∈J

ψe(v) =
∑
e∈J

∑
v∈P(I)

ψe(v) ≤
∑
e∈J

|e|max {ψe(v) : v ∈ e} . (6)

From (5) and (6), it follows that

d(P(I), I) =
E [γ(P(I))]
γ(E∗)

≤ |e| = k,

and, therefore, d(P) = k.
We now approach the time complexity of algorithm P. For each edge e, the

algorithm spends O(k) to initialize the variables ψe. If the algorithm employs a
balanced search tree to store the vertices of V (G), then for each edge e it spends
time O(k log |V (G)|) to retrieve and update the required information about the
vertices of e and time O(k log k) to sort these vertices according to their gaps.
Therefore, the overall time complexity of algorithm P is O(k|E(G)| log |V (G)|).

We remark that our implementation does not require the knowledge of the whole
hypergraph in advance, which is a desirable property for the database application
which motivates this work.

2.3 The Bipartite Case and a Randomized Algorithm

In this section we restrict our attention to sD2O, the restricted case of sDkO in
which G is a bipartite graph. The neighborhood of v ∈ V (G), denoted by Γ(v), is
the set of vertices adjacent to v. For any X ⊆ V (G), we let

Γ(X) =
⋃

v∈X

Γ(v)

Γ1(X) =
⋃

v∈X|δ(v)=1

Γ(v).

Let I = (G, δ, γ) be an instance of sD2O, and let C be a cover for G. We define
the C-evaluation for I as the set E(C) = C ∪ Γ1(C). It is not difficult to see that
the C-evaluation for I is indeed an evaluation for I. We call an algorithm for sD2O
that always outputs E(C) for some cover C a cover-oriented algorithm for sD2O.

As any evaluation for (G, δ) must contain some cover for G and also must con-
tain Γ1(V (G)), it is not difficult to conclude that a C-evaluation for an instance of
sD2O has deficiency at most 2, whenever C is a minimum cover for (G, γ). This
observation appears in [Laber et al. 2002] with respect to dD2O. We call a cover-
oriented algorithm for sD2O that always outputs E(C) for some minimum cover C,
a minimum-cover-oriented algorithm for sD2O. Since 2 is a lower bound for the
deficiency of any deterministic algorithm for sD2O (see Section 2.2), we have that
any deterministic cover-oriented algorithm for sD2O is deficiency-optimal.
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Moreover, when G is a bipartite graph, a minimum cover C for (G, γ) may be
computed in time O(|V (G)|3), by reducing it to the problem of determining a
minimum cut (maximum flow) on a directed graph with |V (G)| + 2 vertices and
|E(G)| + |V (G)| arcs (see [Cook et al. 1997]). The evaluation E(C) can then be
computed in time O(|V (G)|). Therefore, it is possible to devise a minimum-cover-
oriented algorithm for sD2O with time complexity O(|V (G)|3).

Let 0 ≤ ε ≤ 1 −
√

2/2 . In this section, we introduce Rε, a polynomial time
randomized algorithm for sD2O whose deficiency satisfies, for every instance I,

d(Rε(I), I) ≤ 2− ε (7)

and

d(Rε(I), I) ≤ 1 +
1

1− ε
. (8)

AlgorithmRε provides a trade-off between expected deficiency and worst case de-
ficiency. At one extreme, where ε = 1−

√
2/2 , we have expected deficiency 1.707 . . .

and worst case deficiency of 2.41. At the other extreme, where ε = 0, Rε becomes
actually a deterministic algorithm with deficiency 2.

The key idea in the design of Rε comes from trying to understand under which
conditions a cover-oriented algorithm shows a bad performance. More exactly,
given a minimum cover C for (G, γ) and ε > 0, we turn our attention to the
instances I = (G, δ, γ) having d(E(C), I) ≥ 2− ε.

As suggested by the proofs of Theorem 2.1 and Theorem 2.3, one family of such
instances can be constructed as follows. Consider an instance I = (G, δ, γ) of
sD2O where G is a matching of n edges, δ(v) = 1 for every v ∈ V1(G), δ(v) = 0
for every v ∈ V2(G) and γ(v) = 1 for every v ∈ V (G). Clearly, V2(G) is an
optimum evaluation for I, with cost n. On the other hand, note that the deficiency
of a deterministic cover-oriented algorithm for sD2O depends on which of the 2n

minimum covers of G is chosen. In the particular case in which C = V1(G) is
chosen, we have d(E(C), I) = 2n/n = 2.

This example suggests the following idea. If C is a minimum cover for (G, γ)
and nonetheless E(C) is not a “good evaluation” for I = (G, δ, γ), then there must
be another cover C ′ of G whose intersection with C is “small” and still C ′ is not
“far from being” a minimum cover for G. Lemma 2.7 captures this idea formally.
However, before presenting that lemma, we need an auxiliary result.

Lemma 2.6. Let I = (G, δ, γ) be an instance of sD2O, let T ⊆ Γ1(V (G)), and
let CT be a minimum cover of G− T . Then γ(CT ) + γ(T ) ≤ γ(E∗I).

Proof. From T ⊆ Γ1(V (G)) it follows that T ⊂ E∗I . Furthermore, E∗I − T is a
cover for G−T , for otherwise δ̄(uv) cannot be determined for some uv ∈ E(G−T ).
Since CT is a minimum cover for G − T , it follows that γ(CT ) ≤ γ(E∗I − T ).
Therefore, γ(CT ) + γ(T ) ≤ γ(E∗I − T ) + γ(T ) = γ(E∗I).

Lemma 2.7. Let I = (G, δ, γ) be an instance of sD2O, let C be a minimum cover
for (G, γ) and let 0 < ε < 1. If d(E(C), I) ≥ 2− ε, then there is a vertex cover Cε

for G such that

γ(Cε) ≤
γ(C − Cε)

1− ε
. (9)
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Proof. Let T = Γ1(C)−C. Since d(E(C), I) ≥ 2− ε , it follows that 2 − ε ≤
(γ(C) + γ(T ))/γ(E∗I).

Let CT be a minimum cover for G − T . Since T ⊆ Γ1(V (G)), it follows from
Lemma 2.6 that γ(CT ) + γ(T ) ≤ γ(E∗I).

Simple calculations give γ(T ) ≤ (γ(C)− (2− ε)γ(CT )) /(1− ε).
Take Cε = CT ∪ T and note that Cε is a cover for G with (Cε ∩C) ⊆ CT . Then,

γ(Cε) ≤ γ(CT ) + γ(T ) ≤ γ(C)− γ(CT )
1− ε

≤ γ(C)− γ(Cε ∩ C)
1− ε

=
γ(C − Cε)

1− ε
,

as required.

Let I = (G, δ, γ) and let C and ε be as in the statement of Lemma 2.7. Let C ′

be a minimum cover for (G, γC,ε), where γC,ε is given by

γC,ε(v) =

{
(1− ε)γ(v), if v 6∈ C;
(2− ε)γ(v), otherwise.

Formulating the problem of finding a cover Cε satisfying (9) as a linear system
we get to ∑

v∈V (G)

γ(v)xv ≤
∑

v∈C γ(v)(1− xv)
1− ε

xu + xv ≥ 1, for every uv ∈ E(G),

which has a solution in {0, 1}|V (G)| if and only if such a cover Cε exists. How-
ever, through simple algebraic manipulations we realize that the previous system
is equivalent to∑

v∈C

(2− ε)γ(v)xv +
∑

v∈V (G)−C

(1− ε)γ(v)xv ≤ γ(C)

xu + xv ≥ 1, for every uv ∈ E(G),

and this linear system has a solution in {0, 1}|V (G)| if and only if γC,ε(C ′) ≤ γ(C).
Furthermore, if γC,ε(C ′) ≤ γ(C) then

γ(C ′) ≤ γ(C − C ′)
1− ε

. (10)

This last remark, together with Lemma 2.7, provides an efficient way to verify
whether or not E(C) is a good evaluation for (G, δ, γ), given a minimum cover C
for (G, γ).

As a cover C ′ as above can be computed in polynomial time, we can devise a
polynomial time randomized algorithm for sD2O which works as follows.

At the first step, the algorithm determines a minimum cover C for (G, γ) and
a minimum cover C ′ for (G, γC,ε). If γC,ε(C ′) > γ(C), then Lemma 2.7 assures
that E(C) will be a good evaluation for (G, δ, γ) and the algorithm returns E(C).
Otherwise, the algorithm returns E(C) with probability p = p(ε) or E(C ′) with
probability 1− p as the solution.
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Algorithm Rε(G, δ, γ)

(1) C ← a minimum cover for (G, γ)
(2) C ′ ← a minimum cover for (G, γC,ε)
(3) If γC,ε(C ′) > γ(C), return E(C)

(4) p← 1−3ε+ε2

1−2ε

(5) x← a random number uniformly chosen from [0, 1].
(6) if x < p, return E(C), otherwise return E(C ′)

As C is a minimum cover for (G, γ), we have that γ(C) ≤ γ(C ′). It sounds
reasonable to select C with probability higher than 1/2, that is p ≥ 0.5. Imposing
this condition on the value of p leads to 0 ≤ ε ≤ 1−

√
2/2.

2.3.1 Algorithm Analysis. The correctness of Algorithm Rε follows from the
fact that Rε is a cover-oriented algorithm. Besides, the time needed for Algo-
rithm Rε is clearly asymptotically the same as the time needed for computing two
minimum-weight covers on a bipartite graph. Therefore, the time complexity of Rε

is O(|V (G)|3). Properties (7) and (8) of the evaluation computed by Rε, claimed
at the beginning of Section 2.3, are proven in this section.

Let I = (G, δ, γ), C, C ′ and ε be as in the statement of algorithm Rε. It will be
convenient to define the following sets (see Figure 2 for a schematic representation):

H = Γ1(C ∩ C ′)− (C ∪ C ′),
HC = Γ1(C ′) ∩ (C − C ′),
HC′ = Γ1(C) ∩ (C ′ − C).

The next result shows that any edge having an endpoint outside C ∪ C ′ must
have its other endpoint in C ∩ C ′.

Lemma 2.8. If C and C ′ are two covers for G, then Γ(V (G)−(C∪C ′)) ⊆ C∩C ′.

Proof. Let v ∈ V (G)−(C∪C ′) and u ∈ Γ(v). We must have u ∈ C, otherwise C
would not cover uv. The same argument allows us to conclude u ∈ C ′ and hence
the result.

With Lemma 2.8 in mind, we can write

H ∪HC′ = Γ1(C)− C = Γ1(C)− (C ∩ Γ1(C)),
H ∪HC = Γ1(C ′)− C ′ = Γ1(C ′)− (C ′ ∩ Γ1(C ′)),

and, as H, HC ,HC′ ⊆ Γ1(V (G)) are disjoint sets, we have

γ(E(C)) = γ(C) + γ(HC′) + γ(H), (11)
γ(E(C ′)) = γ(C ′) + γ(HC) + γ(H), (12)
γ(E∗I) ≥ γ(H) + γ(HC) + γ(HC′). (13)

Theorem 2.9. Let 0 ≤ ε ≤ 1 −
√

2/2. For any instance I = (G, δ, γ) of sD2O
we have d(Rε(I), I) ≤ 2− ε.
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V (G)

H

HC

C C ′

HC′

Fig. 2. Schematic view of the sets V (G), C, C′, HC , HC′ and H

Proof. Let I = (G, δ, γ) be an instance of sD2O and consider the execution
of Rε(I). If γC,ε(C ′) > γ(C) at Step 3 of Algorithm Rε, it follows from Lemma 2.7
that d(Rε(I), I) ≤ 2− ε.

For the case in which γC,ε(C ′) ≤ γ(C), we have that

E [d(Rε(I), I)] = E [γ(Rε(I))] /γ(E∗I).

From (11) and (12) we have

E [γ(Rε(I))] ≤ pγ(E(C)) + (1− p)γ(E(C ′))
= pγ(C) + (1− p)γ(C ′) + (1− p)γ(HC) + pγ(HC′) + γ(H). (14)

Let CH be a minimum cover for (G−H, γ). As every edge in G−H is covered
by CH and every edge incident to H is covered by a vertex in C ∩C ′, we conclude
that CH ∪ (C ∩ C ′) is a cover for G.

As C is a minimum cover for G, we have that

γ(C) ≤ γ(CH ∪ (C ∩ C ′)) ≤ γ(CH) + γ(C ∩ C ′),

or, equivalently,

γ(CH) ≥ γ(C)− γ(C ∩ C ′) = γ(C − C ′).

As H ⊆ Γ1(V (G)), it follows from Lemma 2.6 that

γ(E∗I) ≥ γ(H) + γ(CH) ≥ γ(H) + γ(C − C ′), (15)

so that, from the fact that C is a minimum cover and inequalities (13) and (15),
we have,

γ(E∗I) ≥ max {γ(C), γ(H) + γ(HC) + γ(HC′), γ(H) + γ(C − C ′)} (16)
ACM Journal Name, Vol. V, No. N, Month 20YY.
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As the choice of ε implies p ≥ 0.5, it follows from (14) and (16) that

d(Rε(I), I) ≤ 2p+ (1− p)
(

γ(C ′) + γ(H)
γ(H) + γ(C − C ′)

)
≤ 2p+ (1− p) + max

{
γ(H)
γ(H)

,
γ(C ′)

γ(C − C ′)

}
.

Replacing p by (1 − 3ε + ε2)/(1 − 2ε) and recalling inequality (10) we get
d(Rε(I), I) ≤ 2 − ε.

Theorem 2.10. Let 0 ≤ ε ≤ 1−
√

2/2. For any instance I = (G, δ, γ) of sD2O
we have d(Rε(I), I) ≤ 1 + 1/(1− ε).

Proof. Let C and C ′ be as in Algorithm Rε. If Rε(I) = E(C), then

d(Rε(I), I) ≤ 2 ≤ 1 +
1

1 − ε
,

because C is a minimum cost cover. On the other hand, if Rε(I) = E(C ′), then

d(Rε(I), I) ≤
γ(C ′) + γ(HC) + γ(H)

max {γ(C), γ(HC) + γ(H)}
≤ 1 +

γ(C ′)
γ(C)

.

Thus, it follows from inequality (10) that

d(Rε(I), I) ≤ 1 +
1

1 − ε
,

as required.

To see that the bound given by inequality (7) is tight when ε = 1 −
√

2/2, let
α ≈

√
2 and consider the instance Iα = (G, δ, γ), where G is a complete bipar-

tite graph with |V2(G)| = α|V1(G)|, δ(v) = 0 for every v ∈ V1(G), δ(v) = 1 for
every v ∈ V2(G), and γ(v) = 1 for every v ∈ V (G). Clearly, V1(G) is a mini-
mum cover for (G, γ). The set V2(G), however, is a minimum cover for (G, γC,ε)
and γC,ε(V2(G)) ≤ γ(V1(G)). Hence, Rε(I) returns E(V1(G)) = V1(G) with prob-
ability 1/2 and E(V2(G)) = V (G) with probability 1/2, so that the deficiency is
d(Rε(I), I) = 1 + α/2 ≈ 1 +

√
2/2, as desired.

2.3.2 Lower Bound for Randomized Algorithms. We have proved in Section 2.3.1
that Algorithm Rε, with ε = 1 −

√
2/2, has deficiency bounded from above by

1 +
√

2/2 = 1.707 . . .. However, Rε does not achieve this deficiency with high
probability. For the family of instances Iα described at the end of the previous
section, Rε attains deficiency 1 + α/2 with probability 1/2 and deficiency 1 with
probability 1/2. One can speculate whether a more dynamic algorithm would not
have deficiency closer to the minimum possible value of 1.5 with higher probabil-
ity. In this section, we prove that no randomized algorithm for sD2O can have
deficiency smaller than µ for any given 1 ≤ µ ≤ 2 with probability close to 1 (see
Theorem 2.13).

Let 1/2 ≤ λ ≤ 1, let I = (G, δ, γ) be an instance of sD2O and let D be a
deterministic algorithm for sD2O. We define the payoff of D with respect to I as

g(D, I) =

{
1, if γ(D(I)) ≥ λ|V (G)|;
0, otherwise.
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The following result follows from Yao’s minimax principle.

Theorem 2.11. Let π be a probability distribution with finite support on the set
of instances of sD2O. For any randomized algorithm R for sD2O we have that

min {Eπ [g(D, I)] : D is a deterministic algorithm for sD2O}
≤ max {E [g(R, I)] : Pπ(I) > 0} . (17)

Given that g is the indicator random variable for the event γ(D(I)) ≥ λ|V (G)|,
we can rewrite (17) as

min {Pπ (γ(D(I)) ≥ λ|V (G)|) : D is a deterministic algorithm for sD2O}
≤ max {P (γ(R(I)) ≥ λ|V (G)|) : Pπ(I) > 0} . (18)

In what follows we define a probability distribution π over the set of instances of
sD2O and we give a lower bound on the value of Eπ [g(D, I)] for any deterministic
algorithm D for sD2O. This allows us to obtain a lower bound for the right-hand
side of inequality (18).

Let n be an even positive integer and let G be the complete bipartite graph with
vertex classes V1(G) = {1, . . . , n/2} and V2(G) = {n/2 + 1, . . . , n}. Let γ(v) = 1
for all v ∈ V (G) and, for each 1 ≤ i ≤ n, let

δi(v) =

{
1, if v = i;
0, otherwise.

Consider the probability distribution π in which the only instances with positive
probability are Ii = (G, δi, γ), 1 ≤ i ≤ n, and all these instances are equiprobable,
with probability 1/n each. A key property of these instances is that the cost of the
optimum evaluation for all of them is n/2, since all the vertices of the vertex class
of the graph that does not contain the only true vertex must be evaluated. We
have the following lemma.

Lemma 2.12. Let π be the probability distribution over the set of instances of
sDkO defined above. For any deterministic algorithm D for sD2O

Pπ (γ(D(I)) ≥ λn) ≥ 1− λ.

Proof. Let D be a deterministic algorithm for sD2O. As mentioned above D
must evaluate all vertices in the vertex class that does not contain the true vertex,
and therefore γ(D(Ii)) ≥ n/2 for every 1 ≤ i ≤ n.

Let j be the integer determined as follows. Run D and reply δ(v) = 0 for all
vertices until it is about to evaluate all vertices from one vertex class. Let the very
last vertex of this class be j. For convenience also let this class be V1(G).

Let v1, v2, . . . , vn/2 = j be the vertices of V1(G) in the order they were evaluated
by D. Let t = λ − 1/2 and consider the instances Ivdtne , Ivdtne+1 , . . . , Ivn/2 . In
all these instances, D evaluates at least dtne vertices in V1(G), and, as remarked
above, all vertices in V2(G). Thus, for at least n/2− dtne+ 1 instances, D costs at
least n/2 + dtne = dλne, and hence,

Pπ (γ(D(I)) ≥ λn) = Eπ [g(D, I)] ≥ n/2− dtne+ 1
n

≥ 1− λ, (19)
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as required.

Theorem 2.13. Let R be a randomized algorithm for sD2O and let 1 ≤ µ ≤ 2
be a real number. There is an instance I for which P (d(R(I), I) ≥ µ) ≥ 1− µ/2.

Proof. Let n > 0 be an even number and let π be the probability distribution
over the set of instances of sDkO defined above. Combining (18) and (19) we have

max {P (γ(R(I)) ≥ λn) : Pπ(I) > 0} ≥ 1− λ.

Therefore, for some 1 ≤ i ≤ n the instance Ii satisfies

P (γ(R(Ii)) ≥ λn) ≥ 1− λ. (20)

As the cost of an optimal evaluation for Ii is n/2 for all 1 ≤ i ≤ n, we have from
(20)

1− λ ≤ P (γ(R(Ii)) ≥ λn) = P
(
γ(R(Ii))
n/2

≥ λn

n/2

)
= P (d(R(Ii), Ii) ≥ 2λ) ,

and then, taking µ = 2λ we get

P (d(R(Ii), Ii) ≥ µ) ≥ 1− µ/2,

as required.

3. THE DISTRIBUTED CASE

In this section we study dDkO the Dynamic k-partite Ordering problem, in the setting
where k processors are available, each one dedicated to the processing of the vertices
of each vertex class of the input hypergraph. In this model we assume that there
is no communication cost whatsoever between the different processors.

In Section 3.1 we show that k is a lower bound on the deficiency of any (not
only polynomial) deterministic algorithm for dDkO. In Section 3.2 we introduce
deterministic algorithms for dDkO. Section 3.2.1 introduces a slight modification
to Algorithm P (from Section 2.2) which results in a deficiency-optimal determin-
istic algorithm with time complexity O(k|E(G)| log |V (G)|) for dDkO, under the
preemptive model. In Section 3.2.2, we introduce a deterministic algorithm with
time complexity O(k|E(G)| log |V (G)|) and deficiency O(k log2 k), under the non-
preemptive model of dDkO.

Recall that, as discussed at the end of Section 1.1, an evaluation E in the dis-
tributed case is a complex object which holds, besides the vertices to be evaluated,
information defining the scheduling of the evaluation of these vertices in the corre-
sponding processors. We will not need an analytic expression for the cost γ(E) of
an evaluation E. Throughout this section, γ(E) represents the time elapsed between
the start of evaluation by the first processor and the end of the evaluation by the
last processor.

3.1 Lower Bounds

Theorem 3.1. Given a deterministic algorithm A for dDkO, there is an in-
stance (GA, γA, δA) such that the execution of A(GA, γA, δA) evaluates all the ver-
tices of some vertex class.
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Proof. Let A be a deterministic algorithm for dDkO. Let GA be a matching
and let γA(v) = 1 for every v ∈ V (GA).

Note that since GA is a matching, each vertex of GA can be uniquely described
by a pair (i, a) ∈ {1, . . . , k} × E(GA), and let us define B as the complete
bipartite graph where V1(B) = {1, . . . , k} and V2(B) = E(GA), so that there is a
natural one-to-one correspondence between the edges of B and the vertices of GA.

Our aim is to prove that there is a function δA : V (GA) → {0, 1} such that the
execution of A(GA, γA, δA) evaluates all the vertices in Vi(G) for some 1 ≤ i ≤ k.
As δA is uniquely described by the set δ−1

A (0) = {v ∈ V (GA) : δ(v) = 0}, we will
think of δA in terms of the set of edges of B corresponding to δ−1

A (0).
To describe a worst case scenario for A we define a two-player game in which the

algorithm is one of the players and its adversary forces a “bad performance” of A.
For convenience, we describe our game in terms of the graph B defined above.

As noted above, any 0-1-function on V (GA) is uniquely described by a subset
of V (GA), which, in turn, uniquely corresponds to a subset of E(B). The idea of
our game will be that the adversary chooses a set F ⊆ E(B) and the algorithm has
to discover the set F by picking edges of B, one by one, and asking the adversary
at each move whether that edge is in F or not.

Given a complete bipartite graph, and an integer 0 < t ≤ |V2(B)|, let us describe
the game G(B, t) between two players, the hider and the seeker. In this game, B
and t are given to both players and the hider chooses F ⊆ E(B) (which she keeps
hidden from the seeker) such that

degB[F ](v) =

{
t, if v ∈ V1(B);
1, if v ∈ V2(B).

A move of the game is a pair (e, a) ∈ E(B)× {yes, no}, which is interpreted as the
seeker querying “does e ∈ F?” and the hider answering yes or no, accordingly. The
game finishes when the seeker has determined F . A realization of the game is a
sequence of moves of the game from beginning to end.

The goal of the seeker is to determine F . However, note that since F does not
have to be disclosed until the very end, the hider does not have to make up her
mind about which F to pick at the beginning; she may answer the queries as the
game evolves, just making sure that her answers are consistent with some choice
of F .

The following theorem is stated without proof for space considerations.

Theorem 3.2. Let B, t and G be as above. There is a strategy for the hider
in the game G(B, t) which forces the seeker to query every edge adjacent to some
vertex v ∈ V1(B) in any realization of game G(B, t).

Proof. For the proof, we refer the reader to [Carmo et al. 2004].

Translated back into the setting of the original problem, Theorem 3.2 states that
for every deterministic algorithm A for dDkO, there is a function
δA : V (GA) → {0, 1} which forces A(GA, γA, δA) to evaluate δA(v) for every
v ∈ Vi(G) for some 1 ≤ i ≤ k.

Corollary 3.3. Every deterministic algorithm for dDkO, whether in the pre-
emptive or in the non-preemptive model, has deficiency at least k.
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Proof. Let A be a deterministic algorithm for dDkO. Let t > 0 be given and
let IA = (GA, γA, δA) be an instance of dDkO, as in the proof of Theorem 3.1,
with |E(GA)| = tk (t will play the same role as in the game G(B, t) defined above).
Note that GA has tk2 vertices, with exactly tk of them in each vertex class. Besides,
each vertex class has exactly t false vertices.

Let E be the evaluation of IA in which only the false vertices are evaluated, all of
them in parallel with no idle processing. As each vertex class of GA has exactly t
false vertices, we have that γ(E) = t. However, according to Theorem 3.1, when
given IA as input, algorithm A evaluates δA for every vertex in some of the vertex
classes, say V1(GA), and hence

d(A) ≥ d(A(IA), IA) ≥ γ(A(IA))
γ(E)

≥ |V1(GA)|
t

=
tk

t
= k,

as required.

3.2 Deterministic Algorithms for dDkO

3.2.1 The Preemptive Model. The following result formalizes a natural lower
bound for the cost of the optimal solution of an instance of dDkO in terms of the
cost of the optimal solution of the same instance of sDkO. This bound will be used
in the proof of Theorem 3.5.

Lemma 3.4. Let I be an instance of dDkO and let γ∗I denote the cost of an
optimal evaluation for I as an instance of sDkO. Then

γ(E∗
I) ≥ γ∗I

k
, (21)

where E∗
I is an optimal evaluation for I as an instance of dDkO.

Proof. For each 1 ≤ i ≤ k, let γi(E∗I) denote the cost incurred by the processor
in charge of Vi(G) in E∗I . We clearly have

k∑
i=1

γi(E∗I) ≥ γ∗I ,

and hence

γ(E∗I) = max {γi(E∗I) : 1 ≤ i ≤ k} ≥ 1
k

k∑
i=1

γi(E∗I) ≥ γ∗I
k
,

as required.

Let us define P ′ as the algorithm resulting by replacing the procedure Eval(see
section 2.2) by the procedure ParEval presented below.

Algorithm ParEval(e)

while δ̄(e) is unknown
(1) v ← a vertex of minimum gap in e which has not yet been evaluated
(2) evaluate in parallel every vertex of e (whose evaluation has not

completed yet) for Ψ(v) units of time
(3) for each vertex u evaluated in Step 2 do ψe(u)← ψe(u) + Ψ(v)
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Theorem 3.5. Algorithm P ′ is a deficiency-optimal algorithm for dDkO in the
preemptive model with time complexity O(k|E(G)| log |V (G)|).

Proof. Let I = (G, δ, γ) be an instance of dDkO, let γ∗I denote the cost of the
optimal evaluation for I as an instance of sDkO. For each 1 ≤ i ≤ k, let γi(P ′(I))
denote the cost incurred by the processor in charge of Vi(G) in the evaluation P ′(I).
Without loss of generality, we assume γ1(P ′(I)) = max {γi(P ′(I)) : 1 ≤ i ≤ k}.

Let J = {e ∈ E(G) : e is passed as a parameter to ParEval}. Upon the termi-
nation of P ′ we have

γ1(P ′(I)) ≤
∑
e∈J

max {ψe(x) : x ∈ e} ≤ γ∗I ,

where the rightmost inequality follows from (5) since both Eval and ParEval
generate the same values for the variables ψ. Hence, with (21) we get

d(P ′(I), I) =
γ(P ′(I))
γ(E∗I)

≤ γ1(P ′(I))
γ∗I/k

≤ γ∗I
γ∗I/k

= k,

as required.

3.2.2 The Non-Preemptive Model

Theorem 3.6. For the non-preemptive model of dDkO, there is a deterministic
algorithm with time complexity O(k|E(G)| log |V (G)|) and deficiency k2 − k + 1.
This bound can be improved to k(2 log5(k − 1) + ck)2 + 1 for k ≥ 13, with 0.2229 <
ck < 0.5177.

Proof. To obtain a factor of k2 − k + 1, we apply Algorithm P ′, but we delay
the evaluation of the vertices until we have at least one vertex in each edge with
its cost reduced to 0. We then evaluate all these vertices, with total cost that does
not exceed the cost for sDkO, and thus at most k times the cost for dDkO in the
preemptive model. After this first evaluation phase, the rank of the graph has been
reduced to k − 1, then the next evaluation reduces the rank of the graph to k − 2,
and so on. After k − 1 phases, the rank of the graph is reduced to 1, and the cost
incurred so far is at most (k−1)k times the cost for dDkO in the preemptive model.
The last phase has edges of size 1, and thus incurs at most the cost for dDkO in
the preemptive model, giving at total cost of at most (k − 1)k + 1 times the cost
for dDkO in the preemptive model.

For the improved bound, consider the k phases just described for the non-
preemptive model of dDkO. The last phase with edges of size 1 evaluates vertices
that must be evaluated, so if these vertices are evaluated we incur at most the cost
for dDkO in the preemptive model. Consider the first k−1 phases. Suppose we are
considering dxe ≤ k − 1 consecutive phases, and a vertex v with cost γ(v) whose
evaluation is done within these dxe phases. Partition the dxe phases into 5 consec-
utive subsets of at most dx/5e phases. Set αx = 1

2 (2 log5 x + c) for some constant
c, and consider βx such that 1/αx + 1/βx = 1. If a fraction at least γ(v)/(4αx) of
γ(v) is evaluated during one of these 5 subsets without completing the evaluation
of v, then v may be fully evaluated at the end of this subset of phases. The cost
of this evaluation is at most 4αx times the cost for sDkO. Otherwise a fraction at
least γ(v)/βx is evaluated in a subset of phases that completes the evaluation of
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v. This gives the recurrence f(x) = 4αx + f(x/5)βx, with the total cost for the
algorithm given by kf(k − 1) + 1. The recurrence resolves to f(x) = (2αx)2, since
(2αx)2 = 4αx + (2αx − 2)2(αx/(αx − 1)). For the base case with 4 < x ≤ 20, if
x ≤ rs for integers r and s, then we may decompose the dxe phases into r groups
of at most s phases, so the recurrence gives f(x) = (r−1)α+ sβ = (

√
r − 1 +

√
s)

2

for an appropriate choice of α, β with 1/α + 1/β = 1, and one may verify that
f(x) = (2αx)2 for an appropriate choice of c for each 4 < x ≤ 20 satisfying
0.2229 <

√
6− 2 log5 6 ≤ c ≤

√
13− 2 log5 12 < 0.5177.

4. OPEN PROBLEMS

Several problems remain open. We single out the following.

—Is there a randomized algorithm for sDkO with deficiency (k + 1)/2? We do not
know the answer even if exponential time is allowed and k = 2.

—Is there a polynomial time algorithm for dDkO with deficiency k for the non-
preemptive model?

As noted in Section 1.4, in this work, we restricted our attention to conjunctive
queries (in the sense of (1)). However, much more general queries could be con-
sidered. For example, δ̄ : E(G) → {0, 1} could be any formula in the first order
propositional calculus involving the predicates represented by δ. It would be very
interesting to investigate DkO with such generalized queries.
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