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ABSTRACT

The Chebyshev and second-order Richardson methods are classical
iterative schemes for solving linear systems. We consider the
convergence analysis of these methods when each step of the iteration is
carried out inexactly. This has many applications, since a
preconditioned iteration requires, at each step, the solution of a
linear system which may be solved inexactly using an “inner” iteration.
We derive an error bound which applies to the general nonsymmetric
inexact Chebyshev iteration. We show how this simplifies slightly in
the case of a symmetric or skew-symmetric iteration, and we consider
both the cases of underestimating and overestimating the spectrum. We
show that in the symmetric case, it is actually advantageous to
underestimate the spectrum when the spectral radius and the degree of
inexactness are both large. This is not true in the case of the
skew-symmetric iteration. We show how similar results apply to the
Richardson iteration. Finally, we describe numerical experiments which
illustrate theresults and suggest that the Chebyshev and Richardson
methods, with reasonable parameter choices, may be more effective than

the conjugate gradient method in the presence of inexactness.



1.. INTRODUCTION

The Chebyshev method and the second-order Richardson methods are
classical iterative schemes for the solution of linear systems of
equations. Their convergence analysis is well known; see Golub and
Varga (1961). We consider the analysis of these methods where each step
of the iteration is carried out inexactly. This has important
applications, since one often wants to employ a matrix splitting,
introducing a linear system to be solved at each step of the main or
“outer” iteration. When the exact solution of these “inner” systems is
not possible or practical, an “inner” iteration may be used instead.
These ‘inner iterations are generally terminated before they have
converged to full accuracy: in other words the inner systems are solved
inexactly. We are concerned with the effect this has on the convergence

of the outer iteration.

Other papers which study the use of inner and outer iterations
include Gunn (1964). Nicolaides (1975). Pereyra (1967), Nichols (1973)
and Dembo. Eisenstat and Steihaug (1982). In an earlier paper (Golub
and Overton (1982)) we gave a convergence analysis for the inexact
Richardson method alone, but the analysis there is somewhat different
since it does not take advantage of the freedom of choice in the initial
i terates. The analysis given here is also applicable to studying

round-off error accumulation; see also Golub (1962).

The paper is organized as follows. In Section 2 we give a general
convergence analysis for the inexact Chebyshev method for solving non-
symmetric linear systems. The exact version of this method is the one
given by Manteuffel (1977). We give the analysis for the nonsymmetric

case because it is not much more complicated than the symmetric version.



In Section 3 we show how the results apply to the symmetric iteration,
distinguishing between the cases where the relevant eigenvalues are
“underestimated” and “‘overestimated”. We show that underestimating t he
spectrum can actually speed up convergence if the spectral radius is
large and the iteration is quite inexact. In Section 4 we apply the
results of Section 2 to the case where the preconditioned matrix
defining the outer system is the sum of the identity matrix and a
skew-symmetric matrix. We refer to the corresponding iteration as
“skew-symmetric”. This situation provides one motivation for our worKk,
since it arises as an effective way to solve nonsymmetric systens with
positive definite symmetric part, using a skew-symmetric/symmetric
splitting. Again. we discuss the issue of overestimating and

underestimating the spectrum.

In Section 5 we give a convergence analysis for the inexact second-
order Richardson method, restricting it for simplicity to the case of a
symmetric iteration where the spectrum is overestimated. The second-
order Richardson method is closely related to the SOR method; see Golub

and Varga (1961, p.151). In Section 6 we discuss the question of how to

choose the parameters to minimize the total amount of work.

It seems to be much more difficult to provide a similar analysis

for the conjugate gradient method. However, numerical results given in

the final section indicate that the Chebyshev and Richardson methods,
with reasonable parameter choices, are less sensitive than the conjugate

gradient method to the degree of inexactness of the iteration.

We use ll-ll to denote the Euclidean vector and induced matrix
norm. Unless otherwise specified, a statement involving k will be

understood to apply for k = 0,1,2,... .



2. THE INEXACT CHEBYSHEV METHOD

We wish to solve the real n x n system of linear equations
(2.1) Ax = b
using the splitting
(2.2) A=M-N.

In this section, no symmetry assumption is made on the matrix A .
However, we need to make assumptions on the eigenvalues of MclA in
order to obtain a convergent method even in the exact case. Manteuffel
(1977) showed that the appropriate assumption is that the spectrum of
M—IA is contained in an ellipse which lies in the right half of the
complex plane. Let & and u be estimates of the foci of such an
ellipse; these parameters will define the Chebyshev method. Since M_iA
is real, we restrict & and u to be either real (with & < u) or a
complex conjugate pair. . We also make the simp‘lifying assumption that
M_IA is diagonalizable. If this is not the case, see the discussion

given by Manteuffel (1977, p.309).

The exact Chebyshev method is defined by

(2.3) X, = %o 4 %o
(2.4) S R S e e S Lt
vwhere

(2.5) . Mzk = I‘k

(2.6) r =b - Ax

(2.7) a= =



u+é
= g-e
°k
(2.9) = 2u
Vel k1
(2.10) Sl :2nck-ck_l, k=12,...
(2.11) Sy = 1 C, =H
and X0 is given. Note that Cx is the value of the kth Chebyshev
polynomial evaluated at g . The inexact version of the method is

obtained by replacing (2.5) by

(2.12) Mzk =T + 9

(2.13) Ilqkll < Gllrkll

where &6 € (0.1) . This specifies that each inner iteration, if started
with the approximation z, = 0 , must reduce its residual norm

IIMzk—rkII by a factor of 6 .

Let
g =X "X
so that
(2.14) i1 = ®1 T Yke1 (@Bt 7o)
= Oearie * (1o ey * OqPy » k= 1200
and
(2.15) e, = Key + p,

where



-1
(2.16) p, = —aM lq , k=1.2,...
and

(2.17) K=1-aM'A.

Now let the eigenvalue decomposition of M_IA be given by

(2.18) M la = vav'!
where {7\j} , the entries in the diagonal matrix A , are the
eigenvalues of M A . Then
‘ -1
(2.19) K = V3V
where (aj} , the entries in the diagonal matrix £ , are the
eigenvalues of K and are given by
2.20 o, =1 -aA, .
(2.20) 3 j

Note that if {Aj} do indeed lie in an ellipse in the right half plane
with foci € and u , then (aj} are contained in an ellipse which
lies strictly inside the strip of the complex plane defined by

[%e¢ al < 1 . Furthermore the quantities {paj} , which will be
important later, are contained in an ellipse with foci at #1 and major

axis of length |ul

Now let

(2.21) fk = ckV-lek i gk = ckv-lpk except g, = ;— V_lpo .

Then we may simplify (2.14), using (2.9) - (2.11). to obtain‘the

diagonalized system of difference equations:

(2.22) flop = 256, - £ +2ug k=12,



with
(2.23) f1 = u.SfO + 2ug0 .
We now state a useful lemma.
LEMMA 1 Consider the inhomogeneous complex difference equation in Ek :
(2.24) E. . = 24BE, - 12E, . + k=1,2
' K+l = Kk k-1 7 Tk e

The solution is

(22 B = Ty - Ty Ep ¢ :21 k-e"e
vhere, if B # #1 ,

(2.26) Tk = 2! Sslglnhh_ge "0 = cosh—lﬁ
and otherwise

(2.27) T = -_'-k'vk-l '

k =
Proof The characteristic equation of (2.24) is

B2 - 29BE + 12 =0 .
The roots are

o+
e~

for all B, where in defining 8 by (2.26) we use the same branch of
coshl used by Manteuffel, so that % 6 > 0 , 0 < %a 6 < 2r . The

result follows from the standard theory of difference equations. a

We now apply Lemma 1 to each of the equations in (2.22). The

characteristic equations are

§2-2uaj§+1=0.



Assuming for convenience that uaj # +1 |, we see that the solution to

(2.22) is

k-1

£, =D f, - D _ fo + 2;;_12 D 5,

where Dk is a diagonal matrix with entries

sinh k6
—_
sinh Bj

and

_ -1
9J = cosh (uaj) .

(1f uaj = #1 , (2.27) must be used in place of (2.26).) Using (2.23)

we therefore have

K-l
fi = (WD 3Dy )y + 2 eZo D8 -

Now consider the jth entry of the diagonal matrix uDkE - Dk—l . Using

the identity

sinh_k6 _ sinh(k-1)6 _
(2.28) sinh 5 cosh 6 sinh @ = cosh k6

we see that it simplifies to the value

. cosh kﬂj .

The standard convergence result for the exact Chebyshev method
immediately follows. In the exact case, all the inhomogeneous terms

vanish, and we see that
e < mjxlcosh ko jl

which gives the error bound



-1 Icosh k8. |
(2.29) nv ekll < ma.x cosh kv
where
-1
¥ = cosh "u

using a standard property of Chebyshev polynomials.

In order to continue the analysis for the inexact case, we use the

facts that
sinh k8
k 1 k-1

|cosh kﬁjl <p TR 93 | < kp

where
%
(2.30) p = maxle Y|
J
to obtain
K K- Kk-2-1

(2.31) UEL < poUEQN + 2 lul T (k-8)p lig,ll -

To proceed further we must relate llgell to llfell .

ILEMMA 2 We have

Ilgell 4 ellfell
where

1

(2.32) e = satv I Linavi |

Proof The proof is a straightforward consequence of (2.21). (2.16).

(2.13) and (2.6). Q
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Continuing the error analysis, we can substitute ellfell for llggll

in (2.31) and rewrite it to obtain

k-1 K
HE I = 2 lul Y (k-2)p
=1

“lug n ¢ (o +2e lulkp e L k = 1.2, . . .m

where m is introduced to indicate the last computed iterate X, -

This system of m linear inequalities can be written using matrix

£ 4
(1-EL) 1 {s

I _liy

notation as

where the non-negative matrix L and the vector s are defined

accordingly. Now L™ = 0 so
(I-eL) = 1 +eL + A2 + . . .+ ™™D

Thus (I—¢=_L)-1 is a non-negative matrix and

If
! l1 < (1-eL)) 7 1s .

IntI.
Let us define t = [T T ]T = (I-eL)_ls Let T, = Hf,ll By
' Tm . 0 o' -
definition, Tk satisfies
. k k-1 k-2-1
(2.33) =P Tyt 2elul ¥ (k-8)p Ty
We therefore have
k
k-2
T -pr, =2elul Y p T
k+1 k 2=0 2
k-1

k-8
pT, =~ pTy_, =2elul Y p T
k k-1 2=0 8
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and so

(2.34) T .. = 2prelul), - oot k =12
' k+1 PTEIIITY =P Ty K T 1e2eee

Given Ty = lIfOII , and using

T = (p+25|u|)-ro

(which follows from (2.33)). equation (2.34) completely defines Ty

the error bound on Ilfkli . This homogeneous difference equation may now

be solved using Lemma 1 again. We obtain

e o= [ HERKR (puae ) - Pk smleLlel,
where
(2.36) Q= cosh-1(1+e—|éﬂ).
Using (2.28) again. (2.35) simplifies to become
T = pl'( [cosh ke + keul :inng_Q| T

Finally, we divide through by S to obtain:

THEOREM 1 Assume that M ‘A is diagonalizable with spectrum Ay

The error of the inexact Chebyshev method is bounded by

pk[cosh ke + elpl sinh k'p]
(2.37) wle n ¢ p_sinh ¢ ) yyle -
' °k lcosh kvl 0

vhere p = mxlexp(cosh’lpaj) I, v = cosh’lu . 9= cosh’l(l + 5-;)&) ,
j:

and € , p, o, and V are given by (2.32). (2.8). (2.20) and

J
(2.18). @

Note that the final error bound has three factors multiplying onto

IIV-leOII , two in the numerator and one in the denominator. One of them
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depends on e , which measures the degree of inexactness of the inner
iterations. The other two are essentially the same as those in the
standard error bound (2.295 for the exact method. since pk is an upper

bound for |lcosh kejl . We could simplify the formula for p to
p = maxlmj + Jyza?—ll
J

but note, as Manteuffel (1977, p.312) points out, -that care must be
taken in choosing the branch of the square root to conform with the

definition of cosh'l used in Lemma 1.

In the case of the exact method, the standard error bound (2.29)
converges to zero if and only if the spectrum {)\j} lies in an ellipse
with foci & and u which is strictly in the right half plane.

Fur thermore, the method is asymptotically optimal over any such ellipse

(Manteuffel (1977, p.315)).

3 . THE SYMMETRIC VERSION OF THE INEXACT CHEBYSHEV METHOD

Suppose now that A and M are symmetric and M_IA is positive
definite, so that the spectrum {AJ} lies on the positive part of the
real line. The parameters & and u now become estimates of the end
points of the line segment containing {7\j} . Let us first review the
well known results for the exact method.. The error bound (2.29) shows
that convergence takes place if and only if lajl < 1, i.e.
0 < )‘j < & + u . This is consistent with the discussion for ellipses at
the end of the previous section, since such a spectrum always lies
inside an ellipse with the required properties. The method is optimal

over the line segment [&,u] . Now assume Al £ . . . ¢ )‘n and, for

convenience. that o, 2 lajl , J=1,...,n . If theparameters € and
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U overestimate the spectrum, i.e. & < 7\1 . ’\n {(u, then the
numerator of the standard error bound (2.29) is less that one and may be

written
(3.1) cos k cos-l(uql)

since Koy < 1 and 91 is imaginary. The optimal choice of the
parameters is well known to be ¢ = )‘l , U = }‘n ., which gives a

numerator of one in (2.29).

Now consider the inexact method. The analysis of the previous
section simplifies slightly, since the matrix V of (2.18) may be

written
(3.2) V=NV

where V is orthogonal. The quantity € in (2.32) simplifies

accordingly. Otherwise there are no changes, and we obtain:

THEOREM 2 Assume M and A are symmetric and M-'IA is posi tive

defini te. The error of the tnexact Chebyshev method is bounded by

(3.3) HM1/2eQI < BEBIHMllzeOH
where
k

By = coship

BI = cosh ky + %:il::hL:t
(3.4) p = lyal + Jpza?—l |

¥ = cosh-lu

9 = cosh_l( 1+§PE)

e = salM ™2 nan~1/2y
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and p,a, g are given by (2.8). (2.7) and (2.20). with

1
9, 2 laj | . o

(Note that we have introduced notation BE and Bl for the exact and
inexact factors in the error bound, and we have simplified the formulas

for p and e .)

Now let us assume that 7\1 + )\n is known and that
2 +u = )\1 + 7\n . Since the centre of the spectrum is fixed by this
assumption, a in (2.7) has the correct value and so al = -on‘. With
a fixed, the iteration depends only on the parameters u and 6 .
Note that in the limit, as u¢ = ® , the Chebyshev method becomes the
first-order Richardson method, which is closely related to the
Gauss-Seidel method. We have already mentioned that in the exact case,
i.e. when 6 = 0, the optimal value is given by Koy = 1, i.e.

H = 1/cr1 . It is now quite instructive to examine the error bound (3.3)

to see how to choose the optimal value of u if 6§ > O .

As a first step, let us review how the standard optimal choice

n = 1/cr1 may be explained when 6 = 0 . Recall that

cosh_lu = én [u + Juz-l ]

and so asymptotically

k
cosh ky'% ;—[y + J u2-1 ]

as long as u > 1 . (Certainly we may assume u > 1 since convergence
is not obtained when a1 2 1). The factor which determines convergence

of the exact error bound BE is therefore

I“” 1} 1“2"%1 I
u+JI42-1

(3.5)
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Now this quantity has the value

o, ]
(3.6)
1+»]1-a2

1

if po, = 1 and a larger value i f Ho | > 1, with limiting value al
as p=>° Therefore pu = 1/a1 is preferable to a larger value for u .
Unfortunately we cannot draw any conclusion about smaller values of g ,
which are obtained when € and u overestimate the interval [7\1.7\n] ,
from simply looking at BE . This is because p = 1 even when pu <
1/crl . and so BE does not reflect any possible advantage gained by
overestimating. In order to conclude that overestimating is not
advantageous , one needs to look at the factor (3.1) which we had to

bound above by pk in the inexact analysis.

Now let us suppose that 6 > O . The factor BE does not change,
but now we need to consider Bl . Let us neglect the second term in BI
which has a second order effect. We see that the factor which controls

convergence of the main term in Bl is

(3.7) 1+ §pﬁ + (1+§#)2—1 :

Now w/p is given by

(3.8)

om

- 2
|pol+~lu20?—l |

This quantity has the value 1/01‘- when po, = 1, and a smaller value
for larger pu , with limiting value 1/(201) as 4 = . We must now
combine the effects of (3.5) and (3.7) to draw our conclusions. There

are essentially four cases.
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Case 1: o << ‘1, e << 1 . This is the standard exact case. The

bound (3.5) increases by up to a factor of two as x4 = .

Case 2: o, X1 ,e << 1. |In this case there is no great advantage
in having u = 1/01 . There is neither a decrease nor a
significant increase in the bound as u - ® . Of course the

convergence is very slow.

Case 3: g, <1 ,e=x 1. In this case the advantage of having
M= 1/01 in (3.5) is cancelled by the advantage of a | arger
value of p in (3.7). (3.8). In fact, in the limiting case
both factors have the value two and cancel. Thus there is no
disadvantage to underestimating the eigenvalues if the

iteration is quite inexact.

Case 4: o0, 1, e=1. In this case the advantage of u = 1/a1 in
the exact case disappears and we are left with an overall
advantageas u < ® ., In other words, although an iteration
of this type will certainly be slow (if it converges at all),

it can be speeded up by underestimating the eigenvalues!

The predictions made in these four cases are substantiated by
numerical experiments which we now report. Let M and N be symmetric
matrices of order 20, with M = Diag(~) . where ~ is a real number
to be specified. Let N and the right-hand side b be randomly
generated as specified by Appendix A. Table | reports the results of
using the inexact Chebyshev method to solve (2.1) with 6 = (0.0, 0.9)

1

and u_ = (1.0, o, and 0.001) , where al depends on ~ . The table

1
reports results for v = 10 (al=0.4017, ()\1+}\n)/2 =0.85222) , ¥ =6
(9,=0.757, (A ;+A )/2 = 0.75370) and 7 = 5 (0,=0.972,

(7\1+7\n)/2 = 0.70444), respectively. In all cases a was set to the

exact value 2/(7\1+)\n) . The inner iterations were simulated by
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perturbing the residuals r, of the outer iteration,“ as specified in

k
Appendix A, and then solving (2.12) exactly. The initial value Xy was
set to zero. The quantity reported is Ilr2oll , the norm of the
residual of the outer iteration after 20 steps.
TABLE1
(SYMMETRIC INEXACT CHEBYSHEV ITERATION)
Ilr20I|
1] v=10 (al=.4017) v=6 (al=.757) v=5 (al=.972)
- -1
K1, H 1, [T
1.0 .4017 .001 1.0 157 .001 1.0 .972 .001

0.0 3.2E-2 1.5E-12 1.2E-8(1) 8.8E-2 6.5E-6 5.8E-3 3.1E-1 1.2E-1 8.5E-1(2)

O . 9 7.6E+1 3.3E-3 1.7E-3(3) 7.9E+3 1.1E+1 7.3E-1 1.7E+5 2.4E+4 2.0E+1(4)

Note: (1), (2). (3). (4) indicate Cases 1. 2, 3, 4 respectively.

The results clearly support the predictions made for the behaviour
of the error bound as ¢ = *® in the four cases. In particular, for
=5 and &6 = 0.9 , the choice u-'l = 0.001 instead of “-l =0,
changes a divergent iteration to one which is (barely) convergent. The
table include results for w = 1 for completeness. We have already

noted that no conclusion about the value of “-1 > o i.e. over-

1 ]
estimating the eigenvalues, can be made by analysis of the bound (3.3).
So far our attention has been restricted to the optimal choice of
parameters with respect to convergence of the outer iteration. However,
our real interest should be to choose optimal values for § and u
which minimize a measure of the total amount of work, perhaps the total

number of inner iterates. We defer this topic to Section 6.
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4. THE SKEW-SYMMETRIC VERSION OF THE INEXACT CHEBYSHEV METHOD
A reasonable method for solving Ax = b when A is a nonsymmetric
matrix with positive definite symmetric part is to split A into its

symmetric and skew-symmetric parts, i.e. let
(4.1) M= HATHA) N o= JAT-A)

Then the eigenvalues of M—IN are imaginary and {}\j} , the

eigenvalues of M—lA , occur in complex conjugate pairs with real part
equal to one. We therefore set & and u to a complex conjugate pair
with real part equal to one. Then a = 1 in (2.7), and the quantities

{aj} and u are imaginary. Assume lall 2 Iajl ) =1,....n .,

Unlike the symmetric case, convergence of the exact method may be
obtained for arbitrarily large lall , if |ul is small enough. This
reflects the fact that a is fixed at a = 1 , while in the symmetric

-case a is used to scale the spectrum. The optimal value of u in the
exact case is well known to be u = 1/cr1 . By optimal, we mean
asymptotically optimal, in the same sense used in the previous section.
Although the exact symmetric Chebyshev method has an optimality property
which may be stated for each iteration k , this is not true in the
skew-symmetric case (see Manteuffel (1977, p.314)). Freund and
Ruscheweyh (1986) give a discussion of optimal methods for a spectrum

contained in a line segment parallel to the imaginary axis.

Now consider the inexact skew-symmetric method. We have (3.2).
where ¥ is unitary. Theorem 2 therefore holds unchanged for this
case. However, we must be careful with the notation. Since Koy is
negative, the correct branch to use for the square root in the
definition of p in (3.4) is the negative branch. Similarly,

asymptotically
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(4.2) |cosh kyl = % |y + Juz—llk

where the branch of the square root is chosen to have the same imaginary

sign as u . Consequently the right-hand side of (4.2) is

é—[lul + JIuI2+1 ]

using the normal positive square root. Thus the factor which determines

convergence of the exact error bound BE is

Iuall + Jluall2-1
Il + J|H|2+l

(4.3)

This quantity has the value

lo, |

1 +~JJ+.lar 12

if |I-l01| = 1 and a larger value if |ﬂ01| >'1 , with limiting value
lall as |ul 2 ® . Therefore, as in the symmetric case, Ipall =1 is
preferable to a larger value for |u| . As before, we cannot draw any,

conclusion about smaller values of |u} .

Now let us suppose that 6§ > O and consider the factor BI . As
before, the factor which controls convergence of the main term in BI
is (3.7). As in the symmetric case, the quantity |lul/p has the value
1/ la, | for lpal | = 1 and a limiting value of 1/(2lall) as |ul =
®  We now combine the effects of - BE and BI . Again there are four
cases, but the conclusions are quire different from those drawn in the

symmetric case.

Case 1: la, | << 1 . € << 1 . This is the standard exact case. The

bound (4.3) increases by up to a factor of two as jul = @ .



20

Case 2: la, | >> 1, e << 1 . In this case letting lul = ® is a
disaster. The bound (4.3) increases by up to a factor of

IcT'1 |

Case 3: la, 1 << 1 , e=x1. As in Case 3 for the symmetric iteration,
factors of two cancel in (4.3) and (3.7). (3.8). There is

neither an advantage nor a disadvantage in letting |u| = « .

Case 4: la, I > 1 , e ® 1 . This is completely different from Case 4
for the symmetric iteration. As in Case 2 (above), letting
lul =2 » js a disaster. Note that the degree of inexactness

of the iteration is almost irrelevant.

Again, these predictions are verified by numerical experimentation.
Consider the same randomly generated problem as before, where we now
replace the lower triangle of N by its negative, so that N is

- skew-symmetric. Table Il reports the results of using the inexact
Chebyshev method to solve (2.1) with 8 = (0.0, 0.9) and

-1

e * | = (10/~, Ial | and .001) , where Ic;r1 | depends on v . The table

reports results for ¥ = 10 (al=0.36761) ,v=1 (al=3.676i) and

v = 0.01 (al=367.61) . As already noted, a =1 in a;ll cases. It is
straightforward to implement the method using only real arithmetic. The
inner iterations were simulated by perturbing re as before. Again,

Xy was set to zero, and the quantity reported is I|r201| )

Again, the results clearly support the predictions made. As in the
symmetric case, letting Iui - ® js harmless if 6 is large and lall
is small. Unlike in the symmetric case, letting |ul = « is
detrimental to convergence if lall is moderate or large. We have
included results for small |u | for completeness. Since

underestimating the eigenvalues
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(Il » @) has such negative consequences, overestimating may be a

better choice in general. However, see the experimental results in

Section 7.
TABLE 11
(SKEW-SYMMETRIC INEXACT CHEBYSHEV ITERATION)
Ilrzoll
é v=10 ( Ia1 1=0.367) v=1 ( Io::1 |=3.67) ¥=.01 (Ial |=367.6)
PRE PE b
1.0 .367 .001 10.0 3. 67 .001 1000 367.6 ,001

0.0 5.2E-8 4.1E-15 2.1E-9(1) 3.2E-1 1.9E-2 2.1E+11 1.8E+0 1.5E+0 OF(2)

0.9 4.8E-6 4.6E-6 1.1E-5(3) 5.2E-1 1.5E+0 2.7E+11 1.OE+0 1.0E+2 OF(4)

Notes: OF indicates overflow. (1), (2), (3). (4) indicate Cases 1, 2. 3, 4
respectively.

5. THE SYMMETRIC INEXACT SECOND-ORDER RICHARDSON METHOD

The second-order Richardson method is obtained from the Chebyshev

method by a single change: replace (2.9) by

+1
1+~Jl-[.¢_2
so that mk+1 is a fixed quantity determined by ¢ . |t is well known

that the two methods are identical asymptotically (see Golub and
Varga(19617). Formula (5.1) is well known from the theory of SOR
(Young( 1971)). see Golub and Varga (1961, p.151) for an explanation of

the close connection between the Richardson and SOR methods.
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Because the Richardson analysisis somewhat more complicated than
the Chebyshev analysis, we restrict ourselves to the symmetric positive
definite case where & and u overestimate (or exactly estimate) the
spectrum {7\J.} . In the symmetric case, convergence of the exact
Richardson method is obtained if al < 1 , assuming al 2 la'jl  J =
1..... n. Since u'l is an estimate of al , assume & > 1 . Then
1 {w< 2. Theassumption that & and u overestimate the spectrum
1

>o i.e. that o in (5.1) is greater than its

means that p L

optimal value.

We now show how the analysis given in Section 2 changes for the
inexact Richardson method. Equations (2.14) to (2.20) are unchanged.

Replace (2.21) by

-1 -1 _1,.-1
fk_V ey g =V pk,exceptgo—av Pg

recalling that (3.2) holds. Instead of (2.22) we get

(5.2) £k+1 = wEfk + (l-m)fk_1 +owg ko= 1.2,...
and
(5.3) fl = Efo + 0gg -

Applying Lemma 1, we see that the solution to this diagonalized system

of difference equations is

k-1
(5.4) £, =De - p°D e, + 0 e§1 D, _,2,
where
(5.5) p = Jw—l

and Dk is a diagonal matrix with entries
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sin k6
(5.6) ol
sin 6
J
wher e
_ el _,L]
(5.7) BJ = cOS r:P

Note that the sines, rather than hyperbolic sines, appear because

ij/2p| <1

spectrum is overestimated. If the spectrum is estimated exactly, there

a fact which follows from the assumption that the

is a double root in the characteristic equation of (5.2). and (5.6) nust

be replaced using (2.27) in Lemma 1.

using (5.3). we see that (5.4) becomes

k-1
(5.8) £, = (O39D,_ ) +w I D _,g, .
2=0
Now consider the jth entry of the diagonal matrix 3 - pZDk It is
Dy -1
given by
in k6 sin(k-1)6 sin kO sin(k-1)8,
k-1° i _ k i_ k j2 j
(5-9) p" "5 P 957 P TSin P =P |sin P o 088y - —g 5

Using the identity (2.29) with cosh, sinh replaced by cos, sin,

together with the inequality

sin kO
sin 06 $k

(5.9) reduces to
sin k@

2.
k 2 k 1-p
p [cos kej + (n_)- 1) ;in—eTicos BJ]_S p [1 + k 1+p2

(since w = 1+p2 by (5.5)). The convergence result for the exact

Richardson method now follows. In the exact case. all the inhomogeneous
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terms in (5.8) vanish, and we see that

2
M/ 2ekll < pk[l + K 1—'f’—]uMV 2 1
l+p2 0

which is the bound given by Golub (1959, p.23).

For the analysis of the inexact case we need now to relate Ilgell

to Ilfell . Lemma 2 applies, showing that
Ilgell < ellfell
where
(5.10) e = a2y naw 12y
We can therefore substitute ellfell for Ilgell in (5.8) to obtain
2 k-1
g 0 < " [L + kB gl ¢ we ) (k-e)pk'e'lufeu .
1+p°! e=0

The same argument used in the Chebyshev analysis shows that,

consequently,

Ilfkll < Tk

where

2 -
(5.11) T = Pk[l + k 1-1'3“']6 + wekyl (k-2)p< &1y

14p=.4~
Using the same technique as before, we see that T satisfies
(5.12) T, = (2ptwe)T, - 21' k=1,2
k+1 k p k-l ) - yhy o oo

We also have

(5.13) = [oft + 1—'!5] + aelr
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which follows from (5.11). The homogeneous difference equation (5.12)

may now be solved using Lemma 1 again. We obtain

_ k-1 sinh ke _ _k sinh(k-1)¢
(5.14) ™"=P " Sinhe 1 P Tsinh ¢ 70
where
(5.15) ¢ = cosh-l( 1+

2p7

Using (5.13), (5.14) becomes

2
_ k[sinh ke[, . 1-p gg] _ sinh(k-1)¢
T =P [sinh e U 1p2 * 3 sirh ¢ |0 -

Using (2.28) we then get

(5.16) T,

2
k= Pk [cosh ke + [—Ll- + oﬁ]s_(ginh k ]TO .

1+p2 2p sinh ¢

This bound takes account of the cancellation that takes place because of

the particular choice of xI . However, a cruder but simpler bound is
obtained by directly studying the roots of the characteristic equation

of (5.12). namely

2 - (2p+we)E + p2 = O .

Let 3 be the larger root of this equation, i.e.

(5.17) p=pe? =p+ %§-+

W22 172
[ * 3 [

The solution to (5.12) is then bounded by
~k-1 ~k
(5.18) % < kp Tt (k-1)p To -

Summarizing these results we have
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THEOREM 3 The symmetric inexact second-order Richardson method,
assuming >\j € [8.,u] , j = 1,....m , converges if p <1 , where P
a function of 6 , a , w , is defined by (5.17). (5.10). and (5.5).
More specifically, IIMUzekII < v where Tk satisfies (5.18) for any

choice of X and (5.16) for the choice of x| defined by (2.3). 0O

The bound (5.16) consists of two factors. The first, pk,
corresponds to 1/cosh k¢ in the denominator of the exact Chebyshev
bound BE . The second factor corresponds to BI , the inexact
Chebyshev factor. The numerator of BE does not appear here, since we
assumed the spectrum is overestimated (see (3.1)). There is no
difficulty in extending the analysis to the case of underestimating t he
spectrum, or, indeed, the nonsymmetric version of the Richardson net hod
as given by Niethammer and Varga (1883). Essentially the factor pk
appearing here is replaced by p'l(p; , where pl = p < 1 and Po > 1
is the quantity p appearing in the Chebyshev analysis, i.e. (3.4). It
follows that the conclusions in Sections 3 and 4 regarding the benefits

(or otherwise) of underestimating the spectrum in the symmetric and

skew-symmetric cases apply also to the inexact Richardson net hod.

6 . ON REDUCING THE TOTAL NUMBER OF INNER ITERATES
Let m be the number of inner iterates required in the kth inner
iteration to achieve (2.12). (2.13). A reasonable measure of the total

amount of work required to generate XpveoosX is

m

" :k=lz k-

This measure is particularly appropriate when each step of each i nner

iteration involves solving another system of equations by a direct
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method. Let v be a measure of relative accuracy required for the
outer iteration, e.g. specifying I|M1/2enlql < 1IIM1/2eOII in the symetric
or skew-symmetric case. Theorem 2 and the subsequent remarks show t hat
the error llMVzekI] is. reduced at each step of the outer iteration by
approximately p , where p , a function of u , a , & and o . is
the product of (3.5) and (3.7). Therefore the number of iterates
required for the outer iteration is approximately

~ -log ¥

-log p(u,a,6.0,)

Now let us suppose that the iterative method used for the inner
iteration is such that the associated residual is reduced by about a
factor of { at each step. Assuming a starting value z = O for each

inner iteration we have

~ —log &
™~ Tog T °

With these assumptions the total amount of work W is approximately

W -log v . -log &
-log ¢ -
-log p(u.a.6.0,) .

Now v and { are fixed so a reasonable goal in choosing the
parameters g, a and & is to minimize

§ = —log 6_

-log p(u,a.é.al) .

Naturally this is difficult to do, but the formula gives some insight.
As &6-20,W-o ,» indicating that solving the inner iterations too
accurately is very expensive. On the other hand, if & is too large,
E may be nearly one or greater than one, indicating that the outer

iteration is divergent. The optimal value of & , given u and a ,
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is somewhere between these extremes. We have already.explained that pu
plays an important role, which varies with 6 , in the size of p
Choosing optimal parameters is clearly complicated. However,
substantial insight can be obtained from numerical experiments.
Fortunately, once an adequate choice of parameters has been determined
for a particular problem, whole classes of related problems can usually

be solved efficiently with the same parameter values.

7. NUMERICALEXPERIMENTSANDAPPLICATIONS

Consider the differential equation
(7.1) -Au + (au)x +au + (bu)Y + buy +cu=f

where u , a , b and f are functions on the unit square: 0 ¢ x ¢ 1 ,
0<y 1. Approximating (3.1) by finite differences on a grid with s
interior points in each direction results in a linear system of order

S2

(7.2) (M-N)v = d .

Here v is the solution to the discretized problem, N is a
skew-symmetric matrix corresponding to the first-order terms in (7.1),
M= Ml - Mz is a symmetric matrix, with Ml the negative discrete
Laplacian operator and M2 a diagonal matrix corresponding to the term
cu , and d corresponds to f , modified to incorporate the boundary
conditions. We consider the particular differential equation whose
solution is u(x,y) = exp(x2+y2) , with coefficients a(x,y) = b(x,y) =
10 exp(x2+y2) , c(x,y) = 20 exp(3x2+3y2) , and with nonhomogeneous
Dirichlet conditions imposed on the boundary of the square. We used the

mesh size s = 15 . We have also performed experiments for various
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other problems. The one reported here was chosen so that both the outer
and the inner systems are moderately difficult to solve. The results

seem fairly typical.

Table 11l gives the results of solving (7.2) using the
skew-symmetric version of the inexact Chebyshev method with various
choices of 4 and 6 . (Recall that a = 1.) The initial value X0
was set to zero, and the termination condition for the outer iteration
was Ilrmll < 10-4 . Each inner iteration was carried out using a
(preconditioned) conjugate gradient method, starting with the zero
vector, so that (2.12). (2.13) hold. The symmetric splitting M = M1 -
M2 was exploited so that each step of each inner iteration used a fast
direct method to solve a system of the form MIE =T, i.e. the Poisson
equation. The entries in the table are of the form "m/W" , i.e. they

report the number of outer iterates and the total number of inner

iterates.

In addition to the Chebyshev results, Table IIl gives results for
solving (7.2) using a preconditioned skew-symmetric conjugate gradient
method (see Concus and Golub (1976) and Widlund (1978)). The inner
iterations were carried out exactly as described above, being terminated
by (2.12). (2.13). The results are reported in the column headed CG.
The conjugate gradient method was also run with the inner iterations
carried out to full precision, in order to obtain g1 from the
resulting tridiagonal Lanczos matriX. This run, made solely to compute

la, I . is not included in the table”. |t determined that lal" = 2.19 .
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TABLE 111
6 G CHEBYSHEV
L
10.0 3.0 2. 1% 2.0 1.5 1.0 .00l
0.01 39/274 t 607401 45/294 76/559 D D D
0.1 46/204 1991804 61/249 46/203 46/202 D D D
0.5 % 276/603 85/194 65/149 63/141 188/422 D D
0.9 % % 2001299 2191219 206/206 169/169 132/132 D

Reports # outer iterations/# inner iterations.

Notes: % The value of ¢

1 is 2.101 .
t Number of inner iterates exceeded 1000.
% Number of outer iterates exceeded 500.

D Outer iteration” diverges.

A careful inspection of Table Ill reveals a number of interesting

features :

Consider the column Iu-ll = Iol | = 2.1 . The number of outer
interates increases as 6 increases, as expected. The total
number of inner iterates, however, reaches a minimum at about
6 = 0.5 . Clearly, a small value of & is inefficient: also, if
6 is close to one, only one step is taken in each inner iteration,

which is overall less effective than using 6 = 0.5 .

Consider the Chebyshev results as p varies. For 6 = 0.01 ,
there is a rapid deterioration as |[u| grows greater than laIl |

For larger & , the deterioration is not as rapid and for large
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enough & there is a noticeable decrease in the number of outer

iterates before a minimum is reached and a sharp increase occurs as

lul =@ It may be possible to partially explain this from the
results of Section 4 since the factor (3.7) may, as Iul increases
past I¢JI1 | , decrease faster than (4.3) increases initially. As

soon as (4.3) grows enough. divergence occurs. However, see the

next remark.

3. There is one feature of Table Ill which cannot be expl ai ned from
the results of Section 4. When |ul is fixed greater than IGVI1 |
there is a distinct drop in the number of outer iterates as 6
increases larger than 0.01 . (Indeed, as a consequence the | owest
value for the total number of inner iterates in the entire table is
for lul = 1 . & = 0.9 .) Since BE is fixed and Bl increases
as 6 increases, this result is not reflected by the bound (3.3).
This does not imply that the bound is not sharp, however. The
reason for this behaviour seems to depend on the choice of method

used for the inner iterations. When the inner iterations are

simulated as described in Appendix A , the phenomenon disappears.

4. For any fixed & , as Jul decreases below la;l I , the nunber

of outer iterates increases but it does not do so very fast.

5. The conjugate gradient method is not as robust, with respect to

6 , as the Chebyshev method with a reasonable value for u .

We also tested the Richardson method on the same problem. The
results were very similar. All results were obtained using double

precision on a VAX/780 at Australian National University.
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Using the symmetric/skew-symmetric splitting to solve nonsymmetric
systems is only one possible application of the inexact method. Another
possible application involves using the Arrow-Hurwicz-Uzawa method (see

Glowinski, Lions & Tremoliéres (1976, p.96)) to solve systems of the

N
A= , b=
_BT 0 b(2)

where C is positive definite. Such systems arise frequently in the

form

solution of Stokes equations or variational problems with constraints.

The main idea of this method is to use the splitting

c o o -B
M= , N=
-B! «I 0 «I

for some kK # o . An exact version therefore requires the solution of a
system of equations Cz(l) = r(l) ; an inexact implementation allows an

approximate solution of this equation. Note that

4o <1B
M'N=
o I- 18Tclp

It follows that the eigenvalues of M'lN are real. The choice of «
T 1

depends on the spectrum of B'C "B . Let Bl and B2 be respectively
the largest and smallest eigenvalues of BTC'lB . Then « should be
chosen by
PPy
-2

so that the spectral radius of M'lN is

Bi-By
BBy



and a= 1 in (2.7). Other possible applications of the inexact

iteration include domain decomposition.

8. CONCLUSIONS .
We have given a convergence analysis for the inexact Chebyshev and

Richardson methods. We showed that in the case of the symmetric

iteration, underestimating the eigenvalues speeds up a very inexact

iteration if the spectral radius is large. This is not generally true

in the case of the-skew-symmetric iteration. We have presented
experimental results which indicate that the Chebyshev & Richardson
methods, with reasonable parameter choices, are less sensitive than the
conjugate gradient method to the degree of inexactness of the iteration.
Finally we note that as parallel computing increases in importance. the
Chebyshev and Richardson methods become more attractive than the
conjugate gradient method since they do not require inner products and

are therefore fully parallelizable.

APPENDIX A
So that others may reproduce the experiments, we give details of

the randomly generated problem discussed in Section 3. We define N to

be a symmetric matrix with a zero diagonal. We used the NAG library

random number generator, initializing it by calling GOSCBF with seed

value 3.0. Subsequently we called GO5CAF to obtain, in order, Nl 5

N1.3""' Nl.20 . N2‘3.... N19.20 ' bl.....b20 , 61'1 . 61‘2..... 61’20,
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62'1.... The values 5k.i were used to obtain . satisfying

(2.12). (2.13) by

2|Irkll

(9 )4 :_J2—o[6k.'i - :12] :

The authors would like to thank Max Dryja and Olof Widlund for
stimulating them to complete this, work. The second author would also

like to thank his hosts at Australian National University for their warm

hospitality.




