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Abstract

In a recent paper we showed that error curves in polynomia Chebyshev
approximation of analytic functions on the unit disk tend to approximate perfect
circles about the origin [24). Making use of a theorem of Carathéodory and
Fejér, we derived in the process a method for calculating near-best approximations
rapidly by finding the principa singular value and corresponding singular vector of
acomplex Wankel matrix. This paper extends these developments to the problem
of Chebyshev approximation by rational functions, where non-principal singular
values and vectors of the same matrix turn out to be required. The theory is based
on certain extensions of the Carathéodory-Fejér result which are also currently
finding application in the fields of digital signal processing and linear systems
theory.

It is shown among other things that if f(ez) is approximated by a rational
function of type (m, n) for ¢ > 0, then under weak assumptions the correspond-
ing error curves deviate from perfect circles of winding number m 4+ n 4 1 by
a relative magnitude O(e™*+"+2) ase — 0. The “ CF approximation” that our
- method computes approximates the true best approximation to the same high rela-
tive order. A numerical procedure for computing such approximations is described
and shown to give results that confirm the asymptotic theory. Approximation of
e® -on the unit disk is taken as a central computational example.
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1. INTRODUCTION

Let S= {z € C:|z| = 1} be the complex unit circle, let D = {z € €C:|z| <
1} be the open unit disk, and let D=D|J S. Let Ry be the space of rational
functions of type (m, n) that have no poles in D ; that is, the set of rational
functions with at most m finite zeros and at most n finite poles, with al of the
poles outside of the unit disk. Let || ||- be the supremum norm over S . Here
is the rational Chebyshev approzimation problem: given f analytic in D and
continuous on D , find a rational function rt,, € Rms such that || T — r2,. |l =
inf,er,., || f — rl]] . Such a best approzimation exists for any f , m, n, but it
need not be unique when n > 0 [18]. Where clarity permits we will usually drop
the subscripts m, n of r;,,, and similar functions.

For given f and any r, the image of S under f — r describes some
curve in the plane, which we cal the error curve corresponding to r . A best
approximation r* is afunction whose error curve can be contained in a disk of
minimal radius about the origin. This work began with the observation, based
on numerical computations, that for smooth f , the error curve corresponding to
r* often approximates closely a perfect circle about the origin of winding number
m-+n - 1, and that this near-circularity phenomenon becomes more pronounced
as m — oo [24]).

For example, consider approximation of e* on the unit disk. Figure 1 shows
error curves corresponding to Pad6 and Chebyshev approximations of type(1,1) .
Both curves have winding number 3, but whereas the first one varies in radius
considerably, the second one evidently approximates a circle to within a fraction
of a percent. The plot is typical for smooth functions f . If you've seen one
Chebyshev approximation error curve plot on the unit disk, you have (almost)
seen them all.

L et us quantify such near-circularity by defining

_ I/ = rll = minges I(f — r)(2)
a= 7=l (1)

asameasure of the relative deviation of an error curve from aperfect circle. Then
for each pair (m, n) in the range 0 < m, n < 3, the winding number of e*—r;,.,
on Sisin fact exactly m + n + 1, and Table 1 shows the remarkable decrease
of a with m.
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Figure 1. Error curves for rational approxination of type (1,1)

to eZ on the unit disk. Error curves for Pad6 (left) and Chebyshev
(right) approximtion are shown plotted on the same scale. The
latter varies in radius by less than 1%, and this figure decreases
rapidly if the degree of the numerator is increased, as shown in

Table 1.
n=0 1 2 3
m=0 | 2¢D | 3 D 1 3D | 2D
1 | 5 (-3 1 7(-3) | 2 5 (-3) |
2.1 4 (-5) 1(-4 ? ?
3 | 5 (-6) 5 (-7) ? ?

Table 1. Relative deviation o froma perfect circle (eq. (1.1))
of error curves of best approximtions rx to eZ on the unit disk.

Various mn . Sone figures uncertain.




A previous paper [24) analyzed the near-circularity phenomenon for the case
of Chebyshev approximation by polynomials — n = 0. The purpose of this
paper is to extend that analysis to rational approximation.

We begin in Section 2 with preliminary definitions and propositions. An
extended approximation space Rms 2 Rma iS defined, and Rouché’s theorem
Is applied to show that any approximation with a nearly circular error curve
must be close to best. (Too many papers in complex Chebyshev approximation
invoke the Kolmogorov criterion in places whereRouché’s theorem would suffice.)
The approximation problem associated with Ry is solved in Section 3, and it
Is shown that the solution is always characterized by a perfectly circular error
curve (Theorem 3.2). Thisisthe extension of the Carathéodory-Fejér Theorem,
based upon the singular value decomposition of a Hankel matrix of Maclaurin
series coefficients of |, that this work is founded upon. Section 4 is devoted to
describing the asymptotic behavior of #s,, , the best approximation out of Rma
on S to afunction f(e2) , as ¢ = 0. The purpose is to show that for small € , #*
comes very close on Sto arational function in Rms . Such a function is derived
from #* in Section 5 and named the *Carathéodory-Fejér approximation” ref, .
It is confirmed that r¢/ and #* become almost equal on S as ¢ —+ 0, hence that
r¢/ has anearly circular error curve, hence that it is close to best.

At this point it has been established that r¢/ is near best in the sense that
|f — r¢f|| is not much bigger than || j — r*|l . If r¢/ has a nearly circular
error curve, however, one can show further that in fact |jr¢/ — r*|| must be
correspondingly small. The required a posteriori estimate is applied in Section
6 to establish the most important conclusions of this paper: that at least in
the asymptotic limit ¢ = 0, best approximations are approximated exceedingly
closely by the CF approximation (Theorem 6.2), and best approximation error
curves are exceedingly close to circular (Theorem 6.3). Section 6 also contains a
summary and a discussion of these results.

- An extensive amount of numerical experimentation has accompanied this
theoretical work. Though most of our theorems are asymptotic, the CF method
Is astonishingly successful in many ordinary approximation problems on the unit
disk. Section 7 describes an efficient method for the numerical computation of
#* and r¢/. In Section 8 the problem of approximation of e* is considered
numerically. Section 9 concludes the paper with some final remarks.
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2. PRELIMINARIES

The sets S, D, D, the space Rmyn , and the norm || . || have already been
defined, along with the best approximation r* € R,,, (NOt Necessarily unique)

with respect to || - ]| to a function f .
Let G be the set of functions which are analytic and bounded in 1 < |2| <

oo and zero at z = oo ; that is, with expansions of the form 2;:__,, z* that
converge and are bounded outside the closed unit disk. A function g € G need
not extend continuously to §, but it will have a non-tangential limit almost
everywhere there [15]). By means of these limits we will apply the norm || . J] in
the obvious way to g and to sums of theform g 4 f , where f isdefined on S.

For any n 2 0, define
Ran = Ran +G, (2.1)

where Rap still includes only rational functions whose poles lie outside the disk
D . Further, for any m > 0, define

Rpp =2™""R,,. (2:2)

It isnot hard to seethat Rma is precisely the set of functions-that are bounded
on S and can be written in the form

r(z) = i di2* / i er 2t (2.3)

k==—o00 k=0

" Note that it is not the case that Rpyp = Rms + G, Unlessm > n — 1.

An important tool beginning in Section 4 will be the Padé approzimation of
type (m, n) to f , denoted r2, . . Thisisthe (unique) rational function of type
(m, n) whose Maclaurin series matches that of f to as high an order as possible,
An excellent reference on Padé approximation is the survey by Gragg [9). We will
also speak of “the” Laurent series of an analytic function ¢(z) . Whenever we do,
¢ will be analyticon S, and the Laurent series intended is the one that converges
in a neighborhood of that circle. Its coefficients are given by Cauchy integrals on
S, and are readily computed numerically by the Fast Fourier Transform (Section

7).



A limiting case for the rational approximation problem was already givenin
[16) and in [24]. Here and throughout this paper, the ‘winding number” is with
respect to the origin.

Proposition 2.1 (circular = best). Given f anaytic on D and continuous
on D, suppose the error curve of some function r € R,y is a perfect circle about
the origin with winding number > m 45 4 1. Thenr is a best approximation
to f out of Rma . However, this situation can occur only if f is arational
function.

Proof [24). The first assertion is a consequence of Rouché’s theorem and
the definition of a best approximation, The second follows from the symmetry
principle and the fact that any function meromorphic in the extended plane must

be rational.

The argument by Rouché’s theorem extends immediately to give a bound
on ||f — r*|| in the case where the error curve of r is not exactly circular but
nearly so. This proposition is an analog of the de la Vallée Poussin theorem in
real approximation [18].

Proposition 2.2 (nearly circular = near best). Given f anaytic on D and
continuous on D, suppose the error curve of some function r € R, does not
pass through the origin and has winding numer > m + n <4 1. Then

min |(/ =@l U =< U —rll. 3

A similar argument is valid for approximation out of Rms . We will need
.this result in the next section.

Lemma 2.3. Given f analytic on D and continuous on D, suppose the
error curve of some function # € R, does not pass through the origin and has

winding number 2 m <4 n 4 1. Then
E‘eig I(f =) <Nf=FlI < NF =7l

Proof. The second inequality follows from the best approximation property
of #* . For the first, suppose to the contrary that for some # € Ryn

7 —#li< min |(f — A(2)l.

5



Without loss of generality we may assume# is continuous on 8, for if it is not,
the inequality will still hold for some function #(Rz), where R > 1 is sufficiently
closeto 1. Then clearly # — 7' has the same winding number as f — ¥ , which
is_>m+n+1. Nowitiseasy to see that # — 7 belongs to Rm-n,2n
However, such a function can have winding number no greater than m - n, for
it is meromorphic in 1 <[z < ocowithamost2n+(m+n—2n=m-<+n
poles there. This contradiction finishes the proof.



3. THE EXTENDED BEST APPROXIMATION #* € Rma

The Chebyshev approximation problem in R,,, has no closed form solution,
but the same problem in Rms does. Here we present that solution. The theory
has a clear beginning in the seminal paper of Carathéodory and Fejér in 1911 [5],
which considered the polynomial case m = n = 0. This original theory was
rederived and extended a short while later by Schur in 1918 [20). The extension
to rational approximation (m = n 5 0) was first accomplished by Takagi in
1924 [28], who built upon the work of Schur. Later, essentially the same results
were rediscovered by Akhieser in 1931 |2,3], and rediscovered again by Clark in
1968 [6]. The most general, complete, and correct exposition can be found in the
recent work of Adamian, Arov, and Krein [l].

Our own presentation will avoid functional analysis, and as a result it is
closer in spirit to the devel opment of Takagi than to that of Adamian, Arov, and
Krein. Various minor modifications have been made, however, and in particular
the language of singular value decompositionsis used. The extension tom 5% n
is new, and important for the applications that follow, but mathematically trivial.

Let f be a polynomial f(z) = ¢o + + .. + ¢xz¥ , and let H, denote the

Hankel matrix TR CK\
€2 .

Hf"-_".‘

\ ¢x¢ O }

(A matrix is Hankel if its entries are constant along cross diagonals.) Hy is’
symmetric but if the ¢ are not redl, it is not Hermitian. Let

Hy=ULvH

be a singular value decomposition of Hy ; i.e. let the above equation hold with
U, V unitary and I of the form diag(c1,02,...,0k), 01 2 02 2 . 2 O 2
0 . (Because of the symmetry of Hy , we may require V = U, but this is
not necessary in the formulation that follows.) Then here is a kind of reverse

7



generalized Carathéodory-Fejér theorem (labeled ‘ proposition” because it will be
extended further in Theorem 3.2). We will give apartial proof based on awinding
number argument.

Proposition 3.1. The polynomial f(z) = ¢o + .- + ex 2 has a unique best
approximation 75, out of R,, . The error is

I — Il =ont1(Hy)

(Where on+1 = 0if n 4 1> K'), and the error curve is a perfect circle about
the origin whose winding number is exactly 2n + 1 if op44 is simple. #* is
given by

K U1 Fusz 4o ug2X? 3.1)
vk + vk—12+ -+ uzk? '

J(2) — 7 (2) = onta12

where u = (uy, . .5 ug)T isthe (n4-1) st column of U and v = (vi,. . ., ug)T is
the (n 4 1) st column of V in any singular value decomposition Hy = UZVH

Proof’. A complete proof is given in [1]. The following argument proves
everything but uniqueness under the additional assumption that all of the singular
vaues of Hy are distinct.

Let #* be whatever function is defined by (3.1); we will show that it belongs
to R., andisabest approximation of that class. Without loss of geserality let
us assume v = &, and indeed V = U . We may do this because the symmetry of
H; implies u = we'® and v = we** for some vector w , and the factor e** will
drop out in the quotient of (3.1). The right hand side of (3.1) IS now aconstant
" times zK times a finite Blaschke product,

kU1t uaz - ugzK?

Ont12
" G F g1z F By 2K

and fherefore it is arational function of type (2K — 1, K — 1) that maps S onto

a perfect circle of radius op41 .
Multiply both sides of (3.1) by the denominator 8x 4 - - - + 8,251 . This

yields an equation

lcot -+ +exz®)—F (2o +-+ +8:1257") = onpr (s - Fuge 27
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in which each side must be a polynomial of degree at most 2K — 1. It turns
out that the polynomia #*(z)(ax + - . + 8;2%—1) has degree only at most
K —1, however. For if we ignore this term and compare coefficients of 2* for
k=2K—12K —2,. . .,K ,weget the system of equations

Ckly = On41UK
ck—181 + k82 = On41UK—1

c18y +calig+ o+ ckBrx = On41U1.

This system (in reverse order) can be written Hy & = ugn43 , and therefore it is
satisfied since Hy = UZUOX .

Thus #* must be a rational function of type (K — 1, K — 1) representable
with denominator g@x -+ . a + 8;2K—1! . Suppose that it has v polesin 1 <
|z] £ oo counted with multiplicity. Then 7° can be written in the form g4rus
where r,, € Ry, and g is analytic in 1 < |2} < o0 and zero at oo. Now
if. g + ... + 8,25 happens to have any zeros on the circle S, then the
numerator g + +++ 4 uxzK—1 hasthese as zeros also, so they cancel in (3.1).
Therefore g is bounded in 1 < |z} < oo, which impliesg € G and #* € R,,,, .

Let 4 be the number of polesof #* in D. Then the right hand side of (3.1)
has winding number r =K +v—p on S. Since v+ p < K —1, we have
r22v+ 1. It followsnow by Lemma 2.3 that #* is a best approximation to f
inR,, .

Thus each of ay,. . .,0x IS the error corresponding to a best approximation
in R,, for some v with 0 € v € K — 1. By the assumption that the -
singular values of Hy are distinct, these values of ¥ must be distinct and increase
monotonically with n . Hence we can only have v = n, and the theorem is
proved. |

Proposition 3.1 gives a constructive description of best approximations to
polynomias out of the sets Rn, . It is quite easy to extend this result to
approximation out of Rmys . First, if m < n, we naturally proceed by finding
the best approximation ¥, to f' = z"*~™ f out of Rns . This will involve the
right-shifted Hankel matrix



,

0 vee co (] CK \
' o €1 CK
6 & ¢k (K+vXK+v)

(v >0)
0

K )

HU) =

with ¥ = n-m . Since z*—™ has constant moduluson S, it is easy to see that

Fon = Fil /2" ™ must be a best approximation to f out of Rma , and that
the corresponding error curve isaperfect circle with winding number m -+ +1
if ont1 (H ™) issimple.

Second, if m > n, we again proceed by finding a best approximation
to f! = z"—™f. Thistime f' may possess terms of negative degree, but these
have no influence on the approximation problem because they are absorbed in G |

and Rnapn = Ran+ G . Thus we now make use of the left-shitted Hankel matrix

(cl—-v C2—y . . ‘ CK \
C2—v
H(”)E . ' (K+VXK+V)‘
! . (v <0)
\ ck | O /

We may sum up these results in the main theorem of this section.

Theorem 3.2 (solution of extended approximation problem). The polynomlal

f(z) =¢o .. exZ< hasaunique best approximation #p,, OUt Of Rpmn . "
The error is

If = #ll = onpa(HP™™)

(where o431 =0if n 41> K+ n—m), and the error curve is a perfect circle
about the origin whose winding number ism 4+ n + 1 if op+1issimple. #* is
given by

K Y1 + 4 uK+n—mzK+n—m—‘
VK+n—m+. . +yzgktn—m=—1

10
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where v = (uy,. . ., Yk+n—m)T and v = (v;,. ..,UK+n_m)T are the (n 4+
1) st columns of U and V', respectively, in any singular value decomposition
H{"™ =ygvH

The contrast between Theorem 3.2 and the situation for ordinary rational
approximation is great: in the latter problem uniqueness is not assured, existence
proofs are nonconstructive, and the error curve cannot be very satisfactorily
characterized. Thisiswhy introducing the extended approximation problem iS so
fruitful.

Note that if K =m+ 1 and on+1(H{*™™) issimple, then #* must have
n polesin 1 <|z] < oo, which according to (3.2) implies that none can lieinside
D . Therefore #,,, € Bmn , so #* = r* . Thus Theorem 3.2 gives the exact
solution of the Chebyshev approximation problem in this case. (This problem
goes back to Chebyshev. See [3], p. 278 and [18], p. 166.)

The restriction that f must be a polynomial has been adopted for simplicity.
Adamian, Arov, and Krein prove an extension of Proposition 3.1 for approxima-
tion of an arbitrary function f € L*(S), and here the singular values of an
infinite Hankel matrix come into play [l]. The unigueness and winding number
assertions are no longer so ssimple. For functions f that are analytic in a neigh-
borhood of D, this kind of result can presumably be derived from Theorem 3.2
by considering limits as K approaches oo . In practice, we will normally be given
a function of this kind, such as e*, and will truncate it to a polynomial at some
term zK . It isalso possible to base a constructive theory on the assumption that
S isrational of some type (K, K) . For this approach, and for a presentation of
Proposition 3.1 in the language of linear systems theory, see for example [21].

Theorem 3.2 provides an immediate lower bound for rational best approxima-
tion errors. In most cases this is much tighter than other lower bounds that have
been published:

Theorem 3.3 (¢ isalower bound). Let f be analytic in a neighborhood of
D and let ¢ = limg oo 0n41 from Theorem 3.2; or let f be analytic in D and
belong to L*(S), with ¢ defined as the (n 4 1) st singular value of the infinite
Hankel matrix H{*=™ with K = co. Then

o<|f—rl © (3.3)
Proof. (3.3) follows from Theorem 3.2 and the inclusion Rmn € Rmn . The

11



limit in the first hypothesis must exist, and must be alower bound for J|f — r*||,
since under that hypothesis f is the uniform limit on D of its partial Maclauria
sums. For the second hypothesis, see Adamian, Arov, and Krein [1). g
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4. ASYMPTOTIC BEHAVIOR OF #* ASe—+ 0

Throughout this section we shall assume the following setup. Let f(z) =
co + ¢1 + .. + cxz¥ be a polynomial of degree K , and assume ex # 0
for convenience. (For applications the assumption that ] is a polynomia is
unnecessary, and it will be removed in the next section.) For given € > 0, define

1(2) = J(ez).

If ex =0fork<0andk>K, thenforany e >0, f hasthe Laurent series

00

f&)= 3 exlea). (4.1)

k=—00

Let m >0 and n > 0 be fixed nonnegative integers, and assume:

Assumption A. The Pad6 approximant r?,, of f has n finite poles, and its
Taylor series agrees with f exactly through the term of degreem +n .

(If the assumption istrue for any ¢, of course, it istruefor all €.) Let the Taylor
series of rP be

(o <]

rP(z) = ) chlez)¥, (4.2)
k=—o00
with ex = 0 for k < O; for all sufficiently small ¢ (so that the poles of r? lie
outside D ), (4.2) isalso the Laurent series for r?. (This means, with respect to
- § ; see Section 2.) Both {ex} and {¢f} are independent of € . For given ¢ > 0,
let #* be the best approximation out of Rms to f on S given by Theorem 3.2.
Let #* have the Laurent series

P (2) = i & (e2)k. (4.3)

f, r?, ¥, and the coefficients &, depend on €, but we shall indicate none of

this in the notation.
This section is the foundation of all the asymptotic results that follow. Its
main purpose is to show that when ¢ is small, the Laurent coefficients (ex — & )e*

13



of f— #* decrease geometrically in size ask decreases fromm + n + 1 towards
—oo (Lemma 4.3). To show this, we begin by showing that #* is close to r?,
making use of the nonvanishing of a Hankel determinant implied by Assumption
A (Lemma 4.1). From this and a winding number argument based on the Blaschke
representation of Theorem 3.2, it is shown that as € =+ 0, all the poles and zer os of
f — #* either approach 0 like ¢ or approach oo like 1/e (Lemma 4.2). Lemma
4.3 then follows by Cauchy’s estimate.

The Hankel determinant argument of Lemma 4.1 is central to our results.
Though we state it here not in full generality but only in the context of relating
#* to r?, the same reasoning will be appealed to twice more in Section 6 to
relate r* to r? and r¢/ to r* . Theideaisthat in the presence of a condition
like Assumption A, near equality of the first m + n Maclaurin coefficients of
two functions in Rmp OF Rma impliesnear equality of theremainder of the
coefficients. The argument is a sharpening of one used by Walshin Theorem 1 of
[25].

Lemma 4.1. Assume the conditions of Assumption A. For each € let r? and
#* be represented in the form
dd + ...+ dP(ez)™

14 eB(ez) +... +ep(e2)” (4.4)

rP(z) =

and, asin (2.3),

e e 3:_1(62)—1 dy et d (e2)™

F(2)= - m : 4.5
(2) 14&(e2) . .-+ én(ez)n (4.5)

- (The numerator of (4.5) is understood to converge in 1 < |z| < oo, while its

denominator has all its zerosin |z} > 1. Other than this we make no a priori

asssmptions about these representations, for example that they are unique or that

common factors have been cancelled.) Then as ¢ = 0,

& —efl=0(), 1<k<n, (4.6)
IE:n-}-n-{-l - cfn+»+1 | = O(e), (4.7)
and
00
D, g€t = o(emtntd), (4.8)
k=m+4n+2 '

14



Proof. Assumption A implies the bound
If — r?ll = O(em )
ase — 0, and thisimpliesin turn
Ont1=|If = F'|t = O(em+*+Y), (4.9)

since #* must be at least as good an approximation to f as r?. Combining

these bounds yields
|F —rPll = O(em+mH),

Therefore by Cauchy’ s estimate we must have
|ex — ¢kl = O(emFnti=h)
for adl &, and in particular
&, —c2|=0(C) Vk<m+n. (4.10)

Equating (4.2) and (4.4) and multiplying through by the denominator of
(4.4) leads to an identity between the numerator polynomial of (4.4) and a
convergent power series. Terms in this identity can be equated in powers of
z . Carrying this out for powers z™+! through z™+" |eads to the system of
eguations

p » P
Cm-n+1 Cm eh Cm+1
: = — : . (4.11)
P 14 4 4
Cm Cm+n-1 € cm+n

The matrix here is a Hankel matrix,

By Assumption A, rP has a full n finite poles, hence a pole at infinity of
order at most m — n . It follows from the theory of Hankel determinants that
the matrix in (4. 11) is nonsingular [13, Theorem 7.5.¢]. This implies that the
coefficients ef, ..., e? , which constitute the solution of (4.11) , are unique after
all, asindeed could have been made clear on simpler grounds.

15



The same term-by-term identification can be carried out for #* . By equating
(4.3) and (4.5) we derive a second Hankel system

o 0T ] Py wd
Cm—n+1 Cm n Cm+1
=— (4.12)
0T ] wd L ] ~8
Cm Cm4n—1 €1 m4n

Now here is the key argument. Since the matrix (4.11) is nonsingular, its
condition number is finite. Moreover, from (4.10) it follows that in any norm
both the right hand sides and the matrices of (4.11) and (4.12) differ by only
O(e) as ¢ — 0. Combining these facts implies that (4.12) also has a unique
solution for all sufficiently small €, and furthermore that (4.6) holds.

To prove (4.7) and (4.8), we observe that additional coefficients of #* satisfy
the recurrence relation

—er 1 =Chppifa . BE VEXm4n, (4.13)
whichdescribes additional rows that might be added to the system (4.12). (4.7)
follows directly from (4.6), (4.10), (4.13) (with ¥ = m < n), and the parallél
relation to (4.13) relating the Padé coefficients {¢}} and {e?} . (4.13) also implies

n
Bl < (), _mx Gl VEzmn

J=1

Combined with (4.6) and (4.10), this implies that the coefficients &, satisfy a
“ bound of the form

|&}] < const.( comst.)!  VE> m+n

un‘iformly in e, for all sufficiently small €, and thisimplies (4.8).

Lemma 4.2. Assume the conditions of Assumption A. Then there exists a
constant # > O such that for al sufficiently small €, f-i’ has exactly n poles
and K-m-1zerosin1l<|z]< o0, andthey dl liein /e <|z] < 00.

Proof. Lemma 4.1 established that the coefficients of the two polynomials
14-ePz-4----+ef 2" and 148,24 -+&, 2" differ by only O(e) ase — 0. Since
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the first one has afull n zeros, so must the second, for all sufficiently small e.
Moreover, their zeros {¢?} and {§;} must coalesce as € —+ 0, with a worst-case

convergence rate of
I§; — 21 = O(e'/)

in the event of n-fold multiplicity. Rescaling by ¢, it follows that the zeros of
1+ &;(ez) 4 -+ + €,(e2)® convergeto those of 1 4 ef(e2) + ... 4 eb(e2)™ at
a rate O(e!/"—1) . The latter have modulus greater than pe=! , where p is any
number smaller than the moduli of all poles of r? when e = 1. This proves the

claim about pole location, takingany 8 < p .
To determine the location of the zeros of f — #* , we use a winding number

argument. Let || - ]|, denote the supremum norm over the circle about the origin
of radiusr . Applying Cauchy’s estimate to (4.9) asin the last proof, we derive

lex — E| < const. X emtnTi—k,
Thisimplies that for |z] = 8/¢, where 8 is any fixed positive number,
(ex — & )(e2)*| < CONSL. x e™+n+1(e/5)~*,

and from this the bound

m-in
| 30 tex—tea) e < const. xeom*» 1 - e/8) (4.14)

. follows provided e < . Now since the polesof f —#* all lie outside|2| = p/e,
we also have

lex —é;| <const. X p~* VE>m+n+2 (4.15)

for some const. > 0, and from this a complementary bound
oo ﬂ m-+4n-+42
" Z (ex — E;)(ez)""ﬂ/, < const. X (-—) /(l — f/p) (4.16)
k=m+n+2 s

follows, thistimefor any g with 0 < 8 < p.
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(4.7) implies that the degreem <+ n + 1 term of f —#*, on the other hand,
satisfies
l(emtnt1 — Empngr)(€2)™ T |=lempngs — Cfn+,,+1|ﬂm+"+l + Of(e)

uniformly for |z] = B/e. If g isfixed small enough, this estimate must be
greater than the sum of (4.14) and (4.16), for all sufficiently small € . Thisimplies
that f — #* has the same winding number as (ez)™+"+1 on |z| = /e, namely
m+n+1.

Now f — #* is the finite Blaschke product given in formula (3.2) of Theorem
3.2. Its winding number on any circle is the number of poles minus the number of
zer 0s in the region of the extended plane outside that circle. Outside |z] = /e,
f—#* hasK poles at infinity (since ex 7 0), n finite poles (proved above); and
hence by (3.2) at most (K +n—m—1)—n = K--m-| zeros, which correspond
by symmetry to poles of f —#* in the unit disk. Therefore on |z} = B/e, f —F*
must have winding number at least (K 4+ n) = (K=m—=1)=m+4n+41,
and it can only be that small, as we have just shown that in fact it is, if a full
K — m — 1 zeros lie outside |2| = /¢ |

Lemma 4.3. Assume the conditions of Assumption A. Then there exist -
constants M < oo, 7 < oo such that for all sufficiently small ¢,

lex — &l < M EmFnta=h (g~

for all integers —o0o < k< m-4n--1.

Proof. Thisresult follows from Lemma 4.2 and the Blaschke product repre-
sentation of Theorem 3.2. By Lemma 4.2, for some fixed g and all sufficiently
small ¢ > 0, f-?* must have n zeros ¢,...,6a in 0 < |2| < ¢/ and
K—m—1 ZeroS¢n+1,: . ¢K+n—m—1 in f/e <|z| < 0o. From Theorem 3.2,
we may write f — #*- as

(f —F*)(2) = 02 H(%) K:r_ﬁ: l(?;:—ﬁl)'

j=1

Consider the size of this expression on the circle |z} = 2¢/8. Easy estimates
show that on this circle the four factors

n K4+n—m—1
K Z—(y (z'—';j)
% E H'('g;z-—1)’ I Gz —1

j=1 j=n+1
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have magnitudes O(e™+"+1) (by (4.9)), O(X) , O(P), and O(e—(K—m—1)),
respectively. Combining these bounds gives

(f =7 )z) =0(™+2"*+2)  on |z] = 2¢/B.
By Cauchy’s estimate there follows
ek — &)eF| = O(@m+an+3) x (2¢/p)~*

uniformly for al k , which proves the theorem with y =2/8 .}
A final corollary will be needed for the a posteriori argument of Section 6.

Lemma 4.4. Assume the conditions of Assumption A. Thenase =0,

(f — 7*)(2) = (mnt1 — CPopnp )2 TP+ O(e™ T2

uniformly on S. =
Proof. From Lemma 4.3 it follows easily that the magnitude on S of the

sum of al terms of degree € m + n in the Laurent expansion of f — F* is
O(e™tnt2) ase — 0. (4.8), on the other hand, implies the same for the sum
of all terms of degree 2 m + n 4 2. The claim follows from these observations

and (4.7).
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5. THE NEAR-BEST APPROXIMATION r¢/ € Rmn

The purpose of studying the extended best approximation 7* € Ry iS t0
derive from it a nearby approximation r¢/ that belongs to Rms . The foregoing
asymptotic results will show that, at least if f is smooth, such an r¢/ can be
chosen that is nearly equal to#* on S .

If m = n, then #* can be written in the form (2.1)

fan = Fan+9¢

where ran € Rnaa and g € G. In this case a natural choice for r¢/ would be

. r¢. = rpa . A generalization of this choice can be defined in any problem in
which m > n — 1. Let ¥,,, beexpanded asin (4.3) in a Laurent series with
respect to S . Then if m 2 n —1, the nonnegative degree terms of this series
must define arational function belonging to Rma . For m 2 n this follows from
(2.1) and (2.2), which imply in this case that the nonnegative degree portion of
the series can be written in the form 2™~ "rpn + Pm—n—1, WhEre pm—n—1 IS
a poynomial of degree at most m — n — 1. This sum is in Ry . The case
m= n-1issmila. For m <n—1, Rmn # Rmn + G, however, as was
remarked in Section 2, and because of this, truncating negative degree termsin
Fram doesnot in general yield afunction in Ry .

To make possible a uniform treatment for any m and n, therefore, we shall
define r¢/ by a different truncation. Let F,,, bewritten asa quotient asin (2.3).
r¢/ will be constructed by simply dropping all terms of negative degree in the

*numerator:

d+ .. +d 2™
f g = —2 m : 51
rmn@ = . At e (5.1)

(In.degenerate cases with fewer thann finite polesoutside D, r¢f isnot uniquely
defined.) This choice of r¢/ will prove sufficient for deriving asymptotic results
concerning near-circularity of the error curve of r*.

The Carathéodory-Fejér theory of Section 3 was developed only for polyno-
mials f , athough it was remarked that comparable statements hold for arbitrary
functions f € L*°(S). For asymptotic results with ¢ —+ 0, however, any func-
tion that is analytic in a neighborhood of the origin becomes arbitrarily close
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to a polynomial as e — 0, so there is no need to restrict the consideration to
polynomials. Specifically, given } analytic at z = 0, let f be the degree-
(2m 4 2n + 2) partlal sum of its Maclaurin series, and define f(z)*= }(ez) as

before and fT(2) = | (ez) Then
17 = /Tl = O(3m+3n+3) (5.2)

as € — 0. From now on define #* and r¢/ to be the rational functions obtained
by applying the CF theory and (5.1) to /T . (K is then the degree of the largest
nonzero term in fT, at most 2m + 2n 4 2.) The bound (5.2) is small enough so
that the strength of our subsequent asymptotic theorems will not be affected by
the f = fT truncation. In a particular computational example, of course, one

might choose K larger than 2m + 2n + 2 and expect a dight gain in accuracy.
With these definitions it is straightforward to derive the asymptotic behavior
of the error curve of r¢/ from previous results:

Lemma 5.1 Let J be analytic at the origin and assume the conditions of
Assumption A. Thenase— 0,

(6) (f —r)2) = (empnt1 — By )T 4 O(em T T2
uniformly on S, and
(i) N —rell— min |(f — rf)(z)| = O™+ +3),

Thus the error curve of r¢/ isnearly circular with a relative deviation in radius
that is O(e™*t™+2), and it has-winding number exactly m+n+1for sufficiently

small .
Proof. () and (ii) follow from Lemma 4.4 and the exact circularity of
fT —# onsS, respectively, together with (5.2) and the bound

|7 = ref|| = O(e2m+2nt?) (5.3)

as € — 0. Let us establish this bound. By (4.5) and (5.1), #* — r¢/ has an
expansion of the form

L p(e2) "+ 3L (e2) |
1+ & (ez) & (e2)n (5.4)
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From (4.6), each &, is bounded as¢ — 0, which implies that the denominator
of (5.4) behaveslike 1 4+ O(c) on Sase — 0. Therefore (5.3) will follow if

I-.. + 3 g(e2) "2 4 - (e2) 1| = O(Em+3n+3), (5.5)
Now by (4.3) and (4.5) we have readily
=8 +8 &+ +E_ak
and from this, the boundedness of the &; , and Lemma 4.3, (5.5) follows. g

By Proposition 2.2, Lemma5.1 implies the very strong result

Proposition 5.2 ( r¢/ isnear best). Let f be analytic at the origin and assume
the conditions of Assumption A. Thenase—0,

"/ — rc!" — IU_rt"=O(€2m+2n+3)

and thus|| f —r¢/ || exceeds the minimal error by arelative magnitude O(e™+n+3)
ase—0.]
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6. MAIN ASYMPTOTIC RESULTS

At this point an approximation r¢/ to f has been constructed whose error
curve is nearly circular. Now we will show that it follows that ||r¢/ — r*]| is
nearly zero, hence that the error curve of r* isalso nearly circular. Asin the last
section, here f is any function analytic at 0, and f(2) = 1(e2) .

A lemmais needed on the behavior of the denominators of r* and r¢/ .

Lemma 6.1. Let f be analytic at the origin and assume the conditions of
Assumption A. For each € > 0, write r¢f = p¢/ [q*/ and r* = p*/q* with q¢/
and g¢* normalized to have constant term 1. Thenase— 0,

q*/(z) =1+ O(6) (6.1)

and
q‘(z)=1+40(¢) (6.2)

uniformly on S.. »
Proof. ¢*/ isalso the denominator of #* , so (6.1) followsfrom (4.5) and (4.6)

of Lemma4.1. (4.6) was derived by means of Hankel determinants by comparing
#* to r? . The only facts about #* used for this were #* € R, and the best
approximation property |f — #*|| < |If — r?||. As both facts hold also for r*
the same argument proves (6.2). §

Lemma 6.1 suggests that asymptotically ase — 0, rational approximation
becomes less and less nonlinear. This fact enables us to show that [jr* — r¢/|} is
small by the same a posteriori argument used for polynomial approximation in

‘[24].

Theorem 6.2 (r¢f & r*). Let f be analytic at the origin and assume the

conditions of Assumption A. Thenase—0,

|r¢f — r*|| = O(2mt3n+3), (6.3)

Proof. Let AC = em4n41—c¢) 1y from Assumption A, Ac 5 0. By
Lemma 5.1i, ; .
(f—=r) _
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and by Lemma 5.1ii this function varies in modulus by only O(e™+"+2) on
S . Since r* is a best approximation to f, it follows that adding (r¢/ —
r*)(z)/[Ac(ez)™t"+1] to (6.4) can increase the modulus of (6.4) by no more than
O(e™*+n+3) at any point on S. In particular, we must have

(cf_ .)( ) — m<n
) } = oemrH)

uniformly over al points where the argument of this quotient has modulus less
than, say, x/4. Sincer¢/ —r* =(p* ¢* —p*q*/)/q*/ q* , and since(q*’ 4*)(z) =
1+ O(e) ase = 0 by Lemma 6.1, it follows that

(pcf Q‘ - p.qd )(Z) — O(em+n+2)
Ac{ez)m+ntl

uniformly over al points where this quotient is real and positive. Now this quotient
is a polynomia P in 2! of degree at most tn+ n+ 1 with constant term 0 . It

follows (Lemma 5,124)) that the image of |]z—}| < 1 under P covers completely
the disk about 2= = 0 of radius 2—(m+n+D||P|| . This necessitates the bound

p/q* — p*q¥
Ac(ez)m+n+1

| = oten e

hence
Ip¢! q* — p*q*/ | = O(&mF3ntd),

and hence (6.3), again since (¢*/q*)(z) =14 O(¢) . §

Lemma5.1 and Theorem 6.2 imply immediately

Theorem 0.3 (the error curve of r* isnearly circular). Let f be analytic at
the origin and assume the conditions of Assumption A. Then ase = 0, for all

sufficiently small €, the error curve of r* has winding number exactly m-+n--1,

and
17 =l = min (f = )(@] = 0(@™+"+3).
'|=l

Summary of asymptotic results. Let us summarize what we have established,
or could readily establish with additional combinations of the foregoing ar gu-
ments, about asymptotic approximation of a function f analytic at the origin
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that satisfies Asssmption A. Ase— 0

I/ = 0(1), (6.5)

whereas
Nf—rll (6.6a)
N/ —r?| } = O(em*n+1) - but not O(em+n+3), (6.60)
If—re/| (6.6¢)

r¢/ and r* have relative contact O(c) on the scale of these errors,
[rP — r*| = O(e™F"T2), (6.7)
whiler¢/ and r* have relative contact O(em+n+3),
|r/ — r*|| = O(2mH2n+3). (6.8)

For sufficiently small €, r* and r? and r¢/ al have exactly n finite poles, and
al of their error curves have winding number exactly m-+-n- 1. The error curve
of r? deviates from acircle by areative radius O(e),

17 = rPll— min [/ — rP)(z)| = O(e™+"+3) . 69)

and those of r¢/ and r* deviate by arelative radius O(e™+"+3),

If—r¢/ || = min|(f — r¢/)(z)| (6.10a)
2€S 1 —_ o(£2m+2n+3)'
If = r*ll = min |(f — r*))l J . (6.10%)

Discussion. The agreement (6.7) of r* and r? was essentially established by
Walsh [25}, though not stated in this form, It is likely that Walsh also knew of
the following corollary, which follows from the winding number results for f — r*
by the argument principle, but he seems not to have published it:

Corollary. Let f be analytic at the origin and assume the conditions of
Assumption A. Then for al sufficiently small ¢, r* interpolates f at exactly
m + n -4 1 pointsin D, counted with multiplicity. j
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This extends a result of Motzkin and Walsh [19] for polynomial approximation,
discussed also in [24).

It is interesting to see that although the best approximation r* need not
be unique, (6.8) implies that it is nearly so: if r; and r3 are any two best
approximations for each ¢ > 0, then

lIry — rall = O™ +3"+3),

Our presentation has described approximation on the fixed disk D of a
function that grows smoother as e —+ 0, but obviously the results pertain equally
to approximation of a fixed function f on the shrinking disk |z| < €. This
was the setting considered by Walsh. He showed then that ase—0,r* — r?
uniformly on any compact set not containing poles of r? [25). Our arguments
duplicate this conclusion, showing that r? — r* = O(e) on any such compact
set. A third application of the argument of Lemma4.1, in fact, shows the much
stronger result that re/ — r* = O(e™+"+2) on such sets. Thisis another way
of expressing the fact that whereas Padé approximation captures analytically the
first term in an asymptotic description of r* , CF approximation captures the
firss m + n 4 2 terms.
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7. NUMERICAL COMPUTATION OF #*

Here we sketch how the coefficients of #* as a quotient of the form (2.3)
can be computed numerically. Additional details, in the context of digital filter
design, aregivenin[11].

Step 1. First, one must decide at what degree K to truncate the Maclaurin
seriesof f , and then find the K + 1 required coefficients. In realistic applications
the series may converge fairly slowly on D, so we must assume that X may be
fairly large: say, between 10 and 100. If the Maclaurin coefficients are not known
analytically, they can be computed by the Fast Fourier Transform [14, §3.1].

Step 2. The most time-consuming part of the problem is to find the (n4 1) st
singular value and vector of the K + n — m by K 4+ n — m Hankel matrix
H = HS"‘"'"). The most straightforward approach to thisisto compute a
full singular value decomposition of H by unitary reduction to bidiagonal form
followed by a QR iteration, an algorithm developed by Golub and Kahan and
implemented in both EISPACK|22] and LINPACK. Thiswill take O(K3) floating
point operations. However, our problemis special in three ways: H isHankel, it
is triangular, and we only need one singular value and vector. One would like to
take advantage-of as much of this structure as possible. If the coefficients of f
are real, then an additional fact to be exploited is that the singular value problem
reduces to an eigenvalue problem.

Unfortunately, no methods are currently known that take substantial ad-
vantage of general Hankel (or Tocplita) structure in singular value or eigenvalue
problems. We have contented ourselves with reducing the O(K3) time constant
by computing only some eigenvalues and one eigenvector of H via Sturm se-
quencing and inverse iteration [22}, in the case where f has real coefficients.
Even this saving is not as great as one would like, however, for while we seek the
(n <4 1) st eigenvalue of H in magnitude, the Sturm sequence approach isolates

- eigenvalues according to magnitude and sign. Thus we are forced to sear ch both
ends of the spectrum of H in order to determine which eigenvalue it is that we
want. EISPACK provides routines for this.
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Step 3. Now one must extract the coefficients of #* from (3.2). Let us write
the denominator of the Blaschke product in (3.2) in the form gin(2)qout(2) , Where
Gin and goue are polynomials with all zeros inside and outside D, respectively.
Then the denominator of #* is precisely gout, Of May be taken to be such in
the degenerate case in which a zero of gey IS cancelled by an identical zero
in the numerator of the Blaschke product. Thus to find the denominator of
7 , we need to find the polynomial subfactor of & + . * . 4+ 8;2*%—* containing
precisely those zeros outside D. For this we have used an excellent technique
proposed by Henrici (14, §3.2 ] based on forming the logarithmic derivative of
8x + .-+ 832* 1 and computing certain of its Laurent coefficients, making use
of the Fast Fourier Transform. The accuracy of this procedure depends on the
zeros .. B + - .+ + 8,281 ... .. toocloseto S, but thisis alimitation one
can live with, as the CF method itself will give poor apprOX|mat|ons when some
of these zeros have magnitude close to 1.

Once Gout, iS known, the numerator of #* can be found by multiplying (3.2)
by gout . The resulting equation gives #* gous in the form of a Laurent seriesthat
convergesin |z| > 1, which is precisely the form that we seek. The fastest way
to compute desired coefficients of this Laurent seriesis by means of another FFT.

Step 4. Findly, r¢/ is formed by dropping the terms of negative degreein
the numerator of #*

The total time required for these computations depends strongly on X . For
approximation of e*, K =20isampleto give r¢/ accurate to ten places when
m and n are small, and the computation requires roughly 0.1 secs on an |BM
. 370/168. A typical timefor afunction with aless quickly converging power series
might be 1 second.
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8. NUMERICAL EXAMPLE: APPROXIMATION OF ¢* ON THE UNIT DISK

To illustrate the foregoing results, let us see how the CF method performs
in approximating e* . Because the Maclaurin series of e* decreases so rapidly,
K = 25 is equivalent to K = oo for our numerical purposes. Will will talk as
if K = oo0.Combining Proposition 2.2 and Theorem 3.3, therefore, we get the

simple bound )
Ont1 S llef — r*fl < lef — ¢ (8.1)

provided the error curve of r¢/ has the expected winding number m 4+ n + 1.
(Clearly it does, athough this has not been proved for al m,n.)

e Sample computations for (m, n) = (1,1)
Consider approximation of type (1,1). The simplest candidate is the Padé
approximant,

14 .52
r}(2) = T (8.2a)
The corresponding error (to the accuracy shown) is
e —rk || = .282. (8.20)

The error curve, as shown aready in Figure 1, is not close to circular.
Next, we compute the extended best approximation #* by the method

described in Section 7. 1t is

s ® [=7 .00000983z—2 4- .000246682— .99613054 + .589551952
1= | -.43416584z

. with corresponding error

(8.33)

1€* — £l = oo(H(D) = .08455. (8.3b)

Theerror curve herewinds 3 times, and is a perfect cir cle (assuming K = o0 ).
Now by truncating negative powers we get

99613054 + .589551952

8.4a
1 — 43416584z ' (8.40)

rél(2) =

with error
1ef — réf]l < .08493. (8.4b)
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Evidently r¢f approximates e* to within 0.5% of the minimal error. [tserror
curve is circular to within a relative deviation of less than 1%. The Padé ap-
proximation (8.2), in contrast, is non-optimal by more than a factor of three. If
we were to inrease m , the comparison would become even more striking.

For atrue appraisal of r¢/, we need to compare it to the best approximation
r* . In general, computing r* numericaly to the high accuracy required for this
comparison is a difficult matter. The Remes algorithm for rational Chebyshev
approximation on a real interval, for example, does not extend to complex ap-
proximation. Stephen Ellacott {7} has tackled this problem with Lawson’s al-
gorithm, but as we have discussed elsewhere[24], Lawson’ salgorithm ceasesto
converge precisely as the error curve approaches a circle. Because of this problem,
Ellacott’s coefficients for r* are generally are not as close to correct as the more
easily computed coefficients of the approximations r¢f a2 r* are, for m > 3. (In
defense of Lawson’salgorithm, however — it does get near a best approximation
quickly, and the last fraction of a percent is unimportant for most purposes.)

For the case (m, n) =(1,1) , Ellacott’s computation is sufficiently accurate,
and we have checked it against «* brute force” computation by a general-purpose
optimization program. We find

. () = 99625 + .58952z
™ 1 — 434142

(8.5a)

with error
le* —r3, |l = 0.08480. '(8.5d)

A comparison of (8.5) with (8.4) suggests that in practice, r¢/ can be expected
.to approximate r* very closely. Note that (8.5b) lies between (8.3b) and (8.4b),
asit must.

In this example ||ef—r¢/ || would fall all theway t0.08481, and the relatively
poor constant term in the numerator of r¢/ would rise to .99624 , if the choice
of ‘r¢f first considered in Section 5 were used rather than the one finally adopted

. there for convenience of generalization. Undoubtedly the first choice s better, in
practice, whenm>n .

o Dependence on m and n
Let the measure a of relative circularity of equation (1.1) be applied to
ref for various m, n. Table 2 shows the results. Note the general agreement
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n=0~0 1 2 3
m= O 1 (-1) 6 (-1) 6 (-1) 3 (-1)
1 4 (-3) 1 (-2) 1 (-2) 9 (-3)
2 3 (-9) 1 (-4) 6_(-5) 7 (-9)
3 5 (-6) 5 (=7) 2 (-6) 3 (-7)
Table 2. Relative deviation a froma perfect circle (eq. (1.1))

of error curves of CF approxinations

Various mn .

rcf
mn

to e% on the unit disk.

n=20 1 2 3
0 1.25836 65707 .39659 05141 .11527 04209 .02919 04410
1 .55752 90694 .08454 87259 .01295 01410 .00186 66235
2 .17737 38152 .01459 00251 .00139 32413 .00013 47402
3 .04336 8926832 .00218 6196115 .00014 2307100 . 00000 9931757
Table 3. o, = l|e® - E;‘mll for various mn (see (8.1)).

Underlined digits are known to agree with corresponding digits of

best approximation errors ||eZ - r;nH :

1/2
1/4
1/8

Tabl e 4.

£ - rCfll o
170 (+2) .723
.810 .123
.849 (-1) .978 (-
104 (-1) .594 (-
.130 (-2) .349 (-
.163 (-3) 215 (-

Rel ative deviation afroma perfect circle (eq.

of error curves of CF approxi mations

Various € .

L} ]

f
11

‘Va—/e

461
.296
.314
.312
.307
. 306

to efZ

(1.1))

on the unit disk.




between the numbers of Table 2 and those of Table 1. Thisis an indication that
at least for the present problem, the CF method is an effective approach to the
phenomenon of near-circularity. It may appear worrisome that in both tables a
is roughly independent of n, for this seems to contradict the asymptotic results
of Section 5. The explanation is that the constants in those results increase with
n . Dependence on n is always more difficult to analyze than dependence on m
in rational approximation, because it is there that the nonlinearity lies. As it
happens, in this example a begins to decrease steadily if s isincreased further.

To sum up how close to best r¢/ may be, Table 3 shows |je* — #* || as a
function of m and n for m, n <_3. Thus the (m, ») entry in the table is
just the (n 4 1) st singular value of a Hankel matrix H{®=™) . Digits in which
|e® — 7*]] is known to agree with |le* — r*|| (usually on the basis of (8.1)) have
been underlined.

o Asymptotic behavior for (m, n) =(1,1)

Finally, it is €asy to confirm that as e — 0, [|e** — r¢/|| — min,es |e** —
ref| = O(e2m+2n+3) | aspredicted in Lemmab5.1. Table 4 lists|let®* — r¢/|| and
the same aasin Table 2 as a function of ¢ for (m, n) =(1,1). The final column
shows that as expected, a decreases like el+1+2 = ¢4 . Moreover, it showsthat
the constant involved is small. Evidently D is aready asmall disk = far asthe
smoothness of e* is concerned.
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9. ADDITIONAL REMARKS

The phenomenon of nearly circular error curves has been observed by a few
people over the years, but not speculated about in print until [24]. Since the
tendency to near-circularity is so strong, it islikely that interesting features of the
Chebyshev approximation problem have been overlooked as a consequence. The
approach described here does not yield a satisfying explanation of “why” error
curves are nearly circular, but perhaps the results it leads to can at least make
this phenomenon a recognized feature of the Chebyshev approximation problem.
Any such feature must have theoretica and practical consequences. One practical
conseguence, as mentioned in the last section, is that Lawson’s algorithm is not
suitable for computing Cheybshev approximations to high accuracy.

That is the geometric aspect of this work; the other theme has been the
algebraic one, namely the remarkable connection with Blaschke products and
the singular value analysis of a Hankel matrix of Maclaurin coefficients. The
Carathéodory-Fejér theorem and related results belong traditionally to the study
of function theory on the unit disk, and are only recently being borrowed for other
purposes. The papers of Adamian, Arov and Krein 1} are currently inspiring
active work in systems theory by Bettayeb, Bultheel, de Wilde, Genin, Kung,
Silverman, and perhaps others [4,8,11,17,21]. Problems in systems theory reside
naturally on the unit disk, however, whereas in approximation theory they need
not. At least some of the techniques described here can be transplanted to more
genera regions by a conformal map, as for example in Theorem 12 of [24), but
algebraic simplicity islost in the process. It remains to be seen how fruitful such
transplantation can be.

For the disk there is no doubt of the power of the CF approach. The great
weakness of the theorems proved here is that with the exception of Theorem 3.3,
they are entirely asymptotic. If non-asymptotic results can be found that capture
the true strength of CF approximation, the method might become a powerful
theoretical tool. For example, it might then be easy to prove strong theorems
about best approximation in the more difficult asymptotic cases m — oo and
n — 0o . Some conjectures along thisline can be found in the book by Meinardus
(18, e.g. (9.14)]. Many of the estimates in this paper have been far from best
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possible, so it has not appeared worthwhile to tackle these problems, as was done
for the polynomial case in [24].

Most surprisingly, it turns out that the CF method extends with no loss of
algebraic simplicity to approximation by real functions on areal interval. Now a
Hankel matrix of coefficientsin anexpansion inChebyshev polynomialsis needed.
For m > n, in fact, the CF method is even more powerful in real approximation
than in complex approximation. The real CF method is presented by Gutknecht
and Trefethen in [12) and discussed further by Gutknecht in [10).
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