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0. Introduction

The objective of this paper is to verify numerically the convergence of the solution to the
three-dimensional problem of a clamped plate towards the solution to the corresponding “limit™
two-dimensional problem when the thickness of the plate goes to zero.

Standard finite elements discretization of the three-dimensional problem fails to show this
convergence [6] as they lead to ill-conditioned linear systems when the discretization parameter is
of the order of the thickness. We will therefore use a spectral approximation of the solution of the
three-dimensionalproblem.

First, we shall review the three-dimensional and two-dimensional linear models of a clampled
plate and give the convergence results obtained by P.-G. Ciarlet and P. Destuynder [ 1],[2].

Then we will discuss two kinds of spectral approximations: the Galerkin and Tau approxima-
tions.

Finally we give the numerical results obtained by Tau approximation.



1. The Physical Problem
1.1. The Three-dimensional Clamped Plate Model

Let w be a bounded open set in R? with Lipschitz boundary 7. The plate occupies the volume

Q° where Q¢ is defined by: Q¢ =wx] — €, +¢[. Its boundary 1" is the union of the lateral boundary

§ = 7 x [—¢, +€], the upper boundary T'$ = w x {+¢€}, and the lower boundary I, =w x {—¢},
I =TguTriure.

Let z¢ = (z{)1<i<3 denote a generic point of the body 0 and dut = %—;—. Let u¢ = (uf)igiga:

Q° — R? denote the displacement field and o€ = (afj)ls,-&,-_q: Q¢ — §3 the second Piola-Kirchhoff
_stress field. The plate is subjected to body forces Fe=(figiga: N — R3 and to surface forces
g‘* = (gf*)l_s;sy I‘i UF¢ - R?

We shall hereafter suppose that the applied forces are small enough to allow the use of a linear
model of elastic material. In this case the equilibrium equations are

—divéec = f¢ inQ¢,

of - g5 onT%.
The condition under which the plate is clamped is expressed by:

u*=0 onT§.
For an isotropic, homogeneous, linearly elastic material the constitutive equations on Q¢ are:
3
a,fj=z\2e§k6;j+2pefj, 1<14,j<3,
k=1

Aand p are the Lamé’s constants of the material and the Green-Saint Venant tensor ef; is related
to the displacement by:
2¢;; = Ofu; + O5us, 1<4,j<3.

The Lamé’s constants A and p are related to the Young modulus E and Poisson ratio v by

_ vE op = E
T (+v)(1-2w)’ bF=13v-

A



1.2. The Two-dimensional Clamped Plate Model

With the same notation as in the first section, the Kirchhoff-Love model of a clamped plateis
given by the following partial differential equation.

{ BBy A= [X, f5(2¢) da§ + g5¥ (21, =5) + 937(a5, 25) inw,
¢=8,=0 on 7.

where ( is the vertical component of the displacement.

In order to compare the behavior of the solutions to the two-dimensional model and to the
three-dimensional model when the thickness (2€) goes to zero, it is convenient to introduce a fixed
set Q independent of €, Q2 =0x] -1,+1].

1.3. The Fixed Set Q

Let = wx] -1, +1[ be afixed domain whose boundary I is the union of the lateral boundary
I =7 x[-1, +1]} and of the upper and lower boundaries 'y = w x {fl}. The relationship between
a point z¢= (z§, 2§, z§) € Q¢ and the corresponding-point 2 = (z,z3,z3) € R is

- € €
21—21, 3‘2-.2'2, 33—623.

Let u(e) be the displacement field of the body occupying the volume Q. Let us make the following
assumptions on the the displacement u for all z¢ « 2:

{ug(z‘) = uqa(e,z), 1<a<?2
u§(z¢) = € u3(e, 2

and on the applied forces: the horizontal components of the body and the surface forces are equal
to zero and we suppose that there exist f3 and g3 independent of 23 such that for all z¢ « 2:

%) 5 = ef(2) and g5(=°) = etga(z).

1.4. Convergence Theorem

Under the assumptions that the Lamé’s coefficients A and p are independent of e and the applied
forces satisfy (), P.-G. Ciarlet and P. Destuynder have shown [1], {2] that the vertical displacement
u3(€) solution of the three-dimensional problem converges toward the vertical displacement {(¢)
solution to the two-dimensional problem (both of those displacements are expressed in the fixed
set 1),

lim |lus(€) = ¢()ll 1wy . 0 .



2. Spectral Approximation
2.1. Motivation

A discretization method applied to the three-dimensional model will work well when the mesh
size is substantially smaller than the thickness of the plate. While such a method cannot therefore

be used for studying the displacement field for a very thin plate [5], our aim is to show that a
spectral method with respect to the thickness gives good results.

2.2. Spectral Approximation

A spectral method [4] consists in seeking the solution to a boundary-value problem in terms of
a truncated series of known, smooth functions (Pi). For example, the choice of polynomials as basis
functions has been proven to be optimal in case of bending beams [7]. Let &%, be the expansion of
order N of the displacement u¢:

N
i (2€) = ) u"(zf, 23)Pi(25)

i=0
where .
{u"‘ is only 2§, +-dependent (z§ independent)
P; is only z§-dependent function.

Let us now present the Galerkin and Tau approximations. First the problem to be solved will be
expressed in a more general form: the displacement u¢ is the solution in a certain space V¢ to the

boundary-value problem:
Lews = f in Q¢,

Deu = g+ onT§,
=0 onT§.

where L¢ and D¢ are linear partial differential operators and the associated variational formulation
of this problem is the following: find 4, € V¢ such that

Be(ue, ve) — (fe’ ve) , Vvt e Ve

where the bilinear quadratic form B¢(u¢, v¢) is symmetric and elliptic.

The Galerkin approximation is constructed as follows: The Galerkin approximation @, of
order N is the projection of the solution %€ onto the space

i=0

N
V§ :{zvi'eps,vi’¢|7=0,i=OaN}CV‘

with respect to the inner product associated to the quadratic form B¢(u¢, v¢). Then, the expansion
coefficients (u*¢)o<i<n are solutions of the variational problem:

N
> B (P, v"*P)) = (f,v*P;), Yo**|,=0, j=0,...,N

=0

where (, ) is the inner product in L2( —¢, +¢€).



The Tau approximation (introduced by Lanczos) is constructed as follows:

N+2 .
() = Y u(2f, 25)Pi(z3).

1=0

The N + 3 expansion coefficients {u‘¢} are determined by the N + 1 equations:

N+2 '
> (WP, P)=(f\F), O0<ji<N

=0
and by the two boundary-conditions

N+2 .
Z Dub*Pi(ke) = ¢g*.

=0
The boundary condition on T'g implies that the expansion coefficients (u*€)o<i<n+2 Vanish on the
boundary 7.

Before giving the expression of the expansion coefficients, the operators L¢ and D¢ will be
expressed in a more suitable form.



3. Another Expression of Equilibrium and Constitutive Equations -~ Variational
Formulation

Let us introduce these new notations:

4 is the vector of the first two components of any vector u.
¢ is the vector whose components are o33 and o33.
V is the gradient with respect to the first two components z§, z§,

Veut = (31‘1;‘) .
fue
A¢is the Laplacian operator with respect to the first two components z{, =5 .
Acue = aflue + agzue .
The equilibrium equations on Q¢ can be written as:
foa = —(div'o)a = —(8j051 +05053) — D505, 1<a<2
= —p(O1u5 + B3ug) — (A + 1)05(8fui + d3u3) — A053us — 0505,
f3 = =(divo)s = —(8{03, + 8303,) — O35,
= ~p(011u3 + 033u3) — pd3(81u] + 03u3) — 9505;
or, in a more compact form as:
— phcat = (A + p)Ve(divia®) - Ao5Veus - 856 = f* in 0,
— pAtu§ — pdi(divea®) - 85053 = f5  in Q.
And the boundary conditions on I'§ can be written as follows:
{ 0%a = (Veu§ + 85i€) = §*  on Ty,
053 = Adivea® + (A + 2u)05us = g¥° on I%.
or, in a more compact form as:
{pV‘ug +pdiat =3 onTY,
Adiveas + (A + 2p)05u§ = g5* on T4 .

From now on, we will drop the " and e signs above A and V operators whenever no confusion
shouldarise.

The problem to solve is then to find the horizontal (%¢) and vertical (u§) components of the
displacement such that:

19 { — pAdt = (A + p)V div @€ = A3 Vus - 836 = f¢  in Q¢

- pAu§ — pds div 4 = 3035, = f;  in .

6



with the boundary conditions:

p(Vu§ + 85i) = §*¢ onTy,
Adiva + (A + 2u)d5u§ = g¥¢ onT§,

¢ =u3=0 onT§.

Let V¢ denote the separable Hilbert space V¢ = {v¢ € (H*(Q¢))*, v = 0 on T§} equipped with
the inner product ((u¢,v%)) = 2?=1 ((uf,vf))mm,) and the norm ||u¢||y. = (Z‘?:l ||u$||"},,m.))
The variational formulation of (1) is:

ute Ve,
(2%) Bé(u¢, v¢) = (f &, v) + fr;ur: getve, VovieVe
where B¢ denotes the bilinear form:
B¢ = u(V 4,V 9) + (A + p)(div @, div 9) — A(33Vus, 9) + u(Vug, 039) + u(d3, 839)
+ w(Vua, Vo) = A(,8Vuz) + p(8s8, Vvs) + (A + 2p)(O3us, Bav3)

and (u, v) = fq. uv.

It is easy to prove that B¢ is continuous on V¢ x V€ and, using Korn inequality [3], that B¢ is
coercive on V¢, therefore the problem (2¢) has a unique solution.



4. Galerkin Approximation
4.1. Convergence Theorem

In this section we shall follow [7] to give an estimate of ||u¢ — &%/ where @ is the Galerkin
approximation of order N of the solution u® of (2?). To simplify the computation we will assume
that f§ = g3~ = 0, and the generalization becomes straightforward.

(a) Definition of V§

For any integer jg ,the following Neumann system of equations define the sequence of linearly
independent elements of (H(-1, 1))2, (Q}, P}) up to aconstant in (@}, P}):

Jo? “ jo/*
For any -1 < j < jo — 1, and any z € H}(-1, +1),
{ A+ 2) [, Qfa# + L Pz = A [ PH2 4 0 L, QF 2 = 2(+1)6]
p L P = A L Qbz+ u [ QFn + (A +2w) [1 Pz =0

with Q*,, P*, = 0.
We shall therefore define the approximation space V§ C V¢ as:

N + A€, mE

. (P (ex3)9%9(z§, z§) ) -

VN = E 62"(] ; ) 9% =57 =0,0on7,0<j< N} .
{ =0 Q;—*(cza)v;"(z{,zg) ’ v

(b) Estimate of ||u¢ — 45|

If the data g§"' is smooth enough we can, for any N > 0, choose w§, € V§; as:

N .
o _ X (P (eaa)V(-A)im2gst
wh= 2 ( Q} (ezs)(~A)i=2g5* ) '

Because of the properties of the operator B¢ and of the definition of 4$; as the projection of u¢
onto VI;, it follows that there exists aconstant C (independent of N and €) such that:

¢ = dxy|lve<C wélét;,‘ lu¢ = wel|v. < C [l - wi|lve £ C B¢(u* - wiy, 4 — wfv)lﬁ .

We shall compute B¢( .,.) in the fixed set €. The variational formulation of (17 in the fixed
set Q is:

@ { uEV ={ve(H(2)*, v=0on ro}
B(u,v) = € [, g v3(+1) , Vv € v
where
B(u,V) = 4 u(V 3,V ) + e4() + p)(div &, div §) — €A(83Vu3, D) + € u(Vus, 938) + € u(83, 839)
+ €u(Vuz, Vuz) = A (i, B3Vv3) + € (83, V) + (X + 2u)(Fa3u3, F3v3)

and (u, v) = fo uv.



Therefore, for any z € (II‘(Q))3 we get that:
B(u - wn,2) = C‘/ gf 2(+1) - B(wn, z)
r+

and because of the property of wy,
B(u - wn,2) = GZN""{;;(P;Ht' ) - A(QN_Ht 2) + p(QF4af 20} + ENFE(A 4 2u)(QY 13, 25)

with t3 = (=A)N-1g} & = Vi,.
Then, there exists a constant Cn independent of € such that:

|B(u - wn, 2)| < CNeN2| 2|y
and the final estimate is obtained as:

[0 = Gyllve < C1B4(u° - why, u* ~ wh)| < CONN+O/D).

4.2. Galerkin Equations

The Galerkin expansion coefficients u§ are given by the following equations:

(

-p Z A (P, Pj) - (A + p) E V div @“(P;, Pj) = A E Vuii (P!, Pj) - (858°, Pj)

i=1 i=1 i=1

| =(f,P;) onw,0<j<N

N N
- p) Auy(P, Py) - p Y div a%i(P, P;) = (830%, P)) =(f§, P), onw,0<j<N

and u* = 0on7,0<i< N:
An integration by parts gives forany 1 <j < N:

= (856°, P;) = (&%, P}) - [§** Pj(e) - é"P‘(-G)l
N
=pny V(P ,)+uzﬁ“( » Bj) = [§** Pi(e) - §*~ Pi(~e)]

i=1 i=1

and

N N
~(3033, Pj) = A div a%¥(B;, P) + (A + 2p) > u§*( P!, P)) - [5* Pi(e) - g5~ Pi(—e)] -

i=1 =1



Thus, the Galerkin equations become

- ZAu“(P.,P)-(Aw)Zde "(P,,P)+(A+u>zw ‘P, P))

i=0 1=0 1=0

+u§j""(P:,P') Azw (PPj<,

=0 =0
= (f,P}) + [§°* Pj(¢) - 9 Pi(~¢)], onw,0<j<N

N N
—p Y AP, P+ (A +p) Y divat (P, Pl + (A +20) Z u* (P}, P})
=0 =0 =0

N
- p Y divasi[PPe

=0

\ = (f3,P) +[95* Pi(€) ~ 95" P;(~€)], onw,0<j<N
and u§* = 4% =0onv,0<i< N.
4.3. Choice of Approximation Functions
For computational purposes we chose polynomials as approximation functions (Pi):
Py(t) =1
P(t) =

t
Pj(t) = Lj(t)dt where L; is the j& | egendre polynomial on (—€,+€),j>2.

-€

The matrix (P;, P;) is pentadiagonal;
for example, the matrix of order 5 is

1 0 -1/3 0 0
0 -1/15 0  2/105 0
2 \-0/3 1/6 -1/105 -1015 2/315

The matrix (F;, P}) is tridiagonal;

for example, the matrix of order 5 is

0 1 0 0 0
0 0 +1/3 0 0
200 -1/3 0 +1/15 0
0 0 -1/15 0  +1/35
0 0 0 -1/35 0



The matrix (P{, P}) is diagonal;
and the diagonal elements are of the form (7;1.—1) with (Pg, Pg) = 0.

The values of P;(xe€) and of P}( +¢) are given by:
Po(xe) =1, Pi(£e) = £1, Pi(2e)=0,i > 2, Pjx41(0) =0, k > 0.

The quantities [Pi Pj]< = Pi(€)Pj(e) = Pi(—€)Pj(~¢) vanish for i or j > 2, and [Py P]¢., = 0,
[PAP)e, =0, [RPA]L =[P Pt = 2.

Remark. With this choice of polynomials we observe that the 3( N + 1) equations split into 2 sets of

equations; the first one with the unknowns {@¢2¥, ug'“'”} and the second one with the unknowns

{,&e,2k+2 u"z"}
y Ug .

Since P2i41(0) = 0, the displacement in the middle surface z3 = 0 depends only on the even

coefficients u?*, Because we are primarily interested in the vertical displacement on the middle

surface, we will use the second set of equations (giving 4¢2*+! and u;"")

To simplify the study of the convergence when the thickness goes to zero we shall rewrite the
Galerkin equations in the fixed set Q with the following notations:

N
iy q(2¢) = iy q(e, r)=é E(ez)int(ilﬂ)f,ip,. = {vdP + vlP + EviP + evlpt-. -}
1=0
N
y3(z reun,a(e, z e Z(fz)m(im v3 P, i=€{ngov§Plezv§Pzezv§PE B D e T
i=0

where int (z) is the integer part of z and
F3 = (5, P;) + [95* Pi(€) - g5~ Pi(~€)]= €' Fj .
4.4. Galerkin Approximation of Order 2: The Direct System

In the fixed set  the displacement of order 2 is sought in the following form:

= 0, 1 2,223-1
#2(6,2) = v’ + v'z3 + €V

2
and therefore the vertical displacement on the middle surface 3 = 0 is equal to v§ - €2 3.
The expansion coefficients #! 3, v3 are solutions to the homogeneous Dirichlet problem:

AN - A+ p) S Vv + uVe] —(A+p)EVR +pudl =0 inw,

2 .. 2 .
) Av) - § Av} +divi' = -5 F) : in w,
0 _ 28 2A,2 4 (Atm) o021 4 A$2u .2 _ €FF :
BAv) - @ AvE 4 OF) givpl 4 e 2 - <0 in w.

and 9 = v} = v} =0 on 7.
In this section we shall study the existence and uniqueness of the solution to this system.

11



(a) Existence and Uniqueness of the Solution.

The system (1) can be written in the following equivalent form:

B AN (A p) S Vv + V) - (A+p) S VU +udt =0 inw,

(I —-I%Avg+5—’;§-‘ﬁdivﬁl+)‘—?-‘iv§=eafzi+ez-§i inw,
—Splvd + A divel + (A + 2u)0d = 5B 4 £ FP inw.

and ' = v} =vI=00n4.

Let V denote the Sobolev space V = {v = (#!,v3, v3),v € (I-I&(w))‘} equipped with the usual
inner product, and A denote the bilinear form associated with the variational formulation of system
(I1). Then A is continuous on V x V and satisfies Garding inequality [5], A(v, V) > a|Vv|? - B|v|?
where a and B are positive constants and where || is the norm (L’(w))‘. Therefore, if 0 is not an
eigenvalue of the previous system, we can conclude that this system has a unique solutioninV .

(b) Asymptotic Behavior of the Solution.

The system (1) is singular when € = 0. (The second equation is the divergence of the first one.)
In order to avoid this singularity we eliminate the horizontal component $! in two equations and
we obtain the following system (l11) of higher order:

—p G A —(A+p) S VAV +pV - (A+p) S Vo +ut' =0  inw,

2 o
(i) Avg—ezAvg{%—ffx}—ﬁxzﬁvg=~%F§—%}562F§ in w,
—2E2 A2 4 ) Apd = 3003 QA FR 4 ML 2AFD 4+ 2;-?- in w.

with boundary conditions

i)l=v§=vg=0 on v,
o a 2
div 8! + Av] — A0} = -5 F) ony.

When ¢ = 0 this system has a unique solution '*, v3*, v3* such that:

A% =3 (1= v))FY in w,

Avd* = L‘t}& vd* inw,
P1* = =Vol* inw.

and the boundary conditions are obtained by continuity:

Ow
{vg':%':-:o on 7,

#1*=9"=0 ony.

Then, v§* is the solution to the two-dimensional problem and we observe that the condition Av3* =
2426 y2* = 0 on 7 introduces boundary layers.

In the next section we will study the modified system (I11).

12



4.,5. Galerkin Approximation of Order 2: The Modified System
(a) Existence and Uniqueness of the Solution.

We can rearrange system (l11) as:
If 3 = v] - €2v}, the vector (,73, v3) is solution to the system (IV),
3 - 3 . A . .
~u 5 AN — (A4 p)$ Vdiv® + uVT; - "%’va +utt =0 inw,

2= A aFy 2AF? .
(IV) Ava—mAvg:m—e—ﬁl nw,
2 .
-f—sffAv§+éix2-Ev§fA53=§2-‘;-F}+%}fezl? inw.
with the boundary conditions
N=T=0vi=0 on 7,
divﬁ1+A53=—%F§ on«.

Let V denote the space
V= {v = (8!,%,03), & € (H&(w))z, T3 € L} (w), A%3 € L*(w), T3 =00n 7, v3 H(w)}
equipped with the inner product
(u, v)v = (ﬁ;, i’l)L’(w) + ('ﬁa,ﬁa)[}(w) + (Aﬂs, Aﬁ3)L2(w) + (ug, vg);p(w)

and A denote the bilinear form associated with the variational formulation of system (IV). Then
A is continuous on V x V, and satisfies Garding inequality:

A((8,5,99), (#,75,99)) 2 a(IV 52 + |AT? + [Vod[2) = A6 + [5s]? + o2 ])

and A(v, v) > a|v|}, - Blv]?, where @ and B are positive constants and where || is the norm in
-L*(w). Therefore if 0 is not an eigenvalue of system (IV) we can conclude that this system has a

unique solution in V, interpreting formally the boundary conditions.
(b) Computation of the Solution
System (IV) can be solved by an iterative “fixed-point” algorithm:

1. Computation of ‘izf,k“) as the solution of the bihar/ihar monic equation:
A *) 3F? AFY
AP - Av? 3___224 .
. 3 T2 V3 +2('\+2I‘) € % in w,
i:'g‘“) =0 on v,
AT = ~div 1™ - %Fg on 7.

According to the special type of boundary conditions this computation can be done simply by
the use of a Poisson solver.

9(h+1)

2. Computation of v3 as the solution to the Laplace equation:
3 (k+1) (x+1) k+1 2 .
—%&Avg + A+2 v§ =—AT}§+)+%F§+;\+“E€3F§ in w,
3" =0 on7.

3. Computation of i:{k“)

2 (kD) 2 i ap(b+D) (h+1) 2 s+l

1 + ) & 1 + 51 — =(k+1) _ 2 (k+1)
-u 5 A -(ATp)§Vdiv ui =-uVTy ' = 2 Vol in w,
S _

as the solution to the Laplace system:

on «.

13



5. Tau Approximation
5.1. Tau Equations

The Tau expansion coefficients are given by two kinds of equations: The first set of equations
is of the same kind as the one obtained by Galerkin approximation:

( N+2 N+2 _ N+2 '
~n Y AP P = (A+ p) Y V divusi(B, P) = (A + #) Y Vagi(P, Pj)
=0 i=0 i=0
N+2 )
ﬁ - u Y a (B, Pj) = (f4Pj), 0<i<N
=0

N4+2 . N+2 . N+2 )
~u Y AU (P, Pl = (A + ) Y divai(BL, Pj) = (A +20) Y ugi (P, Pi)
=0 i=0 1=0
| = (f§,P;), 0< j<N.

The second set is given by the boundary conditions: -

N+2 ) N+2 )
B VU Pi(xe)+p Y a%Pl(xe) = §*
=0 i=0
N+2 . Nt2 .
MY divastPi(£e) + (A +2u) Y u§t Pi(de) = gf*
i=0 =0

and the coefficients @¢* and u,‘," vanish on the boundary 7.

5.2. Choice of Approximation Functions

In the case of Tau approximation we used Legendre polynomials as approximation functions
().
We have also the following useful properties:

The matrix (P;, P;) is diagonal,
and the diagonal elements are of the form;

1
2‘(2i+1) .

The matrix (P{, P;) is lower triangular;

for example, the matrix of order 5 is:

00 0 00O
1 00 00
0 1 0 0O
1 01 0 O
2\0 10 1 O

14



The matrix (P, P;) is lower trizg~~7lar;
for example, the matrix of order 5 is:9

€
€0 0 0 O 0o 05000 00000

10 0 7 0 O
The values of P;(+e€) and of P{( t¢) are given by:

P(+e)=1, Pi(-€)=(-1), i>0
3 =0, Pl(e)=(-1)-18HD " >,

3
The same remark and notations as for the Galerkin approximation can be done and used.

5.3. Tau Approximation of Order 2

In the fixed set § the displacement of order 2 is sought under the following form:

1
Z3 t€v
2

dg(e,z) = v° + v

<
and the vertical displacement on the middle surface z3 = 0 is then equal to v — €2 321 The
_ expansion coefficients #, v, v} are solutions to the homogeneous Dirichlet problem:

- ..- 2 -
—pAvd = (A+ p)div et =3(A+2u)i=F f] inw,
Vo] + €Vvi + 91 =0 inw,
+ -9

A div 81 + 3(A + 2p)vd = € ’—-5—“- inw.

and 4, = v =v3 =0on1.
For € = 0 the solution to this system does not verify the equations of the two-dimensional

clamped plate. We shall then examine the approximation of order 3.

5.4. Tau Approximation of Order 3. The Complete System
In the fixed set Q the displacemint of order 3 is sought under the following form:

2 33% -1 +52v3 53%—333 )

iz(e, z)= v° + v'zy + v 5

Therefore the vertical displacement on the middle surface zz = 0 is equal to v§ — € —3- The

expansion coefficients #1, 93, v, v# are solutions to the homogeneous Dirichlet problem:

—pAvd = (A + p)(divd® + € div §%) — 3(X + 2u)v2 = ‘—}Fi inw,
" »—§Aﬁlf%EVdivi:l—(A+p)Vv§—5p B =0 inw,
w(Vv§ + €Vvd) + pdl = 0 inw,
A(div 9! + €2 div 33) + 3(X + 2u)v3 = 0 inw.
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a.ndt‘ﬂ:ﬁs:vg:vgon 7.
From the structure of system (I) we see that we can express #! and #3 directly in terms of v§
and v3, making this substitution we therefore obtain the following reduced system (I1).
2 8()\ .
i (A +2u)A%03 - J—;’—"luAvg =-F) +¢ %’%ﬁ AF) inw,
! 2 2

and assuming that the third equation of system (I) can be continued on the boundary we get the
necessary boundary conditions:

(1)

{%vg+623§;v§ = 0 on4v,
vJ=v3=0 on7.

The values of #! and %2 are then obtained using the second and third equations of system (1).
But in this case the boundary condition 93 = 0 on 7 is satisfied only on the middle surface.

The same remarks as for Galerkin approximation can be done: the solution v3*, v* of sys-
tem (I1) is such that:

A?v3* =3 M2 Ay = 3 H'\Ii““ F=31-v)F iny,
Wr=F =0 on 7.

Therefore v3* is a solution to the two-dimensional problem and we observe that the condition
“Avd* = 22320 y2« — g on 7 introduces boundary layers.

The next section will study the reduced system (l11).
5.5. Tau Approximation of Order 3: The Reduced System
(a) Existence and Uniqueness of the Solution.

We can rewrite the system (ll) in the following form:
If 53 = v] + €2v3, the vector (T, v3) is solution to the system (l11).

2(A+24) A2 2 (A+28)? | 8(A+u)s 2 _ :
i—lg—lAva—(gg—r)—+ Avi=-F) inw,

I(A\+2u

(II1)

—pAT3 + Eplvd + pv3 = +‘—;— F ‘ inw.

and

= _ 0%
{va 52 =0 on17,
v =o0 on 7.

LetV = [Hg(w)] X [H,{w)], and A the bilinear form associated with the variational formulation
of system (I11). Then A is continuous on V X V and satisfies the Garding inequality:

A((T3,v3), (T3, 3)) 2 o(|AT3)* + |V3]?) - Blv3f?,

where a and B are positive constants, then (Az,2) > a||z||} — Blz|*. Therefore if 0 is not an

eigenvalue of system (l11), we can conclude that this system has a unique solution 73 € Hg (w),
2 1

v3 € Ho('ll)).

16



(b) Computation of the Solution.

System (I11) is written in a more appropriate form for the computation:if

73 =] - e’é&%% jthen the vector (%3, v3)is solution to the system:

2= 3 X+2u A+24 i
A%ty = 3 _H“‘ (1+7L(3\"+o +““)AI"° inw,
_e2 O+24)? 2 A2p - &

€ 0T a0+ 3Lrl - Av = 33 E in w.

with the boundary conditions:

B=-vi=0 on v,
~ 2
£+ (1 + %)f;vg =0 on47.

This system is then computed usinga “fixed-point”algorithm:

1. Computation of ﬁg*" as the solution to the biharmonic equation:

2-(k+1) _ 3(A+2p & A+2u)? .
Aoy =3 +“fg-ﬁ(1+§m_))_+“)ug inw,

'gk“) =0 on v,
'“"H) -e¥(1 +éb-(,\—))—”i‘; =)o 2 2(” on 7.

2. Computation of v 2( * as the solution to Laplace equation

3(\+2 (h+1) (X424)  g(k+1) _(k+1 2
—€ run +3'm‘x—l”§ =a*V L £ W
vi=0 on 7.

5.6 . Tau Approximation of Order 3: Numerical Results.

In order to estimate the error introduced by a Tau approximation of order 3 we chose the shape

of the plate and the applied forces so that an explicit solution to the two-dimensional problem is
known.

The middle surface of the plate is a square of length 1, w =]0, 1[ x]0, 1[. The Young modulus
E =21108, and Poisson ration v = 0.3 correspond to the parameters of a steel material.

The horizontal components of the body force and the surface forces are equal to zero, f, = 0,
1<a<d,g;=0,1<1<3.

The vertical component of the body force is such that the solution to the two-dimensional
problem is [x(x = 1)y(y - 1)]%.

The following table gives the relative error in H ! norm between the solutions of the three-
dimensional and two-dimensional problems on the middle surface as a function of the thickness of
the plate (2¢).
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thickness (2¢) relative error in H! norm
%
0.002 0.02
0.004 0.04
0.006 0.08
0.008 0.15
0.010 0.24
0.012 0.35
0.014 0.47
0.016 0.61
0.018 0.77
0.020 0.95
0.040 3.55
0.060 7.26

Computations have been made with a regular mesh size of 1'& in both directions of the plate,
and have been performed on the ALLIANT CONCENTRIX using the-ARGONNE library routines (FISH-
PACK and BIHAR).
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