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Abstract

The problem of estimating the position of an edge from a series of samples often occurs in
the fields of machine vision and signal processing. It is therefore of interest to assess the
accuracy of any estimation algorithm. Previous work in this area has produced bounds for
the continuous time estimator. In this paper we derive a closed form for the minimum vari-
ance bound (or Cramer Rao bound) for estimating the position of an arbitrarily shaped
edge in white Gaussian noise for the discrete samples case. We quantify the effects of the
sampling rate, the bandwidth of the edge, the shape of the edge and the size of the observa-
tion window on the variance of the estimator. We describe a maximum likelihood estimator
and show that in practice this estimator requires fewer computations than standard correla-

tion.
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1.0 Introduction

Estimating the position of an edge from a finite number of samples of an image is a common signal
processing operation in many fields including lithographic alignment in IC fabrication [ 1 1{6], pattern rec-
ognition and analysis[2], stereo vision [3], motion estimation [4] and aerial images[9]. It isimportant to
know the relative accuracy of an edge-position estimation algorithm compared to what is achievable. If the
variance of the estimation error for an edge-position estimation algorithm can be found, then it can be com-
pared to the variance of other dgorithms, but this does not tell the designer if another algorithm exists, pos-
sibly undiscovered, that performs better. What is needed is a lower bound on the estimation error variance
of al possible estimation agorithms. In this paper we apply the Cramer Rao Bound (CRB) [S] to obtain a
lower bound on the estimation error variance of all unbiased edge-position estimators, from a finite num-
ber of samples of an arbitrarily-shaped edge in additive white Gaussian noise. The derivation of the CRB
uses a similar methodology as appeared in [6] where the CRB was derived for the case of pulses in noise.
In apaper recently published in PAM1[7], aclosed form expression was presented for the CRB for edge
position estimation of an edge passed through a continuous time Gaussian filter and then corrupted by
white Gaussian noise. The resultspresented in thispaper are more general compared to[7]in three ways.
First, we use the more redistic discrete sampled data model, as dl estimation algorithms are computed by
computers or digital signal processors on digitized images. Another disadvantage of using the continuous
time model isthat it requires a measure of the power of the white Gaussian noise, which is difficult to
obtain due to finite bandwidth constraints. We show that the CRB becomes independent of sampling posi-
tion when the sampling rate is above the Nyquist rate of the edge. Second, our result holds for arbitrary
edge shapes so that we can quantify the degree to which some edges can be more accurately estimated than
others. Third, we quantify the effect of a finite observation window on the CRB and provide a smple rule
of thumb for finding the minimum observation window sizc such that the effect of the finite window size
on the CRB is kept within specified bounds.

The results contained in this paper apply to the estimation of the position of an edge in white Gaus-
sian noise when the edge shape is known (though the amplitude may be unknown), the edge is known to
occur within a certain observation window and no other features present within the window. The results we
present are applicable in situations where the presence of a single edge has been detected and a high accu-
racy estimate of its position is required. This is a more constrained problem than that presented in [8]
where an unknown number of edges are present. It hasbeen stated [7] that the continuous time version of

the Canny edge detector, when optimized for the Gaussian edge shape [8], does not asymptotically achieve



the CRB for the Gaussian edge shape. However, asthe Canny edge detector is optimized to trade of f esti-
mation error and false edge detection, one would not expect it to minimize the estimation error for the situ-
ation of a exactly one edge in noise. The minimum mean square estimation error estimator for exactly one
edgein noiseisthe maximum likelihood (ML) estimator. Kakarala and Hero[7] proposed an approxima-
tion to the ML estimator when the edge position was near the origin. We will show that the ML estimator
can be implemented so that it has low complexity for edge estimation and in certain cases will be of lower

complexity than standard correlation or filtering.

2.0 Problem Statement

The problem is to estimate the position of an edge whose shape is described by afunction of
unknown amplitude, corrupted by white Gaussian noise. We assume that the edge profile has been sampled
with period T and that these samples are used to obtain an unbiased estimate of the edge location. The

mathematica model is a continuous time signal

X(t) = as(t—0) +n (1), (1
where s (.) is the edge shape which, without loss of generality, is assumed to be of unity height, n (t) is
awhite Gaussian noise process, and a and 6 are the unknown constants representing the amplitude and
position of the edge respectively. Sampling over awindow of length NT gives avector x of N samples
such that

X = asg+n, )
where n isalength-N vector of white Gaussian samples with variance cs,%, which will generally depend
on the sample period T and the method of sampling. The vector s, is a length-N vector whose /™ dement
iss (iT-96).

3.0 The CRB for Unbiased Estimators of Edge Position

In this paper we shall consider the CRB for two important situations in edge detection. First we
consder the case where the position and amplitude are both unknown constants with no associated proba-
bility distribution. Second we examine the case where only the position is unknown. We will highlight the

similarities and differences in these two situations.



3.1 The CRB for Unknown Nonrandom Amplitude and Position

If there are no known probability density functions for the amplitude and position then they must
be treated as unknown constants. We shall now derive the Cramer Rao Bound (CRB) for this case. The
general definition of the CRB is stated in [5]. We give it here to show the notation used in this paper.

Theorem 3.1. Consider a system whose output x has statistics defined by an unknown, nonran-
dom, length-M parameter vector q. If for a given instance of x an unbiased estimate g of ¢ is obtained,
then the variance of the estimation error (g; — ¢;) of the " element of g islower bounded by the i

element of the Mx M matrix F~*, whose inverse iis given by

! 1 *
. E{(an (p_a(;rlq))) A (pa;xm))) . )

The partial derivative in (3) is the column vector of the derivative of p (x| g) with respect to the elements

of g . The function p (x| q) is the probability of x given q . F is called the Fisher information matrix.
By nonrandom parameters, we mean that the parameters are unknown constants and have no associated
probability density.

In our case the unknown parameter vector isqg= [ 6, a} and

| (X —asg) " (X — as,)
pxlg) = -8 p( 5 ) @)
2no; 20}
So the log likelihood is
i , (x—as) " (x - asg)
In (p (x/ Q) = - 5ln (2m0y) — 5 (5)
205
Define the vector dg = %se, which is the sample vector of —s” (t —9), then
5 (x —as) "dga
é—éln PX9)= > (6)

Cr

and



(x—as )*s
58~1n (P ()= ——— . M
a GT

Defining the matrix P = [ dga, s¢] and noting that (x — as,) = n, we get

dn(p(xlq)) -
a—q = GT2P*H . 8)

Wecan now state the following theorem:

Theorem 3.2. For an edge estimation problem as described in (2) with parameter vector

4 = [6, a], the Fisher information matrix is

2 2 *

F=o N ) ®
ady sg ”se”
Proof: Using equations (3) and (8),
F=o, P E[nn"1P, (10)
but as the noise is white, the covariance of the noise is / 63, , SO that
F=0,°P"P. (11)
From the definition of P, (9) follows.
To find the CRB we take the inverse of (9) to obtain
;2 o] 5ol
E[ 0-8)]> (12)

y
@ o 50| = @” (o 50)

The inner product dg, s,, can be described asdz,‘('s6 = || dg|||| So||coscx, where o is the angle between the

N dimensional vectors dg and sq, giving

i (o,/a)°
E[e-8)]>—1— (13)
||dg| sin"a



The estimation error is heavily dependent on the angle between the edge shape and its derivative. The
angle between these two vectors can be thought of as defining the degree to which the amplitude being

unknown effects the position estimate.

3.2 The CRB for Known Amplitude and Unknown Position

Suppose the edge amplitude, a, is known. Then the CRB reduces to a single parameter problem:

-1

L ©@-8"]2 [ Gnewon’]

[z

(o)’

2
“dQ| (14)
Comparing thiswith equation (13) we see that the CRB of the position estimate for an edge of unknown

amplitude is equal to the CRB of the estimate of a known amplitude when the angle cc ist/2. The angle
o defines theeffect of the unknown amplitude on the position estimation. Wheno is/ 2, knowledge of
the amplitude has no cffect on the position estimation. As o decreases, the position estimation error

increases.

4.0 The CRB When Sampling Above the Edge Nyquist Rate

In genera the CRB will be dependent on the sampling positions relative to 6 because at low sam-
pling rates the values of || d9||2, || s9H2 and d:se are dependent on the sampling positionsrelative to the
edge position. This will cause the CRB to fluctuate with a periodicity equal to the sampling period. How-
ever, we will show that the CRB can be approximated by a sampling point independent expression under
the conditions that the sampling rate is sufficiently high and the edge is contained within the observation

window.



4.1 Assumptions

If an edge is contained within the window of observation, it must have finite duration and therefore
it must have infinite bandwidth. Although it is possible to define an edge so that it has infinite duration (for
example the Gaussian edge used in [7]), edges observed in real applications exhibit negligible change out-
sde of afinite region. Physical constraints will also keep most of the energy of the edge within a finite fre-
quency region. Thereforefor sufficiently high sampling rate the aliasing effect that occurs will be small.
We will assume that the energy of the aliasing spectrum is less than € times the energy of the edge. The
function s (t) only changes over afinite region. Therefore we will define the start of the edge as the fur-
thest right point that has all values to the left of it exactly equal to zero. The end of the edge issimilarly
defined to be the left most point that has al values to the right of it exactly equal to unity. Without loss of
generality, we will define s () such that the center of the edge is at the origin, the start of the edge occurs
at adistance of L to the left of center and the end of the edge occurs at a distance of L to the right of cen-
ter. The position of the edge 8 will be measured from half a sample past the last sample on the right of the
observation window (see Figure 1). As the edge is contained within the observation window, this will make
the position negative. The function that equals s (t) in theregion ¢ e [~Lg.L (] and is zero otherwise will

be defined as's (t) .
Figure 1. Conventions for edge position and size.
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4.2 The Equivalence of Sums and Integrals

The power theorem [10] is a generalization of Parseval’s theorem and relates inner productsin

time to those in frequency. Its continuous time form is

jh(z)g(t)*dt = jH(f)G*(f)df, (15)

where H (f) and G (f) are the Fourier transforms of two real functions h (t) and g (t) respectively. For

brevity we will adopt the bracket notation for integrals of products of functions, so that

(h,g) = jh(t)g(t)*dt (16)

and eguation (15) is equivalent to

(h, g) = (H, G) an
The discrete-time power theorem is

oo 172
Y ngl = ji{(f)é*(/)df, (18)

-1/2

where H (f)and G (f) are the discrete-time Fourier transforms of the sample sequences of h (t) and
g(#), denoted by i, and g; respectively. For sampling period 7', we define there to be “ & -small aliasing
effect” on H (f) when

oo 1/2T
] lH(f)1df<€j IREIKE (19)

1/2T -1/2T
This definition is motivated by the fact that aliasing is the sum of multiple overlapping spectrum samples.
It istherefore the areaunder the magnitude response abovef = 1/2T that determinesthe aliasing rather
than the power above f =1/2T. With sampling period T,

HO) = 7 ) +a, (L) )
where
a0, = Y H(¢-D Q1)

P=—o0, i 0



and there are identical definitionsfor G (f) . The spectrumsa,, (f) and a; (f) are the diasing spectrum.

Assuming (19) holds then

12T 12T oo ) 2
U llay(f)llzdf)S( J % |re-p .df)
12T _1/2Ti=—o,i#0
oo 2
- (2 | uHmndf)
12T
1/2T
<4¢’ . nHO .
-1/2T 22)

In the same manner from (19) we obtain

oo 1/21
([ aoia)<e ] o, @
12T -1/2T
Similarly, with E-small diasing effect on G (f)
12T ) ) 1/21 )
J o) df<4e” J IGK |I"df @4)
-12T -1/2T
and
o0 1/2T
(j HG(f)szf]<82 [ nemi’s 5)
12T -1/2T

From (1 S), (20) and (21) and a change of variables wc obtain

12T

X hl-gi=71, [ HOGT PO +HBag(h +G (Do, () +o,Dag () df. @6

-12T
and from (22), (24), (26) and the Cauchy-Schwartz inequality we obtain the inequality

oo 1]/2T 12T 1/2T
2 hgimg | H@G*@dﬁd(smz)\/ [1eore [ 1Ho1Ped. ey

-12T -1/2T -1/2T



Using (23), (25) and the Cauchy-Schwartz inequality we obtain

1 12T . JzT 12T 12T
7 JHOG (d-7 HmG*md/fdez\/ JuG I’ )11 o . e

1127 -1/2T -12T -12T

Findly, combining (27) and (28) we obtain

oo oo 1/2T 12T
Y h,.g,._;JHmc*md/1<<4e+6ez>j [lcoi’s [ 1HOIPF | e

P = —co oo -1/2T -12T
Informally, (29) impliesthat for sampling rate high enough so that thereis & -small aiasing on G (f) and
H (f) then

[=-) 1 oo
Zhigizi,JH(ﬁG*U)df+O(e). (30)

The edge is of finite duration, therefore we can assume that it is completely contained within the
observation window. If there is &-small aliasing of the derivative then, adopting the bracket notation as in
(17), weobtain

oo

|do]* = > 5" (iT-0)" = %<S',S'>(1+0(8)). 31)

[ = —oo

If there is also &-small aliasing of the derivative then

oo

d:se = 2 s(iT-90) (-s"(iT-0)) = —%((s’, 5)+0 (€) J{(s, s)(s’, ")) . (32)

[ = —o0

Applying (30) to the calculation of |56 ||2 isnot as straightforward as for H dy|| ? because thenon-
zero portion of the waveform is not contained within the window but instead is unity out to infinity on the
upside of the edge. However, because of the way the origin wasdefined in Section 4.1, reflection of the
window about the origin produces a pulse that has the same Nyquist rate as the edge and whose samples
are those of the edge repeated twice. Therefore the sum of the pulse samples squared is equal to 2|| s9|| 2
The integra of the left half of the pulse squared can be divided into two parts. The first is the integral over
the edge region. This integral is the power in s (t) . The second is the integral over the region of unit

amplitude which haslength|8]— L . Hence



el ” = %((§,§>—LS+|9|) (1+0¢(e)). (33)
Combining (31), (32) and (33) we obtain

2 - -
o] 56l” — (dgse) =7 (6787 (G5 Ly+]8) - (575)) (1+0(E)) (34)

From equations(12), (33) and (34), for &-small aliasing of the edge and its derivative and with the edge

contained within the observation window the CRB for unknown amplitude can be written as

Tor/a*
CRB = - (1+0(¢)), (35)
(s’,s") ( 1-— (~s,~s )
(S ' Sj (<S, s>_ LS + lel)

The anglea. isdefined by

2 (s, s")
e P YR () ST (36)

which definesa only in terms of the edge shape and 6. Similarly from (14) and (31) the CRB for known

amplitude can be written as

T(Sz» 2
CRB = “_—]s—,y(l+0(s)). 37)

In what follows we shall omit the ( 1+ 0 (E) ) for brevity and will say the CRB is approximately equal
whenitisequal 0 (E) .

4.3 The CRB for an Edgein Isolation

If we assume that the edge is isolated near the center of alarge observation window then |6]» Lg . We
shall also assume that the observation window is large enough so that |8)» (s, s) (Note that it is possible

for (s, s)» L if thereis significant overshoot). Thereforeit follows that
(5,5)-Lg+16| =16]. (38)
Equation reduces (35) to
Tci/ a

CRB = S (39
((s7,s)—108]" (5, 8))

10



Using the Cauchy-Schwartz inequality, (37), and |6]» (s, 5), we obtain

167 (5,5 18] (s”, )5, 5)

« (s', S') (40)
Hence
To%/ a2
CRB = YRR 41)

and the CRB for unknown amplitude becomes approximately equal to (37), the CRB for known amplitude.
Theanglea in this case is guaranteed to be close to /2 because the uncertainty about the amplitude of
the edge does not effect the position estimate, as the long tail of constant amplitude alows the amplitude to

be estimated accurately within the data window.

4.4 The CRB for an Edge Not in Isolation

For the inequality (41) to be tight, we require that the cdge isin isolation so that |6]» L¢ and
10]» (5, 5). The “ much greater than” symbol is not a practical guide to how big the observation window
should be. If the edge whose position is to be estimated is close to other features then the size of the obser-
vation window will be limited and therefore the edge may not be in isolation. To minimize computation
time, the window should be made as small as possible without effecting the accuracy of the result. There-

fore in this section we examine the effect of finite window size on the CRB. We shdl write (35) as follows

TG%-/ a°
CRB = 3= , 42)
(s, 8) (1 = (cos“a) Yy)
where
0052& = u (43)

(s, 8")(s,5)
and therefore o is the angle between 5 (t) and s’ (t) , and is only dependent on the edge shape. The term

(s, 5)
= 44
o (s,8)—Lgs+6] @




IS an edge power dependent term that is monotonically decreasing in |8] and defines the region over which
the angle o has any effect on the CRB. Both Y and a. terms are edge-shape dependent but a smple upper
bound on the CRB can be derived by noting that cos2a < 1. Therefore comparing (41) and(42), we get

“5)

(s, 8)+6] =Ly
CRB isolation <CRB<CRB isolation |6| _ LS

where CRB i .ion 1S the CRB with an infinitely large window. To guarantee that the fractional increase
in the CRB due to finite window size is lessthan 1/p, the window must extend beyond the edge by p
times the energy of the edge (this can be shown by referring to the definitions of L¢ and |6] in Figure 1).
The above result is a simple, general formula for calculating an upper bound on the CRB irrespec-
tive of the edge shape. For a given edge shape a more accurate bound can be derived. As an example, we
calculated thetermsin (42) for the ramp edge shown in Figure 2. Note that there is slope discontinuity at
the ends of the ramp edge. However, the ramp shape can be atered by an arbitrarily small amount within
an arbitrary small region about the ramp edge to obtain a continuous derivative while al quantities of inter-
est change by an arbitrarily small fraction. For the ramp edge we obtain cosa = 3/4 and
Yo =2Lg/(3|8]—L,). Thisimplies that for the ramp edge, to guarantee that the fractional increasein
the CRB due to finite window size isless than 1 /p, the window must extend beyond the edge by
(p—1/ 3) /4 times the width of theedge. So for aless than 2% increase in the CRB due to finite window

size, the window must extend past the edge by at least 12.42 times the length of the edge.

Figure 2. A ramp edge.

>
" Observation Window 0 = () here
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5.0 Maximum Likelihood Edge Estimation

The additive noise is assumed to be white Gaussian and thercfore the Maximum Likelihood (ML)
estimate is also the minimum mean-squared estimate [ 11]. For the purposes of verifying the CRB results
we can use ML as atool since ML estimation comes very close to the CRB for high SNR. We shall briefly
describe the ML estimation method for the problem at hand.

5.1 Maximum Likelihood for Unknown Amplitude
The minimum mean-squared error estimates are the values 8 and & that minimize the function

f(8, a) = |x— asq|’. (46)

Because this function is quadratic in a, there is a closed form solution for a given 6:

ES
A Sg X
a= 5 - @7
R
Substituting (47) back into (46) gives
SoSq ; SoSe
f(8) = (—“9 i )x = x* (1—‘-6—?2]x, 48)
isdf ]

where [ is the identity matrix. The ML estimate 8 i's therefore the minimum of a nonlinear, scalar function.
Minimization can be performed using Newton’s method [ 12]. As x is independent of 6, minimizing f( 6)

IS equivaent to maximizing the function

2

7(6) (sng
= 49)
Iis4

which can be done to the nearest sample by standard correlation.

We now present a comparison of the ML mean-squared error versus the CRB for edge position
estimation. Estimation of the ML mean-squared error is obtained by averaging the estimation error of 9000
simulation runs of a ML estimator. The ramp edge shown in Figure 2 was simulated with sampling period
T equal to 1, the half edge width L equal to 10, the amplitude a equal to 1 and the noise power 0% equal
to 0.0001. An example of this edge is shown in Figure 3. The small aliasing condition of Section 4.2 holds

13



in this case with the power in the aliasing being less than —50dB compared to the signal power in the

sampling bandwidth. The CRB for the ramp edge in Figure 2 can be shown to be

To%/ a2
CRB = . (50)

ramp 1 , 3LS
2L ( ~2(36| - Ly) )

For the ramp edge in Figure 3 the CRB becomes

-3
2x10

1'3|e|—10

Figure 3. Ramp Edge with noise used in the numerical example.
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To perform the ML estimation, it was first assumed that the cost function (48) was minimized using a mod-
ified Newton’s method similar to that described in [ 13]. The details of this algorithm are given in Appendix
A. The resulting ML mean-squared error is plotted for varying edge position 6 in Figure 4. Notice that the
ML estimate comes close to achieving the CRB so that the CRB is a tight bound on the minimum estima-
tion error variance. The CRB decreases as the edge position moves away from the edge of the observation

window. The CRB for thisedgeinisolation isaso shown in Figure 4. The CRB can be used to make an

14



informed trade off between complexity and performance of the ML estimate. If arough estimate of the
position is obtained by some low complexity method then, using the CRB, a second window can be chosen
around this estimate that is just large enough to obtain the ML estimate at the required accuracy therefore

minimizing the computational complexity of the ML estimate.

Figure 4. ML estimation, unknown amplitude compared to the CRB ver sus edge position.
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5.2 Maximum Likelihood for Known Amplitude

If the amplitude is known then the cost function changes accordingly. From equation (46) the func-

tion to be maximized is now

£0) = x"sg 5 147 (52

which can be maximized using Newton’s method (details given in Appendix B). We repeat the experiment
from Section 5.1 for the known amplitude case with the results shown in Figure 5. The performance now
amost achieves the CRB in isolation independently of the position of the edge, as was expected. Though
the agorithm’s performance dips below the CRB at one point this well within the limits of experimenta

error.

15



Figure 5. ML estimation, known amplitude compared to the CRB versus edge position.

x10-3

2.8 |- .

2.6 - .

2.4 |- ]

22F r

18 | -

Mean squared Estimation Error

-45 -40 -35 -30 -25 -20 -15

Position of edge as defined in Figure 1

5.3 Computational Complexity of ML

In the examples presented in Sections 5.1 and 5.2 the Newton’s algorithm was iterated 10 times. In
our simulations the quadratic nature of the convergence of Newtons agorithm generally produces conver-
gence in less than 10 iterations from starting states separated from the actual position by less than 200 sam-
ples. Therefore, for our example we assume that the ML converges in 10 steps when the edge is contained
within awindow of 256 samples. Appendix A and Appendix B discuss the computational complexity of
these agorithms. For the known amplitude case, each iteration requires less than 22 multiply-accumulates
(see Appendix B) so the ML estimation completes in 220 multiply-accumulates. Standard, nearest sample
correlation requires two FFTs, one vector multiply, and a peak search. Even not counting the search this
requires 4352 multiply-accumulates for a vector of length 256 samples. Therefore ML not only provides a
more accurate estimate but also is much lower computational complexity. In order for Newton's agorithm
to converge, independently of the position, the error surface defined by (49) and (52) must have only one
local minimum. Thisis true for the case of a ramp edge and can be examined for an arbitrary edge shape by

plotting

O,y (53)
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intheregionBe | 6- 2L, 6+2L ¢} . If the error surface has several peaksthan the Newton’ salgorithm

will have to be repeated over a coarse grid of initial conditions.

6.0 Summary

The CRB isaminimum variance bound on an unbiased estimator. We applied the CRB to edge
estimation of an edge with unknown amplitude and position from discrete samples and found that the min-
imum variance in the edge position estimate is dependent on the sampling period, the SNR, the power in
the derivative of the samples, and the angle a between the edge and its derivative. The CRB istherefore
generally dependent on sampling position with respect to the edge. However, we showed that provided the
sampling rate was above the Nyquist rate of the edge, the discrete sumsin the CRB can be replaced by
integrals over the continuous-time edge shape and its derivative, which alows us to describe the CRB
without reference to the sampling position.

The angle o moves monotonically towards nt/2 as the edge moves away from the end of the
observation window on the upside of the edge, so that the CRB becomes constant and minimum when the
edge is isolated in the middle of an infinitely large observation window. For sampling above the Nyquist
rate the effect of the edge shape on the CRB of an isolated edge is constant regardless of the sampling rate
or position (equation (41)). A similar result has only been shown for continuous-time estimators of a Gaus-
sian edge (see [7]) which does not commonly occur in practice.

Practical edge position estimation agorithms use a finite window size to estimate the edge posi-
tion. We derived a bound on the increase in the CRB due to finite window size for any edge shape (equa-
tion (45)) and noted that the fractional increase in the CRB due to finite window size can be kept below a
factor of 1/p if the observation window extended by p times the edge width. These results allow design-
ers of edge position estimators to intelligently choose the observation window size to keep the computation
costs down while ensuring minimal effect of the finite window size on the estimation accuracy.

We showed by simulation that the CRB is a tight bound on the Maximum Likelihood (ML) estima-
tor for both the known and unknown amplitude cases. The ML estimator presented therefore comes very
close to the minimum possible estimation error. Despite this level of accuracy, its computational complex-
ity is very low. The known amplitude estimator was two orders of magnitude faster than standard correla

tion in the example presented.
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Appendix A- A Modified Newton’s Method for Unknown Amplitude

The cost function to be minimized for the ML estimation is from (48)

£(8) =1 rl?

where

Newton’s method [ 123 is an iterative procedure that produces asequence of estimates{8,,8,, . .

converges quadratically to6. Theiteration is

) N ACH)
Oer = 8= ——.
)
First we make some definitions.
AR )
A= 0%g
. 2
I56]
and
)
b = 5 -
15q1

Note that Ah =0 and AA = A. Thefirst derivative of A is, after some algebraic work

" *
A = —Adyb” — (Adgh™)

S0 that
£(0) = —2x AA’x

= —2x" Adgh”x

G4

(55)

.} that

(56)

G

(58)

(59

(60)

An approximation to the second derivative f* (0) is obtained by assuming that r is small, so that al

terms containing r can be deleted. Therefore
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fre)=2/"r
=2x A’Ax

=2 (r"dgb”bdy r + x"bdy Adgbx)

= 2x"bd; Adgbx. .
Rewriting (59) and (60) without A and b gives
* * *
(x" sq) (x sg) (dgsg)
—5F () = — ((x*de> - R ) ©)
|Fal |Fal
and
2 2
(x"sq) (dy s¢)
1oy = ) ey - —2 | (63)
> 2 [“al 2
|Fal |Fal

The complexity of this algorithm is not as great as it may first appear. In a digital system the ago-
rithm will search over a fine grid of points rather than a continuous line. The grid spacing will be the reso-
lution desired. There is no point in making the grid spacing smaller than about the square root of the CRB
as the system cannot achieve this resolution anyway. Suppose there are K grid points per sample. It is only
necessary to store K values of | d9||2, dy 54 and I 59]|2 (definedn Section 5.0) as these numbers will
repeat with period of one sample spacing. The power in the edge || Sq Hz isthen easily found from (33).
Because the derivative has 2L/ T nonzero values, the computational complexity of the inner product
between the derivative and the data is not a function of the size of the observation window but only
requires2L¢/T multiply-accumul ates. Because aportion of the vector sg remains constant at 1 recalcula-
tion of the inner product is not necessary in this region. A portion of s is zero and calculation of the inner
product in this region is unnecessary. If the vector is divided up into three regions, zero, one and the edge,
then the inner product in the zero region is zero, the inner product in the one region changes by the sum of
the samples between 6 c+1 and 6 4 and the inner product in the edge region requires 2L/ T multiply-
accumulates. All required values for sq and dg can be stored in K vectors of length 2L ¢/ T . Therefore,
the total number of operationsrequired for oneiterationis4.L /T multiply-accumul ates and A additions

for the inner products, where A is the integer truncation of 8, , ; —8,, and seven multiplies and three
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additions are required for the update. After the first few iterations the algorithm will get within a few sam-
ples of the answer and the value of A will be small from then on so that the computational complexity per

iteration will be dominated by the 4L¢/T multiply-accumulates.

Appendix B- A Modified Newtons M ethod for Known Amplitude

The cost function to be minimized for the ML estimator with known amplitude is from (52)

* a
£(0) = x 59‘5”39”2- 64)
Newton’smethod [ 12]is an iterative proceduredescribed in Appendix A. It remainsto find thefirst and

second derivatives of (63). This much simpler than for the unknown amplitude case. It is simple to check
that

*
An approximation to the second derivative is obtained by assuming that x — asg is small so that al terms

containing it can be deleted. Therefore
£2(8) = —2a] dy|* , (66)

S0 that

f ©® x 4 (d;Se)
F7O) " adg)* || do”

(67)

The iteration can be performed to a resolution of T/K by storing the K scalars associated with the second
term on the right-hand side of (66) and the K length 2L¢/T vectors associated with the inner product in
the first term on the right-hand side of (66). The calculation therefore requires only 2L¢/T multiply accu-
mulate operations to perform the inner product in the first term on the right-hand side of (66) and then two
additions to complete the update.
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