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Abstract

We derive the Moving Finite Element (MFE) equations for the solution of a scalar evolutionary  equation

in d space dimensions (d 2 1) and introduce the clcrncntwisc  approach to MFE. This approach yields a

decomposition of the mesh- and Yolution-dcpcxldcnt  matrix A in the (acmi-discrctised)  non-linear system

of ordinary differential  equations A(y)$ = g(y)  which forms the basis for proofs of cigcnvaluc  clustering.

With a simple,  specific block diagonal prcconditioncr,  D, it is shown that  the eigcnvalue  spcctum  of the

prcconditioncd  MFE matrix De-’ A is [i , 1 + t] indcpcndcntly of the mesh configuration, the solution and

the nun~bc~r  of nodes. A more specific result  is <~tablishetl for the cast  d = 1. Thcsc  results  guarcntcc

cxtrcmcly  rapid solution tcchniqucs  using, for cxamplo  conjngatc!  gradient rncthods.  WC show how the

analysis t*xtc-rids to syst(~ms  of partial  tlifFcrc~~itia1  c~qiiatioris  when a Y('])iUiLtC  moving rncsh  is used  for each

coIrlpoxlcIlt. --.



Llntroduc  tion

The Moving Finite Element (MFE) Method, introduced by Miller  and Miller [II],  has been used with

considerable  success to obtain solutions to a number of time-dcpendcnt  partial diff(*rcntial equations  - see

. [5],[7],(8]  and ilo] for Parabolic problems and [ 14],[ I’]3 -*and [ 13) for hyperbolic problcrns. In this paper

WC prcaent no numerical results, but rather describe and extend previous theoretical  work ([ 141) to prove

results on th inherent good conditioning of the MFE equations indcpcndcntly  o f  the .solution, the mesh

configuration and the number  of nodes.

Moving and adaptive  mesh methods  for the nunlcrical  solution of tirnc-dependent  pa&id  diffcrcntial

oquntions arc dcvclopctl  becauao of thct  possibility of accurate roI’rcsc~xlt;~tioIl  of true  solutions on grids which

clistort,  to clcscribc  dcvc+~ping  or prop~~rgatirig  fibatllrcs. In most3  siic*li  ~rlc~thods  thcb ctqiiiltions  for tlctcrniining

grid  collfigur;\tioli  iirc  co~i~j~lcr(~~l  S(‘J)iWiltClY  & iUC' tlc~collplctl  frorri  t.hoso  for tlic%  sollltSion  rcpr<~sc~Iiti~t,ioxi  (see

for  ~XillIlplV  [1],[2],(4] or the rcvicw in [G]). Thc~  MFE method however goes against  this tradition in that

SilIllllt~i~Il~~OllS  c>qniAorls  for thcb solutioIi  iUlt1 111~311  v;wiiLl)lcs  Marc  tlcrivod simply OIL tllc~  biWiS of rIliIliiIliSirtio~l

.

o f  il rwiclrlid  norni.  I n  this pil~Wr W(’ shop tlliLt  t llc wsulting  Ml?E  ctquntions  hi\vo  a clcfinitc~  structure,

ill111  t Ililt tllo iLlgl~\)r;ric~ cor~~litior~ir~g  of the  C(~lLiLtilJllS  is goocl tllis rcslilt  l)cGilg  in(l(~pond(*nt  of tlict  n~cdl-

C’c,rlligrlriLt,ioll, tVll(t  solntiorl  iLIlt tllP IlllIll~J<~r  Of IlOflW. Tllcw~  rcwllt,s  do uot holtl  il’ tllc!  solution iUltl mw11

1.11~  softltion-  atlcl  III(=c~~-~~~~~JCII~~~~I~I, MF11:  rllirtrix  ilIlt  !/ ~‘OIIICS  f’rortl  t,lJv sI)irtiilI  tl(Nriv;rl  iv{* tcbrnls.  111  scBction  3

wc bric~liy  coiisiclc~r  iy)proI)rintx  motldli~~g  0L’ l~mlitliwy  ~*o~~~litio~is. [I1  Sm.thl  4 (for I Ilo oII~~clirllc~llSioIli~~  CiW?)

and  section  G (for liiglicr  dimc&ons)  wc introclticc:  the clcni(~fltwisc i~~)lJr(4l  to MFE ~i<l  Y~OW  110~ this

yictltls  the structure  of the MFE  c*cll~ilt,iotls  throllgh  i\ tl(~c:olrll)osit,i(111  of the nlatrix  A. This clccolIll)osition



(131 (see also [ 1 ])5 and are not described  again hcrc. The  main results of this paper are prcscnted  in sections

5 (one-dimension) and 7 (higher dimensions) where WC prove that if WC premultiply  the ILIFE matrix A(y)

by the inverse of its (d + I)-square  diagonirl  blocks D(y), then the cigcnv&c*s  of the resulting  matrix D-IA

lit in the closed interval  [ $, 1 + $1  indcpcndclltly  of the solution, the mesh configuration and the number of

nodes. In one-dimension  the result  is more specific : D-’ A has  just two distinct eigenvalucs  of a and 3 and

possibly one or two of unity dopcnding 011  boundary conditions. There  results contrast with the sitaution

in standard  (fixed mceh) finite clcmcnt  methods  whcrc  the corlditioning  of mass or stiffness matrices are

ccrtniuly  m&-d(!pCndCnt  (YC~ f o r  cxilml)l(~  [12,  p.2231). In sc\ction  8 WC’ show how these  results  extend  to

syst<tfris  of partial tliffcrc~ntial  equations if a scparatc  moving mc911  is used for each component  of tlic syatcm.

2 .  The Moving F ini te  Element  Method

cvoliltionnry  cqiiatiori  of the form

v ut - L(u) = 0 P-1)

~olitli  t ioris  ill  il

.
region It of tl pllysic*nl  SI)ikCC,

of (2.1) of I IJC'  forrli
N I I3

wli(rc  r is 111(a  position vcBc*I.or  of il p&it,

(2.3)

c

~‘Ollt.iLiIlH  t IIP  IlOClill  Iwsit,ioti  V(‘C t.OlY  ~-j, (lj i;J il IlOcliLl  I)iLriUll(‘t  c*r, iAll  Cri i s  ib lillit~o  ~*l(~lll(‘llt~  1)ilSiS  ftIrlc*t,iori.  licrc

N is the*  II\IIII~MT  of irltornal IK>~CS  imtl 13 tll(t  mlnlb(r  of i)()lIIltlil.ry  IIOC~CS.  AIRY  OF tlI~S(t IIo(IcS  III:\Y ~;AVC  iI,IIy
*

IllllJll~~~r  Of t.ilP varinblcs  Of :uj iLlld/Or Uj collStririllcV1  to I)(! hltl  fixctl,  iul~l  1iio(lcllihg  of 1~OllltcliWy  contlitionu

i s  iLClIi(V(~tl  lhy  iLj)l)lyiIlg  sllCl1  c*oIlst r;LilltS  irI)I)rol”iilt,c~ly.  (WC*  rc*l I\rrl t o  tlrc issllc* of l~O~lll~liLry  cohtlitions  in

sc*ctioli  3 ) .  .bl tll(! following WC  ~L~SllIIl(~  (for cl(~filiitc~nc9s)  klkikt ill1 1~~~llIltliL~y IIO(lOH  illY! IWltl  fbC(!tl  iW WC\11  1W

3



the wnplitudes  at tlwsc nodes - this mod&  Dirichlct  conditions over a fixed domain. The function U(r,  t)

thus has N( 1 + d) dcgrces of freedom.

Rartial  differcntintion  of (2.2) givca

whcro ijm (t) is the mrh ~OIll~OIl~~Ilt  Of $j (t) and

p. +-) 711
j n i

(2.5)

is on0  of (I s,ccolltl  tylW bi& fimc-Cons. (* (lcIlot<\s  time  tlorivat  iv(*).  TIIP  support, tf (bit(*ll fjjrn  is th(! siuI1c  iw

hilt  Of trj  iUAtI  hJtl(V’tl  t]l(~-irrgllclJl(~Ilt~  Of Lyll~‘ll  [O] (XL11  110  llWt1 t0 SllOW  tllilt

(2.G)

WIlC’r(’ W(‘ hirV(’ tiLkcBrJ  !I Of (2.2) tO 1)~

w 7_= (%,,Xz  )...) q).
(2.7)

Not(*  tllilt <*ik(*ll  flj,,, i s  liJl(*ilr  OIJ  C’iU’lJ  c~l~~lll(‘llt,  l)llt, i s  it1 g(‘rltbrid  c~i~c~c~llti~Jllolls  il(‘rOSS  khc* c~h*lrlc8rlt  cdgc’s wllich

<Vll~lIlilt(8  flW~I1  IlOtlP  j sillcx* tllC  cl(~l.iVirl,iV(*H  iIl//i)Z,,, i1lT  picx*c~wisc*  (‘011StilIlt~  f1111(‘1  iotis.  Mi~limisi~LioIi  o f  tllc

with rcqm-t  to tlro tiIll(b  tlcrivativcs  of tllo  pax;uuc~tc~rs  iti,  ij,,k,  71~ = 1, . . . , d , j = 1, . . . , N givcbti  rise to I,IW

N( 1 =I rf) (:(ltMk>ns
(I/t - L(T/),Uj )  = 0

(I/t -- L(J/),  fijj,,,)  = 0 ’
(24

111= I,..., if, j = 1,“. , N. Suldtdllti~~g for 1/l frorll  (2.4) the-n  gives  t,l~ n(lt,  of MI;‘I;: quationu

wllcrt!

(2.10)

(2.11)



antI  &J)  ariws  from the tcrmv containing L(U) in (2.9).

The MFE  matrix A is square  and symrnctric,  consisting of inner  products of the a’s and p’s in blocks, .

the (i,j)th  ((2 + 1) x (d + 1) block being

where (,, .) dmmtcs  the Lz inner product,. Note that  so long as Ur rexnaixls  square  intcgrablc,  we have that

IFJt IL, = $=,Qj (2.13)

from whicll  follows th;d  t,llc*  ME’E  matrix  is psitivc  smli  tlcfirlito  ;uld  sirlgd;u  ody  whJ ?j # 0 exists  sllch

th;d [II = 0. WC% will furl,lrc*r  umrt im tllc> pot(2:tiid  (*msm of singuli\rity  of A ill  s~~~~tioxls  4 iu~tl  6, bllt  rc*fc*r  to--.

[l.l],[ 151  and [13] for a c:oni~~l~~tc  ckscription.

3 .  Boundary Condit ions

.

{tl.i,?T : i = N+ l,...,N-t  l?}, (3.1)

. A Dirklllc~t,  collciition

u =T h(r) (3.2)

011  tllC  hOlIll~lil~y  011  Of 1dl(*  fhPt1  region I1 COtJltl  l,C!  IllOCl~~ll~~Cl  l)y I’krig  (‘ilCl1  :ui I,0 rc~rnirill  ikt it’s illitiid  positiori

011  iJi1  i\.lltl sAtil1g (Li  = IL(.yi)  for id1 tilrIc%. If! IlIiLy ill C(Tblill  l)lY)l)l(8JJlS  1lOWC’VC‘C  I)(’ ;lpl)lx)])riiltc’  10 iLl/OW  POJIl<!

tlic~  coordiJl;rtc~  SySt(!IIl  tJScc*tl)  this JJ1il.y  lx: CiWy or iriorc‘ tlifkllt  to Hchirvc  in prikctkc.

For JL 1Io11Iog~~~I~~otIs  N(!\lrrlir  II II codition,

(3.3)
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. .the variables ai, 8 = N-I-  l,..., N + B are unconstrained and are dctcrmined  from the minimization of the

residual (2.8). Except  only for degencracies that might arise-these arc described precisely in [14],[15] and

[13]-the  positions of boundary nodes may also be allowed to vary in the minimiantion of (2.8). Thus some

part or all of the boundary  may bc allowed to move as the solution evolves.

4. Elementwise Approach and Equation Structure-One-Dimension

In on*dimension  (d = 1) the obvious choisc of node numbering  is

.

whcrc  II is the interval  [cr,  b] ant1  ~0  cant1  a~+1 arc the boundary nodes.  (Note that though this is the IMural

ordcririg  in oxic~diriic~xiHioJ~, the r~urr~hring  of hnntlary  noclcs cliffcru from that  ~accl iI1 (2.2) which will bc

usccl iu Iii&r  diuicmsions]i);

WC iJltroducc  so111(~  Iluxnbcrixlg  of the cl~~ments  k = 1, . . . , n = N + 1 (n is the lotid  number  of clcmcnts

and N is the total nuull)cr of iutcrml  notlc~s  <as  hforc).  For cik(*ll  chncnt  k, kt u = 1, 2 rnmhc~r  the two

no&~s  (vcrticcs)  o f  tltc:  &JJ~WL~.  Then  WC tlchlo  +kv to bc th ‘d~~I~i(~xit,  basis fullct ion which 1~s support

.

only  OJl  (~hIlc!Ilt  k iultl whic*h is hl(%r, tikkitlg  tllo Vidll(b  1 irt I~OC~C!  v ;~ltl  mm)  ut th(b  ot+llcr  ~~)tl(b of ~~l(~~~~~~I~t

011  tl-1~  BilInC  CkIJlCllt.

in ttic form

To h8 ~onsistcfit  with the  Dirichh  ~)OllJlC~iUy  concli~iorJs  of scct.ioJJ  2 WC- IJllJst  irllposc



and thus write

l?rom (2.4) (with J = 1) <and  (4.4)  we may rc!latc the IloCh  paramctcm  i, i to the tikv iw f&ows.l”rom

(2.4) and (2.6)
N N

Ut = CiljCYj + ij/?j = C( Cij - V,jj)CXj, (4.5)
j-1 j=l

and with t,k simple choice of rmdc-c~kmcnt  nnrJlhcring dcscribcd  above  WC have

thus (4.5) is
N

1Jl = C( i&j - lJraj)(4j2 + (bj+l I) *

--. j .:I

Rewriting  (4.7) <as

TC N I 1 ~1 - l:N

1/l = TL(ilj 1 - mj ; ii- 1)4jl  + C (C;j  - mj _ 3 dj)4j2,
j--. 2 j.: 1

(4.6)

(4.7) *

(4.8)

(4.0)

7.5 = (7bl2;u>2l,uj22;.  . .;th,l)T (4.12)

~1 Ij is tllo derivntivc  of (2.11’), tl 1~11 the 2N x 2N IJliLtriX  M in RWI~ to bet 2 x 2 ldock dinpmd with i”‘

tlii~g()Itd block



WC note that this block diagonal structure of M is a co~~~quc~~ce  of the simple 1 - 1 node-clement numbering

which we have used in the one-dimensional case. (Other  orderings  of the variables would give  rise to a

pcrnmtation  of the rows and columns of M). The situation in higher dimensions  when such orderings are not

possible will be cxplaincd  in section 6. . .

WC Cfan  also express a simple relationship bct,wccn the clcmcnt  basis functions 4kv and the node basis

functions CYi, pi (Z @iI) in terms  of the matrix  M. To see  this, write

and

and note that (2.4) and (4.4) are

TJsing  (4.1) this yiclda

a = (t~l,~l;a2,P2;...;aN,~N)T (4.14)

4 = (,412;  421,422;  * * * ; 4,,1y- (4.15) :

yj*a =  ut =  d-4. (4.16)

a = MT4. (4.17)

WC IIOW  iIltlrodilc*c  tllc* cnl(*rJlc~flljwiw  hll;‘E Illirtrix. 111 ;L sirrlilar  TJlilJlIl~‘~  to (2. Is),  bllt  ilsiq  the cIcrii(~J~t,wisc

clcscriI)l  ioll (4.-l)  wc Ol)t,il,i~l

&‘CiUlS(’ th SllI’pOrt  O f  (‘id1  fjku  iU 011  OJl(‘ dC’llJ(‘Ilt  OJdy  iLIlt  tll(TVarc only  two clifli*rcrit  basis  functions on

ewll  ~‘hJl(41t~,  c is a block tliag:onaI  illirtrix having iLt8 tIio 11ppcr  lt\I’t  i\iltI  Iowcr  riglit,  corners  rcspcctivcly  the

1 x 1 blocks

cl = (h,h) (d c,, = (h,h), (4.10)
*

and ot Ilc*rwinc  having rb - 2 (= N - 1) 2 x 2 clingon;d  blocks, I,11c  (Ic - l)l” of which is

(4.20)



’Evaluation of thcsc inner products yields

ck = ,  k=2 ,..., n - l , (4.21)

Note that M and C are of the same dimension, but that the diagonal  blocks of C Carc  staggered with respect

to those of M.

Using (2.13),(4.11)  and (4.18) we have

which giv(*y  11~ important  quality
-p.

A=M*CM, (4.23)

whrc A is thca  2 x 2 block triple-c1i;~gotm.l  IWE matrix give11  by (2.12) for cl = 1, M is the 2 x 2 block

diagmal  matrix  givcm by ( 4 . 1 3 )  1 ’ *lW II< 1 rcprc*scrits tllc niappirig from tllc  11OtlC-l>iU4C~l  to the clcIii(mt  basal

IX*pWS(!lltilt  iOJlS, anal  CT is t llc c~lr*Jrlc\JJtwis;c  MFG IJlihX, iIlS() blwk (liagon;~l  ml(l  given  by (4.21).

A s  ch-rilml it1  swt.ioJl  3, iJ1  Ihc  (*il.S(‘  of ~101110~~8Jl~~Ott~  N<81tIlliulll  l)olll~(lary  c~mditiorls  WP hVC the

. which 1lilS  c.orrc~s~)oll(lilJg  c~l(mcmtwiso  th*riptioxi

k---l k::l

The Lla.Iynis  w d~ovo in the Diricl&+  ctwc tlwtl yicltl3 H Illirtrix  M which is il:l  ill (4.13),  but  with cxtr;r  1 x 1

MO = 1 cttd MN 11 = 1 ,

ucl a matrix  C which ia 2 x 2 l)lock thg~~~lid  t~lmmgllout  with

Ck = ,k= l,..., n =  N+l.

(4.26)

(4.27)



With thcsc  modifications, the decomposition (4.23) of the MFE matrix in the Neumann case remains true.

Having cstablishcd  the decomposition (4.23) for A, we are immccliatcly able to deduce that A is non-

singular if and only if both M and (3 arc non-singulaz.  From  (4.12) ill41  (4.20) tl ic sourws  of dcgcncracy are

thus seen to bc rcspcctivcly  lack of curvature at a nodis  (this has bwn  cal.lcd  ‘p;rrallclism’ in [14]  ,[15]  and

[ 131)  and clcmcnt-folding (‘node-colliding’ in oxwdimcnsion).

It is not the purpose of this paper  to cliscnss  the eourccs  of dcgcmmcy  and xncthods of treatment  since

this has been  covcrcd  in [14].  Rather  the results  of this paper  arc provctl only for tllc ciwe  of non-aingnhr

MFE nlirtrix  A .

5. Eigenvalue Clustering--0nc Dimension

as --.

iUl( 1

Ai,i = ’ A.Q + Asimkl -Aui  - Aui.t.1
3 -Au; - At&i  + 1 TTI;  _ 1 At&i  -b 7ni  t I A(ti 1 1 >

,i= l,..., N,
1 a

Ai,i_ 1 = d A*Yi -Au;
-At&i rrli-  J. A(li >

,i = 2,...,N
2

(5.2)

(5.3)

A(lj = (lj -- Clj.-1 e

Note that

A* * = 2(Ai,i 1 t Ai,i+l)  sI,1 (5.4)

wo 11irvc

D l)c t lit  positivct  tlclirritc matrix  of’ 1.h~ % x 2 tlii\goll~~l  blocks  of A. l?or  conv(G(m(*(~  WC htrothcc Ao the

10



(line) diagonal matrix R where

which is such that

with

WC then write  (4.23) as

C=RcR

2
2 1
1 2

2 1
1 2

. . .
0

G=RM.

(5.6)

W)

(5.8)

Go+  E is block  (ling:od  in this cofltcxt, Ej tl~~~l~~ti~~~  its j”’ tliq.pl;rl  block.  l?ro~l~  (5.11) WC huvc

A.. :*,t lGF Ci,i Gi y (5.12)

(A - ehD)i,j  = ii7T (I - A6ij)Ci,  j Ej

W~~WC 6ij is tllo Krorlvckcr tl(tltiL.  WC write  (5.13) iu

(5.13).

A-AD=G*C,,fi (5.14)

11



.

where CA is the matrix with blocks

(CA)i,j  = ( I  - At5ij) Ci,j* (5.15)

From (5.14) we have the result  that p is an cigcnvalue  of D-IA if and only if C, is singular. Now

CA =

2(1- A) . .
2(1- A) 0

1 2(1! A)
2 ( 1 - A ) 1

1 2(1- A)
. . .

0 2 ( 1 - A ) 1
1 2(1- A)

2(1 - A)

2(1-X) 1 = - -1 2(1- A) (2A 1)(2A 3)

; (5.N)

(5.17)

WC ha,vc  that tlw cigcmv;d!~~:s  of D-IA i\r(D N - I of i , 2 of unity and N - 1 of i. Thct  cigc~nvalucs  of D --I A

ZI,K  datik  in(lcpcndcrlt  (th~~lt~h  thos(t  of A ~ltl D scI)<virtcly  iue certainly not).

l)loc*k  (li;lg(>d  tlm-mghont , idI thpmd  blocks being

( 2(1--X)  1
1

>
2 ( 1 - A )  l

(5.18)

T~IIP for t,ll(~~c  l)c>ll~lcli~ry  c.onditiotls tll(B (~i~(*llv;llll(~~  of D ‘A tut‘ 41 i iLIlt  9 ’111  pih.

WV (~IIkpllasis(~  tlicn  Iiicdi- iLlIt  solllt  ioli-illtlo~~~~~i~l~~~~~~  of t.llc%~  rc*sIilt  s wJlic*ll IJliLy  \w IlWtl  to givct  r7ChWldy

lYLl)itl ilivcmrsiolr  tc~c*liniclIi(3. Ill ~)iL~toi(‘lllilr  t.ll(!  iuitlior  1liW llS(Vl  (iii [l,l]?[ 151 ilIlt  [13]) t,l 10  ‘~~~~llc~~iLliS~VI  (TOll,jll~iltC!

(:~;di(‘Ilt, M(*tllod  of (:oJI~.II~,(:o~~I~)  iLlIt  O’L(\;rry  [S] 1i)r wllic*h  tllc*  (!xikct  solrlt  iorl  of i\.  MFlG lirl(:irr  systc*m  is

~ll<~cntc(‘tl  i&or  just  2 itctrations if thcgrc  arc 01l1y  two clisinct (Ggcnvahlcs  for D- ‘A (thr  NCWU;~~II  citnt!),

or 3 ‘itxr;rtions if thcrc  itrc Dirichlct, bol~~\cli~y  con(litiotls  which (iw sllowlI  iLt)(lV(:)  give*  rise to jmt  one cxtr;r

distinct C~i~:c~l~ViLIUC!.

6. Elemcntwise Approach and Equation Structure-IIighcr Dimensions

The dmdopn~~~~~t  WV give  hcrc  I)ilridlcl~  tllirt.  given  for tllct  one-(lirr~crl~iolI;L1  <:ikH(!  iI1 sc~ctiorl  4 but cont;Jnu

son10  illll)ortiult  tliff(~rcucos.

WC (~hoosc  smlc  Illlltlbc*riq  or tllct  &trl(*~Jts  k = 1,. . . , n ibIlt1  sottlc riulribcrilig U - 1,. . . ,tl -t 1 of

the vc*rt i(*i(bs of CiWll &trl(~I1t,  iLIlt  ilit ro(lilW l.irlcVrr  c~hllc~llt,  1m.G  friricthin  ok.  wliic*li  IliUVC!  support only  on

12



clcxncnt  k , taking the value 1 at node u of that clcmcnt,  and zero at ,111 other nodes.  WC then  rcparnnleterise

the picccwise linear (discontinuous) function Ul of (2.4) as

n di-1

whcrc,  to be consistent  with the assnnlcd Dirichlct  conditions in (2.4) we take

whmcvcr  the Vlh node of clcmont  X: is OIN of the boundary nodes with position ~j, j = N + 1; . . . , N + 13  :

c~quivalcntly  WC  cmnitlcr  t,hc  kv”’ term of (6.1) to ho rcnmvcd. Thus for d 2 2 we shall assu~no  that  (6.1)

implicit,ly iIlclu~l(*.q  t,llc vffwt o f  l)olllltlikry  condi1ion.s  since*  (lullike i n  the oIl<~-clinlcBnuion;21  cnsc)  n o  aintplc

~~od(~-(~l(~~Il(~IIt  Innrll)c*rirlg  j+sts whicll fi\(*ilit;kt(bs  tllct  idclltification  of boundary ~dca. From (6.1) WC  h;rvc .

4=(h,...,dQn,1;  -*;h,...,  hdd, VW

(tl I- 1) x (d -t 1) (or bClCilllW  of ~)ollrl~lary  c*oli(lit,ioris (tr + 1 - c]) X (rl -t- 1 .- fj) if Ml c~hJl(~Ilt~  1lilS  q V(!rtiCCS

011  tsll(!  1~Olllltlilry)  , th ctIlt.rica  in tllcn k”’ l)lo<:k  l)c\irlg  :L HilJlpl(b  ~(:iA~r  multipl(~  of t.11~  111ciwur(‘ of &mcnt  k.



Thus the kth block of C is

Ck=db(I+E) (6.8)

where E is the matrix with all entries  cq~al  to 1 , I is the itlcntity matrix , Rk is the mc;LslIr’o  of clcmcnt  k ,

and 0~1  is a positive constant dcpcndcnt  only on the dirncnsion of the physical  space  (c.f. (4.21) or (4.27) in

the one-dimensional  ca~c).  Note that the effect  of bollIl(lary  constraints is simply to rcdncc  the dimension

of ck and not  to (alt.cr  t.ho  structure (6.8).

We may also rcblatc  the nodal pararnctcrs  L to the clcrncntwisc  paramctcrs  ti by

.w=Myj

wlicrc  n/I is the rcct,angulnr nliltrix ol~ti~i~itd by writing the aj, lJj[E (fij 1,

PCC this wo liavc --.

N

iLIlt  uHirlg  (2.6))
N

fjj d)] in t,c%rrrlu  of thy  (bk,,  . To

(6.10)

(6.11)

. (6 12)

SiIlC*C’ (‘iU’~l txj  k t,ll(’ SllJll Of SOJll(‘ Hf‘t  Ol’ t/j/,.,,. 11. f(tlloWS  fr(lJll  (G.g),(G.  10)  il.Jltl (6.12)  IIlitt

.
a = MT (c, (6. L3)

(a!3 i l l  tllc  OIlc~-t~iIllc~IlsioIli~~  CiW(‘. SiIlc’O  trj iLJltl  p
-4

arc tlcliuc~tl  on t.lict slipportj  of a local  l)iLtCll of ~~l~~n1cIlt.s

iUOliIld  tllc Iloclc~  j, M 1liW  il Wlikl,iWly  siIrlplo  striictiw, its  critrics  iIlvdviiig  only tlic c*oltipotmttu  of tlic

(c*OIlSt.il.Jlt.) grlk(lic>JJt  ot’ t.11~  solrlt,ioJI  i l l  t11cb  v;triolls vlwtlvtltn.

E~~lliLtiOIlS  (2.1S),(G.3) iLJlt1  (6.9)  tO@‘t,ht*r  iIll& thilt

A =  MTCM . (6.14)

Sirin-  iT A$ = 0 if ilIlt otkly if zir*CTG  -f 0 with ti - h’f?j,  i t  folh~wa t,llilt  ,/t is siJl(~l1h.r  Oldy  if c iB SiJlg1lliU

or the rc~c’taugrrlm  Jmtrix I’d is CO~IIJJ~J~~  rirltk tlcficknt. SiilgrrlWity  o f  C wcim oltly Whrl  t.llC  lllCiLSllIX!  Of

14



an clement  decreases  to sero -i.c. only when there  is clcmcnt-folding.  Column rank dcficicncy  of M is the

consequence  of lack of curvature i.c. parallelism. As in the one-dimensional case these dcgcncracics are

dcscribcd  comphtcly  in [14]  and [13] ;uld  it is not the purpose of this paper  to discuss these further.

To fmd  the form of M from (6.9) consider a single”elcment  1. At the vcrtcx  ~1 of this clement  which is

node i say, WC conlparc  Ut in the nodcwise and clcmentwisc  bases  rcprcscnted in the equations

N
ut = c[Gjaj + 2 *{jn$jm] = 2 2 Gkv4ku (6.15)

j=l rn.=l k=-1 v=l

d
G,‘ l/l4 = tiiO!i + c 4’ /La’ rnr (6.11)

nl=l

(6.17)--.

Gllg  (2.G). (Note:  that,  for a bo~lIltla.ry  notlo  i both sides of (G.16) will bc zero for the assuxnctl  Dirichlct

(wtl(litioxts).  Tllus shcc 011  d~wl~~Jtt  1

WO 1 likV0

so lliat  iJi  th(> row of nr c,orrc~~I)cJll~lill~  to T~Q,,  thcbrcb  is .jitst  on(t  (12  l- 1) row-vector  c*ntry

,. ( 1 ,-g,..+, = p;
‘*d --

(6.18)

(G.19)

“”Sly, in tllC! 1 l~loc~kc~tl  colnrnn : noto that ?i is givc*n  by (2.11) iUlf1  ~~;LCll pi is iL~SllIllCd  ordcrcd  iIS

gi = ( myi 9 ni2, * *. ,99i,# , (6.20)

d ij c(~rr(~~~)oIi(li~i~  t,o the!  jfh  coortliltutc  Zj.

Thcrc  will brb iL sinliiar  (d -I- I)-vector  ontry in the itI1 C*O~I~IJIII  for (%iLCh  &rnc\nt  k srtrrounding uodc i :

tglJllH  thctrcl  will  1~ tlio saIlt(‘ rtunll)c>r  of vcc’tors of tbo t,yp(’ ekT irt w~lllJlIl  i  iW t,hc%ro  i\tC  dfwtw~S  ;iroltIttl  node

i. I11ch1  i f  WC orcl(Y  tltc  vWtor ,Jh riot HS i n  tlrv  (‘b’Jti(~ntwis(B  IJlit.IlJJVT  o f  ( 6 . 4 ) ( w II(1 * *l i is illii~trat(~d  for the

t,wtr(liIllc~It~iotlill  t*iLW  iIt figitrc  ((j.l)),  ~JII~  irt IL nothwiscct  ItJil,JlIl(‘P  (i,s  i]lllstr;d(vl  f o r  t11~  twtrtiitIlcrtsiort;II <:iwc

15



in figure (6.2)),  then the rows of the matrix M will be interchanged in such a way that the resulting  matrix

is block diagonal. That is, there exists a permutation matrix Q such that QM  = N, say, is block diagonal

with rectangular blocks, i.c.

Q M = N = P\
0

(6.21)

wIl~r<:  C;ICI~  r(TtiLJI~llhI’ block  COIM~~S  of (rZ + 1 ) ~W~IIIIIIIS  of scalars (~orr(~spontling  to t+ho  co~~iporic~itu

Figure  (G.l) : Elementwise  Numbering Fjgury  (6.2)  : Nodcwise Numbering

For other  boundary conditions mcl~tiorlctl  in section 3, the* tlc8(:olrlI”):;itic,rl  (G. 14) rrrn;rinu  true, thollgh

a ~loIIlogc~~lc~ol~u  N~~l~~~~~u~I~  c*olitlitiori  OII in tix-c\tl  ~h11i~~l  Wih  fixed  h~~l~l~hy  Iloch*s  (.;i,,,  = 0 for rn = 1, . . . , cf,

i = N + I , . . . , N + D), th<! (~(~~~;&t~ (G.18) ~OIUCU

ti[p = Citi (G.22)

SO tllilt M IlilS  row critrics

1 = p;r (623)

1G



in the jfh blocked column. Similarly for other  boundary constraints, the vector tiT of (6.19) will bc of lengthI

less than (d + 1) when i is a boundary node. That is, boundary constraints mcrcly  reduce  the number of

tntrics in 3’, but the structure as dcscribcd ab0vc ot hcrwisc rcmitins true.

7. Eigenvalue Clustering - Higher Dimensioiis

The solution-illdcpcndcrlt  cigcnvaluc  clustering results given  in section  5 for the MFE method in one-

dirncnsion extend  to higher tlimcnsional  problems. WC: give a proof in this section  of tho gcncral  result.

As in section  5 WC IWYUIIIC  that  there is 11o  par;rll&m  and no clcrncnt-folding.

We give  the proof first for the case in which tliorc  arc no constraints 011  t,hc  atiiplitudcs  nor position

vectors  of inly  bounrl;uy  nodes. This :usumpt ion m(*rcly  simplificss  the proof. At the end  of the section  we

ShiLLI tlcacribc  how tNllca  proof is simply iurlnic~ncictl  to c~stI;rblish  th rcsiilt  for all types  of boundary colitlitions

mcmtionccl  in section 3.

WC let D tw tllc  1 )oeitivo dthfinitc  rrlatrix of tlii~g:on~l  blocks of tllc MFE matrix A given by (2.12) for

j = j. To PC‘C  tho tl(~firlitrlc~ns  of thc*so  blocks, Ict,

(74

with V~lllirlity  if autl only  if i $ 0 t*xists  such that zf = 0. Thcbro  i.r  no pnrall&tn,  the% irquality  in (7.3) is

thcrc*forc  strict iLIlt we have the! rqiiircd  dc+iliitcncss.



As the first step in the proof we obtain a decomposition of the matrix A - XD as follows. Introduce the

(line) diagonal matrix R dcBned by

R2 = 63

Rl
. . .

Rl
G. .

R2
. . .

R2
‘. .

CJ Rtl . . .
&

(7.4)

whcrc  ct~h  diagonal block is ((1 + 1) x (cl -t 1) , Rk (> 0) k tilC fIlCc?SUT~?  of d(!lJlCIlt  k (k = 1,  . . . , 78)  , id 6,f

is the po4tivc  conHtiUit  given  in (G.8). Tl WII the clcmcntwis(\  Ml?E  matrix  C satisficls

--

whc*ro  ( SW  i~gitiill  (~.8))

. . . 1

.\ .
’ 1

1 2
2 1
1 2
..

1 . * .

C)

I . . 1

\ .
’ 1

1 2
. . .

2 1 ‘.’ 1
1 2

M=RM ,

(7.5)

(7-G)

(7.7)

which is ;L s(*i&lg  of th rows of the  full W~JJIJJII  rnnk  rc>ct iulglll;Lr  mirtrix  A{.  Note G is nluo  of full colunm

riknk.  L& C) IK tllc p(*rJ~l~lt;ltioll  In;lt,rix  givc*rl  in (G.21) wllicll  is ~uclr  that

N = CJM (7.8)
18



.
is (d + 1) x (d + 1) block diagonal and is negative definite  for any given p if and only if e,, is negative

definite for the same p.

&cause  of the definition of c (7X)  and the constructions of 6 , e,‘ , and 6, in (7.12),(7.17)  WA (7.23)

rcspcctivcly,  we have that the blocks of cp have all diagonal entries  equal to

2P - 44 3 (7.24)

and dl off-diagonal cntrics of citlm  1 or (1 - 11). WC shal.l  now show that without 10~s of gcxmality  the

off-tliagonal  cntrics  xn;~y  bo taken to bc 1.

.
WC first co~lstruct~  a partic&lr  (~lCnlcIlt,wis(*  nrubcring  for which the off-diagonal out&s  in thcb blocks  of

c,, UC all 1. For a given  mesh of simpliccs  sc+c*t any  clcmcnt  utl u~unlwr  it’s vcrticc>s  a~ 1, . . . , rf + 1. Next

at 1CiLSt  one vcrt#cx  distinct from tliosc-  of tlio pr(~viollsly  nilrrlbcmtl  c~lcmmt.

The prpoHc  of this corlstruci  ion is that  iruy  s(*t  of tl -I- 1 couscncrltivo  d~ml(~t~t~wi~c*  multms  rml,qt rc$(tr  to

vcrt,iccs at, C!XiLCtly  d + 1 distinct Ilodcs.  An PXiLIll~)lC of thi3 typ of &tllc~rrtwi~c  mi11il)(~rilig  is illUst.rirtctl  for

tllc t~WtrdilncIl~iolliri  (‘iLS(?  in Figiirc*  (7.1) : compare  this with tlic* (+~~tl(~nt;wisc  c;rtlerjlig  illllstrirtc~cl  in Figure

(G.l) wllic*ll  is not, of 1.h~  &scribc*tl  typo sitlco t.lic v(‘rl.i(*(*.q  3 ait1 5 (c)f  t,lic*  ctmscciit,iv(~  i,ripl(~l  (3,4,5))  iLr(t  at

tllo Pibltlc  Ilode,
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Thus

(A - AD)ij  = *:(I - ASij)ziijfij (7.15)

where 6ii  is the Kronc~ckcr  6 . WC write  this as

A - XD = fi*&fi (7.16)

whcrc Clx is tllc>  rniltrix  blockc4  irl  the same Illa~lllcr  as (1;  (which is doscribcd  above)  and hiwing (i, j)‘h block

(CA)ij = ( I -  XGij)Gij  s (7.17)

Hirvillg  clorivml  t,hc  tloc.onlI)osition  (7.lG)  WC now prom the stated  result  by <:oxltriLdiCtiorl.  WC firstly

ASSIIIIIC I flat  thou> mists iL11  (‘ig(tIIviJl1(‘  ;A of D ‘A which is such that

t i
c’>1+2  . (7.18)

Tll(*rl  th(\r(l vxists  x f 0 SIIC~I  t.hilt

xT(A -- ,d)x = 0 , (7.19)

Usirrg  (7. IG) I hi3  is

x7’ ,v (7;,, fix = 0 (7.20)

.
ITC;,‘Z = 0

whcrc

% = i?x , (7.22)

i s  nommm)  l)(‘(*iLIIH(b  N  INS  f1lll CO~IIIIII~  r;\tlk. WP IIOW  ~JWVC* tllirt (Y,l is st ric.Lly  Il(*g!iktiV(~ ctc~linitc  for all

p > 1 + $ tlllls contrnclictirlg  (7.21).

Frotii (7.17) (7;,,  1 1ilS  t,llC SilIIl(’ structiirc  iIS C , ;md  b(~(~i~us(~  of tllcb cl~~fi~litiotl  (7.12) WC h;wc that tllc

IIlirtrix  0,‘ given b y

(7.23)
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whcrc  N is block diagonal with rcctangulCar  blocks each consisting of (d + 1) columns of scalars and the same

number of rows as there are elements around a node.  Note that

fi=Qji? (7.9)

has the same block diagonal structnrc as N and is &o of full column rank. Now from (6.14)

A = M*CM (7.10)

= M*RC?RM

= (RM)*Q*Q@*Q(  RM)

(7.11)

is ill1  Ortll~~~Ollitl  Ir;~llS~~~rllJi~l.i~~ll  Of LtlV Tt.(fl -)-  I) X ?I(,1  -t 1)  lllil1rix i' ):iVClll  thy (7.6).

LPt, 1Jl(! P. (liill:oll;~l (rc~(*t;~Ilgtdirr)  t)hck of fi 1~ rS;;  , ant1  1Jtoc.k  I,llc rIl;ltrix 8 in iL sirllihr  IlliLllll(‘r  , ix.

SllCll  tllilt, I,h(! i “’ (li;L~~()lli\l  block CYii  is q x (I if Ulcw0 ilr(! (1 &IJl(~lltS  ;I~‘OIIII(!  IIO~V  i , 1lIiL.I is if kll(TC  iU(’ 11 TOWS

in %;  . Tlwn if Akl is the (Ic, 1)“’ (tl + I) x (d + 1) t)loc*k  of the M1’E Illiltrix  A , WC lliLv<?

l~cca~~sc of the tliirl~otl;rl  strrlcturc  of I?. 1~1 p;Lrti(:uliu  the dii~go1lirl  t)loc*ks  D of A ilr<! given  by

(7.13)

(7.14)



Figure  (7.1)

dcmcmtwisc  orclcring used,  the result  is true* for any clcrnclitwisc  ortlcririg.

Witll  th d)ovc~  type  of d(~lli(:litwis(~  or(hirlg, all off-cli;qpnnl  tcrrrls  of the dhgomrl  blocks of cp arc

To wt;hlish tIl(- 11ppm  tm111(1  of 1 -t $ it rc\lll;liIls  ody t,o sllow tll;d  the (rf -t I) x (tl $ 1) block

. (C,‘)ii f 20

-

14 .
= .., .; . ._._ 1

2 ( 1 - p ) I(

2( 1 - 14) 1 . . 1
(7.25)

i s  IltlRiLt(iVP  tldiriitc  f o r  ,111 p >  1  + $. This  follows simply 1)~ irl)l)lyiIlg  the (:crshgorirl  Circ*l(*  Thorcrn.

strictly pmitivc  cl(~hiit.4:  for ill1 p < +. ‘I’0 show this Ilotc~ tlliLt for any



QT(Cjc)iiq  = (1 - 2pj(df$)  + (.de%)2
i=l i=l

>o for p<f 3 (7.27)

thus giving the rcquircd result.

When boun~li~  constraints arc qqGc1,  the following considerations dlow cxtcnuion  of the proof. Some

of the blocks of C (and thus of c in (76))  Imy 1JC of dimcnvion  lcsv than (d + l), but the structure  given

in c(lu;rt,ion  (6.8) holds whntcvcr t,ho  sixc of block. The  hounds on ~1 for dcfinitcncaw  of (C,)ii  in (7.25) arc

thcrcforc  not,  violntcd.  WV ncctl  iA() c*onsitlcr  iL  particular clctmcntwisc:  numhcring  of tho dcsircfl  type (<w

d(lscribc4  id)Ov(‘)  f o r  ihc  (*itSO  wlIc\rI  thorn  car(~  olc~~uc~tts  w i t h  c-oIIStr(ziId  vcrticc-S  (honndary  no&S).  Such

vcrticc9  arc* riots  to bc numbcrcd  in this proccc4urc. The  rcquircd  tyl)c of numbering  (:iln  bc constructed  in

the SiLlll(‘ Wily as tllid.  tl~5crit)d  itbOV(l Wllcn tlicm is I10 ‘I~c4glil~Oru?rIg’  clmrlcmt.

WC tlic~roforo  IKLW  provd  that:

‘.hc*  A~(~IIv;dll(~  S;l)c*ctrllIIt  of D ‘A ie (WI ItiliIl(~al ill tl10  ClOSd  iIltCrVid

fiI I_‘I+,2’ (7.28)

iIlcl(‘l)(‘ll’l(‘Iitly  ol’ tltc Illi~tilbcr  of IIO(~W, tl1V  III(*SIl  c*ollfig1Iri~tioIr  itllfl  I IIV solcltiott.

M(~tIlotl  of (:oI~(.II~,(:oIIII)  iultl O’L(~;~ry  [sj.

&SyHtems  of Equations

.

For iL  SYSt~~Ill  Of hl WOlllt~iOlliL~y ~‘(~IliltiOllY

u; - L’(tr’,  . . . ,P) = 0 ,e= l,...,M (84
.

WC SllOW thibt  if 1.11C  ir~)l>roxiIII;rtioI~S  (1’ to tllc c*oIIIpo~IcI~tS C = 1, . . . , Ai (‘iLCl1 1lilVP il sqxl.riit~~  c’r)lllI)rltilt~ioIl;J

gri(1,  ~,II(*II the Htrll(*tllr(b  of t,l10  MF’E c-clll;Lbio:ls  i s  t,Itc  $;1111<*  iLq  irk 111~ s:(*i&Lr <:ils(!illld t.hc  r(3iilt.s  given  i n

t h i s  1)il[H!r f o r  tilt!  Willilr CiLSf?  c’ilrry OVC+ t,O SlyStvIJls. Tllis  follows sillc(t  111~  l(\ft  hil~ltl  sitlc t(krrtl  of (2.10)
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arises only from the time-derivative  in the diffcrcntial  equation,  and the time derivatives appear  linear-y  and

indcpendcntly  in the system of equations (8.1) also.

With this approach WC seek  a solution of (8.1) of the form

Nt-1 &U’(ll,t) = c +)&-e(t)) ,C= l,...,M (8.2)
j=l

where a: is the nodCal  amplitude  at the node with position vector  $ for each component  A! = 1,. . . , M. Rc-

spectivcly Ne and Be arc tho numbers  of internal and boundary nodes for the component U”.  Diffcrcntiating

WC obtain

U,P =  ~[i#)+,s(t))  +  k “:...(t)~~,,l(I.ae(t),s’(t))]
j := 1 m---l

, e =  l,...,M (8.3)

whcrc  WC I~:Lw used  (2.5) ,( 2.6))  niuu(:ly

Minimisation  of
nr

(8.4)

with rc~pc~t to fij ,i;,,,  ,m=l,....  (1, j=l,... NF,I=l,.. . , AI tlicblb  yicltls  the set of Ml?E (*quiLtions

i 1 j 1 ttf 1

for i = l,...,Ne  , t!= l,...,M  iul(l

N* N, 11

fori=l,...,  Ne,p=l,...,  tlantl!!=l,...,  M.

If wc now write

(8.7)

tht‘ll  the (l(11l;Lt  iotls (8.6),(8.7) (:iLIl bc writ,tc\n  iw  hi ordiniuy  chffcroiitial  c<llIiltiob  syntc~ns  litlkcBcl  o111y  by th&

right 1liLIltl  sith  (Iloll-clc~rivilt.iV(~)  t(lrhid,  IliLIll~ly

I(!,‘)$-  = &/l,, . . ,yA’)

24
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for 4 = l,..., M. The  structure  of the  Nt(3  + 1) x Nt(d  + 1) matrix A of (8.0) is prcciscly  the  same as for

the scalar case with elements  calculated  using the nodd amplitudes and positions of the Lth component only.

The  Ne(d + l)-vector  gc has elcmcnts  given  by

. .
g;, = (L’(U’, . . . , U”), ai”) (8.10)

C

Oq ,  k m  = (Le(u�,  * l � 9 u�)9Pi(m)
(8.11)

where qi = (d + 1)i  - d.

The iutqrations  i n  (8.10),(8.11)  1  ,lw lit L involve cvduidk3n  of components other  than C over  elcmcnts

of the Ph component  grid can be carrid  out witllout  too II~W~I clif~iculty  using quadrature.  This involves

obtiriniri~  iL  nnnibcr  of distinct point  vid~lcs  of the* vidoils  corrlpollWts  which ciul  b(b <lore  witlioiit  the ncd
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