USING A FLOATING-POINT
MULTIPLIER™S INTERNALS
FOR HIGH-RADIX

DIVISION AND SQUARE ROOT

Eric M. Schwarz
Michael J. Flynn

Technical Report CSL-TR-93-554

January 1993

The work is supported by the IBM Resident Study Program using facilities
supported under NSF Contract No. MIP88-22961.




USING A FLOATING-POINT
MULTIPLIER™S INTERNALS
FOR HIGH-RADIX
DIVISION AND SQUARE ROOT

by
Eric M. Schwarz
Michael J. Flynn
Technical Report CSL-TR-93-554
January 1993

Computer Systems Laboratory
Departments of Electrical Engineering and Computer Science
Stanford University
Stanford, California 94305-4055

Abstract

A method for obtaining high-precision approximations of high-order arithmetic operations at low-
cost is presented in this study. Specifically, high-precision approximations of the reciproca (12
bits worst case) and square root (16 bits) operations are obtained using the internal hardware
of a floating-point multiplier without the use of look-up tables. The additional combinatorial
logic necessary is very smal due to the reuse of existing hardware. These low-cost high-precision
approximations are used by iterative algorithms to perform the operations of divison and sguare
root. The method presented also applies to several other high-order arithmetic operations. Thus,

high-radix algorithms for high-order arithmetic operations such as division and square root are
possible at low-cost.
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1 Introduction

High-radix algorithms for high-order arithmetic operations typicaly use a large look-up table imple-
mented as a ROM or PLA to store an initia approximation. The look-up table for each operation
requires a large amount of area and may need to be implemented off-chip from the arithmetic unit.
Thus, large look-up tables require a large area and possibly an off-chip delay. This study proposes
a substitute for the look-up table which only requires a smal amount of dedicated hardware and
thus easily fits on-chip with the arithmetic unit.

The proposed method expresses an approximation to a high-order operation as a partial product
array (PPA). As in binary multiplication, each element of the PPA is a Boolean element, each
column has an implied weight (base 2 positional weighted number system), and the eements are
to be summed algebraicaly. The PPA is a two dimensiona representation of the formulations. By
representing an approximation to an auxiliary operation in this form, it is easy to directly map the
array onto a multiplier. The counter tree and adder of a multiplier are reused to sum the many
Boolean eements. Thus existing hardware is used to obtain high-precision approximations.

The proposed method is based on a method by Renato Stefanelli [Ste72] and enhancements by
David Mandelbaum [Man90a, Man90b, Man91, MM91] and the authors of this study [SF91a, SF91b,
SF92a, SF92b]. Stefanelli investigated directly back-solving a multiplication’s equations to develop
equations for divison. The divison operation can be expressed as a multiplication equation with
two known variables and one unknown: Q = R/D, therefore Q x D = R, where Q the quotient
is the unknown, and D the divisor and R the dividend are known. The multiplication is then
expressed in the form of a PPA. Q is in a redundant notation and is chosen such that there is no
carry propagation between columns of the PPA. Each column forms a separate linear equation which
can be solved for a digit of the quotient. This method can be used for any operation which can be
expressed as a series of multiplications and additions. Many high-order arithmetic operations are
formulated in this manner: reciprocal [Ste72, Man90b, SF91al, division [Ste72, Man90a, Man90b,
SF91a, SFI1b], square root [Man91], log and exponential [MM91], and trigonometric operations
[SF92a, SF92b]. In the present study a refined agorithm is introduced and applied to the reciprocal
and square root, operations but also can be applied to any of these operations.

This study describes the general method for approximating a high-order arithmetic operation in
three steps: 1)deriving a PPA, 2)implementing it on an existing design of a multiplier, and 3)includ-
ing the approximation in a double-precision iterative agorithm. The first step, deriving the PPAs,
is divided into two substeps. Each substep is described in algorithm form. Algorithm 1 derives a
signed PPA! to approximate the given operation. Then algorithm 2 adapts the signed PPA onto
the unsigned PPA of a multiplier. Next, the implementation is described by first detailing the PPAs
and implementations of multipliers and then describing the necessary adjustments. The third step
of the general method is to include the approximation into an operation specific double-precision
algorithm. First, this step is detailed for the reciprocal approximation and then for the square root.
Their PPAs are described, along with their accuracies, and then double precision, iterative algo-
rithms are compared. And finally, the contributions of this study are summarized. Thus, this study
derives a PPA, shows its implementation, and then describes high-precision algorithms. This study
presents a low-cost method of performing high-radix division, square root, and other high-order
arithmetic operations on a floating-point multiplier.

'A signed PPA differs from a PPA since its Boolean elements can be signed. They can be negative or positive
instead of only positive(or unsigned), but all signs must be known a priori.
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Figure 1. Overview of Derivation of PPA Describing Approximation to an Operation

2 Derivation of the PPA

This section derives a PPA which approximates a high-order arithmetic operation. An overview of
this method is given in Figure 1. Given a high-order arithmetic operation, F'(z), a PPA is derived
which describes an approximation to the operation, F(z)¢!. The PPA produced is dependent on
the multiplier that is to be reused. In the following section, details are given of typica multiplier
implementations and the minor adjustments needed to sum the auxiliary operation’s array. The
approximation produced by the PPA can be used in iterative agorithms to produce a high-precision
result. This is illustrated in the bottom line of Figure 1. A comparison will be given between severa
iterative algorithms for double precision division and square root. This paper will show how to
produce the PPAs, how to implement them on a multiplier, and how these approximations fit into
an overdl algorithm for division and sguare root. This section shows the first step which is deriving
a PPA to superimpose on a multiplier's PPA.

The derivation of the PPA, which describes an approximation to a high-order arithmetic operation,
is accomplished by a series of steps and sizings which are iterated on to find a reasonable PPA. The
problem of finding the optimal PPA which is defined to bc the PPA that produces the smallest and
fastest implementation, and produces the minimum worst case error, is an NP-complete problem.
Therefore heuristics are used to produce a good but not necessarily optimal PPA. The agorithms
are applied for different number of bits estimated and different number of compensating €ements
until a suitable PPA is found. There are two algorithms that are applied to derive a PPA as is
shown in the top of Figure 1. Algorithm 1 approximates a high-order arithmetic operation with
equations in the form of a signed PPA. Then agorithm 2 adapts the signed PPA onto the PPA of
a given multiplier. The two agorithms are used to create an array that can be placed on top of a
given multiplier’s array. These two agorithms are repeated with different parameters to determine
i he most suitable PPA. Thus, this section describes the derivation of the PPA.



2.1 Algorithm 1. Describing an Operation as a Signed PPA

The first step in deriving a PPA is to derive a signed PPA to approximate an operation. The algo-
rithm is based on Stefanelli’'s method[Ste72] of describing division as the inverse of multiplication.
First the operation is described as a multiplication (or a series of multiplications and additions).
Then, this multiplication (or series) is expanded bit by bit into a partial product array (PPA). The
unknown operand is in a redundant notation and chosen so that the PPA is limited to have no
carry propagation between its columns. Thus, each column forms a separate linear equation which
can be back-solved for a digit of the unknown operand. The resulting formulations of severa digits
are placed into a new PPA and reduced. Then the error of this PPA is analyzed, and additional
Boolean elements are added to compensate for the worst regions of error. The steps are summarized
below:

1. Express operation as a multiplication(or series).

2. Expand multiplication(or series) into a PPA,

3. Back-Solve the PPA for digits of the unknown operand,
4. Form a new PPA and reduce, and

5. Add error compensating elements.

As an illugtration of this algorithm, these steps are described for a five bit approximation of the
reciprocal operation.

2.1.1 Express operation as a multiplicat ion( or series):

The following equation expresses the reciprocal operation as a multiplication:

Q=10/D =D x*Q=100r D +Q = 0.111--- .

Either of the last two expressions can be used, but it has been determined through simulation that
the last expression gives more accurate results.

2.1.2 Expand multiplication(or series) into a PPA:
The multiplication of step one is expanded into a binary partial product array. The divisor is
assumed to be normalized (0.5 < D < 1.0) and unsigned to simplify the formulations:

N
D = —do+ ) dix27

=1

D

N

(0.1)7 + ) di 27
5

D = (01(12(15 . -)2

and

N .
Q = ) qx27

=0



Note that D is in binary notation and @ is redundant (each ¢; is an element from the set of integers
for the reciprocal operation, but for other operations it is from the set of real numbers). Using this
notation a partial product array is formed.

0. 1 ds ds dy ds .
X qo0- 41 42 493 qa4 - -

a1 | daqy d3qy diqs dsqq - - -
43 | d2q3 | d3qs  dyqz dsq3

q2 | daqe | d3qa | daqz  dsqo

q | doqr | d3qn | daqq | dsqn -

40 | d2go | d3qo | daqo | dsqo
011 1 1 1 1

2.1.3 Back-Solve the PPA for digits of the unknown operand:

This step solves several columns of the PPA for digits of the unknown operand. Not all of the
columns are back-solved because the formulations become too complex to implement with a rea
sonable amount of hardware. In the worst case the complexity of a digit increases exponentially
for each lesser significant digit, but in practice the complexity appears to be linear[SF91b]. To
solve the PPA the quotient digits are chosen such that there are no carries between columns of
the array. This results in the columns forming separate equations as is denoted in the previous
figure by vertical lines. For this example of the algorithm, five digits of quotient are back-solved.
Thus, the first five columns form eguations which are solved to yield the following five digits of the
guotient:

o =1
s = 1-d
@2 = 1l-ds

q3 = 1—d2+2d2d3—d3—d4
qs = 1—d2d3-—-d4+2(l2d4—d5.

2.1.4 Form a new PPA and reduce:

The next step is to form a new PPA. The equations of each digit are placed in separate columns
as is shown below:

40 )] Q2 43 44
‘“d4 —ds

—ds  2dqdy

2d2 d3 —(l4

—dy —ds —dy —dids
1 1 1 1 1

Then these equations are reduced. This step of the agorithm differs from other authors methods.
This step takes advantage of both Boolean and algebraic cquivalencies. The elements in the array



are Boolean elements and their Boolean equations can be made more complex by combining severd
elements together. Each Boolean element can be implemented simply with Boolean logic gates. The
overal array represents an agebraic summing of these Boolean elements. Algebraic equivaencies
are also used. Thus, equivalencies are used to create a good balance of both notations.

The following arc some of the equivalencies [Sch89, SF'91b] used to reduce the array:

1. Algebraic Expansion: 3¢ = 2a + a (note that coefficient of 2 is implied by column weight, and
that al coefficients in the array are expanded into their binary components),

2. Algebraic Reduction: 2a — a = a,

3. Boolean Reduction: a + b — ab = a|b,

4. Boolean Reduction: a — ab = a(l — b) = ¢b and
5. Boolean Reduction: @ + b — 2ub = a & b,

where a and b are signed binary variables. The juxtaposition of two or more binary variables is
considered to be the logicd AND of these variables, “|” the logical OR, “@” the exclusive OR,
“4” addition, “—” subtraction, and “b” inversion. Many orderings can be found for using these
equivalencies (or steps of reductions). One agorithm would be to: apply the first step to the whole
array starting with the least significant columns, apply step two, apply step three, apply step four,
and then apply step five. Loop on steps two through five until no further reduction is achieved.
This is a simple algorithm with no back tracking which does produce reasonable results. Other
more complex agorithms might use a smart expansion such as expand a = 2a — a only if both new
elements, 2a and -a, can be recombined by other rules. Applying the smple algorithm to the PPA
for a five bit estimate of the reciproca yields:

40 ¢ Q2 43 Q4
ds

_ _ —(dy |d4) —dq

1 d2 (dgldg) d3 —d2(13

There has been a reduction from 15 tota elements and 5 rows in the maximum column to 8 and
3 respectively. The reduction creates a partial product array with true and complement, positive
and negative signed Boolean elements.

2.1.5 Add error compensating elements:

The approximation of the reciprocal operation using the preceding PPA has a good average number
of bits correct but has a large worst case error. From simulating the most significant 20 bits of
the divisor the average number of bits correct is determined to be 5.75 bits. The number of bits
correct is defined to be equa to the negative of the log base two error (for N bits correct there
is one integer bit and N — 1 fractional bits, where the absolute signed error is less than £2-V) 2.
Also, the worst case error is determined from simulation by using interval arithmetic. The error
is taken of an actual data point, X, and its calculated reciprocal, F(X), and also for the next
data point, X 4+ 2-5, using the same calculated reciprocal, F(X) not F(X + 2-%). The worst

2The relative error is also limited by the same amount since the function ranges from 1.0 to 2.0. Relative error
abs. error
f(z
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Figure 2: Absolute Signed Error in 5 bit Reciprocal Approximation

case error is determined to be 3.36 bits correct. Mandelbaum [Man90b] first noticed that there
is some significant regions of error and he added a PLA to store the reciproca estimate for these
regions. There is another way of reducing the error in these regions. This study suggests adding
error compensating Boolean elements to array. By having the correction in the array there is no
added latency, no specia control circuitry, and the added hardware is smal.

To determine the elements to be added, the absolute signed error (computed value minus true vaue)
is plotted versus the divisor and is shown in Figure 2.a. Severa elements can be added to the PPA
to compensate for errors. Lines have been added to the plot: the top and bottom lines are the lines
+2-4 and the middle line is 0 and the inner lines are £2-5. These lines are useful in determining
the effect of a correction term added to the columns of ¢4 and ¢s in the PPA. Many terms could be
added to reduce the error but there is a tradeoff between starting with a better approximation and
adding more correction terms. Because of this there are many possible PPAs. For this example,
two compensating elements are chosen: subtracting 2—° for_a divisor between 0.53125 and 0.5625,
and between 0.59375 and 0.625 (which can be represent by dy dsds); and adding 2—* between 0.6875
and 0.75 (dydsds). The PPA with compensating elements after applying reductions is shown below:

G qO1 q2 q3 qa
s
dydsdy
_ = (dalds)  —dy .
1 dy (dalds) d3 —dydz —dydads

This array has 10 tota elements and a maximum column height of 4. For larger arrays and larger
number of compensating elements, it is common to have recombination of some of these additional
elements. In this example there is no recombination but the maximum column only increased by
one element. The resulting error of the PPA is shown in Figure 2.b. Numericaly the average hits
correct has increased to 6.09 bits and the worst case error has improved to 3.92 bits which is an
improvement of 0.34 bits on average and 0.56 bits worst case. Thus, a significant improvement has
resulted from the addition of two elements. By adding the corrections directly to the array rather
than using a PLA, there is a savings in hardware, latency, and control.



Thus, a method has been described for expressing an approximation to a high-order arithmetic
operation as a signed PPA. The algorithm differs from other authors due to the additional equiv-
alencies used and the adding of error compensating elements. This has resulted in a small signed
PPA which describes an approximation to a high-order operation. This technique can be used for
estimating a different number of hits, or using a different number of compensating elements. Thus,
there are many PPAs that can be derived from this algorithm for the same operation.

2.2 Algorithm 2: Adapting Signed PPA to the Multipliers PPA

The next step in the derivation is to adapt the signed PPA from agorithm 1 to be unsigned and to
fit on a given multiplier's PPA. This step could be skipped if a dedicated counter tree were to be
built for each application. The counters would need to be Pezaris type counters [Pez71] to accept
signed Boolean elements. Many previous studies [SF91a, SF91b, SF92a, SF92b, Man91, MM91]
have assumed such an implementation but due to hardware costs these studies are limited to
lower precision approximations. To save hardware and alow higher precision the signed arrays are
adapted to be added on a multiplier [SF92¢]. Algorithm 2 describes the method for adaptation
which consists of three steps.

1. Complement negative elements and subtract one,
2. Sum al constant terms and add the result (two's complement if negative), and
3. Adjust array to match the multiplier.

These steps result in an array that can be mapped onto an array of a multiplier. Typical multiplier
arrays are described in the next section and this section assumes the signed PPA will fit within the
unsigned multiplier's PPA with only minor adjustments.

2.2.1 Complement negative elements and subtract one:

The first step in adapting the signed PPA to be summed on an unsigned PPA is to eliminate any
negative variables by complementing them and subtracting one from the appropriate column. The
reason this transformation is valid is because; -a = @— 1, where a is a signed Boolean dement. An
example is shown using the signed PPA of the five bit reciprocal approximation with compensation.

40 Q 02 43 a4
Before : ds
dydsdy
. _ —(dalde)  —dse

]. d2 (dzldg) $3 —d2d3 —d2 (13615
After _ds
_ _ d2d3d4
(ig (14 _ Zl_:

1 (12 ((lzldg) (13 (dzldg) ((12|d3|d5)

-1 -2 -1



2.2.2 Reduce constants:

In this step dl the constants are reduced to one row which is then added back to the array. Thus,
in the worst case one row is added to adapt a signed array to be unsigned. The constants in
the previous example are reduced: (1,0,0, -1, -2, —1)2 = (1,0, —1,0,0, —1), = (OJ, 0,1, 1,1),. If
the result was negative then the two's complement of it would be added back to the array. The
following is the result of this step:

9 ¢ q2 q3 q4
1
ds
_ 1 dydsdy
1 dy dy $4 1

&G (doll;) & (dolds) (ds]dalds)

2.2.3 Adjust array to match the multiplier:

This step changes the shape, or aspect ratio, of the application’s array to be similar to the mul-
tiplier's array by minor modifications. Two types of modifications that are commonly used are:
1)shifting the application’s array to be superimposed on a different set of columns of the multiplier's
array, and 2)shifting specific elements in oversized columns of the application’s array to lesser signif-
icant columns and replicating them. The first modification is concerned with the positioning of the
superimposed array. Column one of the application’s array can be shifted to be superimposed on
any column of the multiplier array. The second modification is a minor adjustment of one element
rather than the whole array. An element can be shifted to a lesser significant column given that
it is replicated the appropriate amount. If the element is moved to next less significant column it
must be replicated twice due to the equivalency: a = a/2 + «/2 where the fractional constant is
implied by the column weight. Thus, there are two methods of adjustment presented that perform
a coarse or fine adjustment of the application's array.

For the example of the five bit reciprocal estimate the column heights are (2,1, 3,5,2). Assume
that it is to be adapted to a non-Booth multiplier which has column heights which increase linearly
(e (1,2,3,4,5,6,---)). Then the first method of modification can be used to sum the reciproca
array on the non-Booth multiplier. By method one, the first column with two elements would be
matched with the second column of the multiplier. There is no need to then apply fine adjustments
to the array. None of the other columns exceed the multiplier’s column heights (2 < 2, 1< 3, 3<
4,5 < 5, and 2 < 6). If the column with five elements had instead had six elements then the
constant term “1” could be moved and replicated twice in the next less significant column. For this
example, only a proper shifting of the whole array is needed to adapt the array to a non-Booth
multiplier.

Thus, the three steps of agorithm 2 are easy to implement and result in an array that has at most
one extra row. By applying agorithm 1 and agorithm 2 for different number of bits approximated
and different number of compensating elements a variety of PPAs can be derived. The fina PPA
chosen should fit within the constraints of the given multiplier and produce a reasonable approxi-
mation of the high-order operation desired. Thus, a method has been presented for deriving PPAs
which describe an approximation to an arithmetic operation and which can be superimposed on a
given multiplier's array.



3 Implementation: Reusing a Multiplier

To create a low-cost high-precision approximation to an operation a large amount of hardware needs
to be reused from an existing design. In this study, a floating-point multiplier is reused to sum
the Boolean elements of the PPA which describes an approximation to an operation. Hardware
could be dedicated to the auxiliary operation but these operations are not executed frequently
enough to merit this expense. Floating-point multiplication is a frequent operation. Thus, it is
common to implement a full direct multiplication’s PPA in one iteration. These other operations
aso can benefit from having a large counter tree and adder. Thus, this study suggests reusing a
floating-point multiplier's counter tree and adder to sum the PPA of auxiliary operations.

This section describes typical multipliers, their PPAs, their dataflow, and how to adapt them
to sum an auxiliary operation’s PPA. In particular, floating point multipliers are considered for
adaptation since their PPAs are usually bigger than fixed point multipliers. This study assumes
the floating point multiplier to be adapted uses double precision |IEEE 754 standard [IEEES5].
Adapting multipliers that use other standards is possible and the IEEE standard multiplier is
shown as an example. In genera a floating-point multiplier has a sign, exponent, and a magnitude
unit. The magnitude unit is by far the largest of the three units and it is the only one discussed in
this study. Thus, this study is limited to discussing double precision floating point multipliers that
use |IEEE 754 standard.

Multipliers can be divided into two types: non-Booth or Booth [Boo51] multipliers. Each type
will be discussed separately. Their PPAs differ in the number of partia products, non-Booth
having twice as many as a Booth scheme for the same width multiplier. The Booth scheme has
signed partial products and uses hardware to encode sign extensions and hot ones. The non-Booth
multiplier has unsigned partial products. If the sign extension encoding and hot one encoding
hardware of a Booth multiplier are not reused then both PPAs can be considered to be unsigned.
Their PPAs differ only in size and shape. Their implementations are dightly different. They both
have a counter tree and adder but the Booth multiplier has a longer latency prior to the counter
tree. This delay can have some effect on how the auxiliary operation’s PPA is adapted to the
multiplier. These dlight differences will be noted but they do have many similarities. The basic
method of adaptation is to multiplex the auxiliary operation’s PPA into the multiplier’s counter
tree. Thus the PPAs, dataflows, and additional hardware for adaptation will be shown for both
types of multipliers.

3.1 Non-Booth Multipliers

A non-Booth multiplier performs a direct multiplication. Each bit of one operand, the multiplier,
is multiplied by the multiplicand and determines one partial product row. The partial product is
equal to zero if the corresponding bit of the multiplier is zero, and is equa to the multiplicand if the
bit is a one. For IEEE 754 standard, double precision operands are 53 bits. Thus, the corresponding
PPA consists of 53 partia products of 53 bits as shown in Figure 3. This is a very large PPA. For
this reason it is the most desirable PPA for a large auxiliary operation’s PPA. Thus, an auxiliary
operation is limited to a column height of 53 elements for this type of multiplier.

The dataflow is shown in Figure 4. Only the magnitude unit of the multiplier is shown in the
figure. It consists of three parts. 1) Boolean element creator, 2) counter tree, and 3) adder. The
counter tree and adder are reused by the auxiliary operations. To do this, a multiplexor is placed
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in front of the counter tree. The multiplier's PPA or any auxiliary operation’s PPA can be selected
to be summed on the counter tree and adder. Each auxiliary operation requires a Boolean element
creator which calculates each element in their PPA. Each of these Boolean element creators is very
small in comparison to the counter tree and adder. This saves a substantial amount of hardware
by reusng the hardware of the multiplier. The only disadvantage is that the latency will increase
dightly since a multiplexor is added to the path, and there might be a small delay due to differences
in the latency of the Boolean element creators. Thus, the changes to the multiplier are minor in
terms of latency and amount of hardware.

The adaptation to a non-Booth multiplier is very simple. A multiplexor is added above the counter
tree, and Boolean element creators are added for each auxiliary operation. Typically the auxiliary
operation’s PPA is much smaller than the multiplier's PPA. The multiplexor only needs to be
implemented for each bit of the auxiliary operation’s PPA, since the operands of the multiplier can
be set to zero causing any unused elements to be zero. The number of gates needed is one to create
a Boolean element and one to multiplex it, for each bit in the auxiliary operation’s PPA. There is a
dight increase in the latency of the multiplier but there is a substantial savings in hardware versus
implementing separate counter trees for each auxiliary operation. The non-Booth multiplier has a
very large PPA which can accommodate very large applications with up to 53 rows of elements.

3.2 Booth Multipliers

The Booth multiplier has a smaller PPA than a non-Booth. Several bits of one of the operands
are scanned for each partia product row. Typicaly two bits are recoded into one partial product
which decreases the number of rows by half. This is shown in Figure 5. There are 27 rows of 54
bits each neglecting the sign and hot-one encoding (for more details see [Mac61, Hwa79, WF82,
VSHB89, VSS91]). To directly use the PPA of this multiplier the auxiliary operation’'s PPA must
have less than 28 rows. This is much smaller than the non-Booth PPA and therefore the precision
of the approximation is smaller than for a non-Booth multiplier.

The dataflow of the Booth multiplier is shown in Figure 6. Since each partid product is created
by scanning severa bits, there are extra stages of hardware needed prior to the counter tree. The
three stages are: |)Booth decode, 2)Booth multiplexing, and 3)inversion. The Booth decoder scans
three bits with one bit as overlap per partial product. It determines whether to form two times,
one times, or zero times the multiplicand, and also whether the row should be negative or positive.
This involves in the worst case delay the latency of a 3 by 2 AND-OR gate (3 way ANDs followed by
a 2 way OR gate). The second stage is multiplexing the different multiples of the multiplicand and
requires a 2 by 2 AND-OR gate per bit. The third stage is an inversion (or one's complementing) if
the partial product is negative. This is implemented as an exclusive-OR gate for each bit. Thus the
latency of the Booth multiplier prior to the counter tree is longer than the non-Booth muiltiplier.
This alows the possibility of adding a counter stage into the path of an auxiliary operation. If
one 3/2 counter stage is added then the auxiliary operation can have a PPA of 40 rows maximum
rather than 27. For small arrays with only a few number of large columns this would be good
solution. A Dadda scheme [Dad65]of counters would reduce the hardware requirements by only
placing counters in the columns that exceed the constraints of the multiplier's PPA. For larger
arrays the hardware cost may be too great. Thus, two datapaths are shown in Figure 6 depending
on whether counter stages are added prior to the counter tree or if the Boolean element creators
feed directly into the multiplexor before the counter tree. Note that depending on the path lengths,
there can be premultiplexing of the auxiliary operations prior to the multiplexor before the counter
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Figure 6: Implementation Using Booth Multiplier

tree. Thus, a Booth multiplier has a longer latency prior to counter tree which can aid in the design
of the auxiliary operation, but the PPA is smaler than that of a non-Booth multiplier.

The basic method of adapting an auxiliary operation's PPA to that of a multiplier is to limit the
PPA’s size and shape to the multiplier's constraints. The non-Booth multiplier for double precision
IEEE notation has 53 rows and the Booth multiplier has 27 rows. It might be possible to add more
counters to the Booth multiplier without affecting the latency. This would increase the maximum
number of rows to 40 for a Booth multiplier. The overall adjustment to either multiplier is to
create the eements in each PPA with a separate Boolean element creator and then multiplex the
different elements into the counter tree. Note that the auxiliary operations will then have the same
properties as the multiplier. If the multiplier is pipelined then the approximations are pipelined.

They aso have the same latency as the multiplier. Thus, a multiplier easily can be adapted to sum
the eements of another operation’s PPA.
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4 Results of Reciprocal Approximation

The general method of deriving a. PPA for a given arithmetic operation has been shown along with
how to adapt a multiplier to sum this PPA. The derivation used an example of a five bit reciproca
approximation. Its PPA is very small; the maximum column height is 5 and the total number of
eements is 13. A non-Booth multiplier is able to sum a PPA with a maximum column height of
53 and a total number of 2809 elements, and a Booth multiplier can sum 27 rows and a total of
1458 dements. Thus, a larger estimate of the reciprocal operation is easily possible.

Deriving a PPA for the reciprocal operation which provides a reasonable approximation and fits on
a multiplier, requires many sizings and simulations. This process can be divided into four steps:

1. Derivation of formulas,
2. Initid sizings,

3. Error compensation, and
4. Final array.

Step one involves deriving the initia formulations of the operation. This already has been shown for
the reciproca operation. Step two sizes several PPAs for different number of bit approximations and
decides on the biggest PPA that will fit in a given multiplier. Step three adds error compensating
elements to the array. And, step four presents the final array which can be summed by a given
multiplier.

Many PPAs are designed in the process of choosing a PPA to implement. There are two parameters
which can be changed in the design: the number of bits to approximate, and the number of
compensating elements to add. Step two performs rough sizings without adding any compensating
elements (algorithm 1, step 5) and without using expansions of worst case columns (algorithm 2,
step 3). A 16 hit estimate of the reciproca requires 49 rows and a 17 bit estimate requires 64 rows.
Assuming a non-Booth multiplier is to be used in the implementation, 53 rows are available. For
this study a 17 bit approximation of the reciprocal is chosen. Expansions of the worst case columns
can bring the PPA to under 53 rows and this alows some space to add elements to compensate for
error.

The next step is to add error compensating elements until the usable eements in the multiplier's
PPA are filled. The first step in adding compensating elements is to determine the error. The 17
bit PPA from step two has an average of 14.58 bits correct and has a worst case of 7.91 bits correct.
The absolute signed error is plotted in Figure 7.a. Notice that the worst case error is restricted to a
small region between a divisor of 0.80 and 0.90. If this region didn't exist the worst case error would
be better than 10 bits correct. Mandelbaum [Man90b] used a PLA to store the reciproca estimate
in this region. This study adds elements to the PPA to correct for this error. Many dements can
be added to reduce the error. After this region is improved, the error of the new PPA is plotted
and new compensating elements are added. This continues until there is no space in the PPA to
add new elements due to the constraints of the multiplier's PPA. The total number of elements
in the PPA without compensating elements is 343 and with compensating elements and adjusting
to be unsigned is 484. The error of the array with compensating elements is 15.18 hits correct on
average (20 bit simulation) and has a worst case of 12.003 bits correct. A plot of the error of the
PPA with compensating elements is given in Figure 7.b. The axis is the same scale as Figure 7.a to
give a direct comparison of the error. The worst case error has been reduced by over 4 bits and the
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Figure 7. Absolute Signed Error of 17-bit Reciprocal Approximation

average error has improved dightly. A more interesting plot is given in Figure 8 which shows the
minimum bits correct versus the divisor. This shows that many more compensating elements would
need to be added to gain another bit or two of minimum bits correct. Thus, 12 bits correct appears
to be the limit on the worst case error for a 53 by 53 bit partia product array implementation.

The last step is forming the final array. The shape of the array is shown in Figure 9. Z's indicate
Boolean variables and I's indicate the known constant one. The outline of a non-Booth multiplier's
PPA is shown around the reciproca’s PPA. The reciprocal’s PPA does not use the whole PPA. Less
than 20% of the array is used. The array is restricted by the maximum number of rows. The worst
case error (both relative and absolute) is approximately 2 =12 which causes any new compensating
elements to be added to column 13 and 14 which are completely full. Thus, no more significant
compensating elements can be added to the array. The eguations of each column of this PPA are
given in Appendix A.1. Thus, a PPA has been created for the reciprocal operation which can fit
on a non-Booth multiplier and has a reasonable accuracy of more than 12 bits correct (one integer
bit and eleven fractiona hits).

The same type of derivation can be done for a Booth multiplier implementation. The equations of
the PPA are given in Appendix A.2. For the Booth multiplier implementation only 27 rows were
used to give a PPA with 175 elements. The approximation produced by this PPA has 12.71 bits
correct on average and 9.17 bits in the worst case. This approximation requires the same number
of iterations as the non-Booth PPA for a quadratically converging agorithm. Since,

9= 18 = 36 = 53 + bits

12 = 24 = 48 = 53 + bits.

Thus, either approximation can be used with a quadratically converging agorithm for division but
the non-Booth PPA is preferred for a constantly converging algorithm. Note that the Booth PPA
is smaler and can be superimposed on either multiplier if only a small precison approximation
is needed. The following section details the double-precision algorithms for division using the
non-Booth PPA but easily can be compared for the Booth PPA.
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5 Algorithms for High Precision Division Using a Reciprocal
Approximation

The reciprocal estimate given by the PPA described in the previous section can be combined with
several algorithms to perform a high precision division operation. This section highlights some of
these algorithms and gives a rough comparison between the algorithms. Each agorithm will be
presented, giving details of the steps and the latency. The latency to calculate the quotient and
the remainder will be given. In some implementations only the quotient is needed and in others
which require proper rounding the remainder is necessary. Also, internal recursion methods will
be discussed but not compared. The following are the algorithms to be present cd and a dagger(i)
denotes agorithms to be compared.

1. Newton-Raphson then multiplyt,
2. Goldschmidt algorithmf,

3. Newton-Raphson then SRTf,

4. High-radix SRTf,

5. Modified high-radix SRT{,

6. Prescde SRTY, and

7. Internal recursion.

The reciprocad approximation is assumed to be implemented on a non-Booth multiplier and provides
a least 12 bits of accuracy (one integer bit and eleven bits of fraction).

5.1 Newton-Raphson then multiply

The Newton-Raphson algorithm is commonly used if only the quotient is needed without proper
rounding. It can be used with or without an initial approximation. The algorithm converges
quadratically. It has been detailed in many places [Fly70, FS89, WF82]. Basicaly this agorithm
computes a reciprocal to a high accuracy and then the result is multiplied by the dividend to
produce the quotient. If a remainder is needed, the quotient is multiplied by the divisor and
subtracted from dividend. The agorithm is shown below:

For. @ = N/D
initialize :
Xo = 1/D
iterate :
Xi+1 = Xi*(Z—D*.Y,‘)
final :
Q = Xiast x N
R = N-(QxD)

An interesting implementation of this algorithm used a lookup table accurate to 2-1442 which
required a 32k by 16 bit ROM [FS89]. The 17-bit PPA of this study provides a 12 bit approximation

16



and requires 3 iterations for a 53 bit result (12 = 24 = 48 = 53+). Each iteration requires 2
multiplications and a two’'s complement operation. If only the quotient is needed then one additional
multiply is required but if the remainder is aso needed then an additional two multiplications and
a subtraction are needed. Thus, a total of 7 multiplications and 3 two's complement operations are
needed for the quotient. To calculate both the quotient and remainder 8 multiplications, 3 two’s
complement, and 1 subtraction are required. Note that none of these operations can be performed
in parald.

5.2 Goldschmidt algorithm

This algorithm was studied by Goldschmidt [Gol64] and implemented on the IBM 360 model 91
[AEGP67]. T his method is an extension to prescaling [Kri70a] which will be detailed later. The
basic method is to multiply the numerator, N, and denominator, D, by an approximation of the
reciprocal of the denominator. The denominator approaches one and the numerator approaches
the quotient. The agorithm is shown below:

Forr Q = N/D
initialize :
Xo = 1/D
Do = D=x*Xg
No = N % X,
iterate :
Xes1 = DY
Niyi = Ne x X
Dryr = DpxXppr
final :
Q = Niast
R = N-(Q«+D)

An overline indicates a two's complement operation and a superscript tr indicates truncation. This
algorithm aso converges quadratically but has the advantage that some of the operations can be
executed in paralel. For a 12 hit approximation of the reciproca the quotient can be calculated
in 7 multiplications and 3 two's complement operations and the remainder requires an additional
multiplication and subtraction. If the multiplier has a throughput of one operation per cycle and
a latency of two cycles, and the adder has a latency of one cycle, then the following is a timing
diagram:
Cycles:| O| 1| 2| 3| 4| 5| 6| 7| 8| 9

X's: Xo
D%: Do | Do | Dy | Dy | Dy | Dy
N%: No No N1 N1 N2 N2 N3 N3

The diagram indicates which variables: are being calculated in a given cycle. Note that a D and
an N can be in the multiplier at the same time executing in paralel. This saves time over a
Newton-Raphson scheme if the multiplier can be pipelined.
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5.3 Newton-Raphson then SRT

Another interesting alternative is to use a hybrid of schemes. Matula [Mat91, BM91] has sug-
gested combining a Newton-Raphson algorithm with a SRT [Rob58, Toc58] or high-radix non-
restoring agorithm. This algorithm is used by Cyrix coprocessors. Be used two iterations of the
Newton-Raphson algorithm to get a 17 bit approximation of the reciprocal with two guard bits
(4.75 = 9.5 => 17 + 2) and then used a high-radix SRT agorithm to iterate 4 times. A similar
agorithm has been implemented on the IBM RS/6000 [Mar90]. The major differences between the
two implementations are that Matula optimized for small multipliers and the RS/6000 optimized
for double precision multiply-add operations. The genera algorithm is shown below:

For: Q = N/D

initialize :
Xo ~ 1/D
No = N
Qo = 0
NR iterate :
X,‘+1 = X,'*(Z— D*X;)
SRT iterate :
k+1 = N * Xigo
Qkt1 = Qk +aqrsr1 %27
N1 = (Np—quyr# D) %28
final :
Q = Qlast
R = Niust

If this type of agorithm is used with an initia 12 hit estimate then there are two possible com-
binations. The first is to iterate twice with the Newton-Raphson and then once with the SRT
algorithm, and the second is to iterate once on the Newton-Raphson algorithm and twice on the
SRT algorithm. Newton-Raphson converges quadratically and the SRT converges constantly. The
Newton-Raphson requires 2 multiplications and a two's complement operation each iteration, and
the SRT requires a startup penalty of a multiply and an add, and a delay each iteration of two
multiplications and an add. Thus, the first method requires 7 multiplications, 2 additions, and 2
two's complement for the quotient and the second method requires 7 multiplications, 3 additions,
and 1 two's complement operation. Both require an additional multiply delay for the remainder to
be calculated. An interesting aspect of this method is that the size of the multiplier required can
be rectangular (i.e. W by L bits, where W << L).

5.4 High-radix SRT using reciprocal approximation

Another algorithm implemented recently is a high-radix SRT agorithm which uses a large recip-
rocal approximation. This algorithm has been implemented on the IBM ES9121[SV91]. A small
multiplier also can be used for this method. The following is the agorithm:

Forr Q = N/D
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initialize :

x =~ 1/D

Ry, = N

Q =0
iterate :

Q1 = (X xR
Qk+1 = Qkt Q41
Riyr = Rp—Gepr1x D

final :
Q = Qlast
R = Rigst

Each iteration requires two multiplications and an addition of latency, and there is a startup delay
of one multiplication and one addition. The accumulation of the quotient is assumed to be executed
in paralel. For a 12 hit approximation of the reciprocal, four iterations are necessary. The latency
of the quotient requires 9 multiplications and 5 additions and the remainder 10 multiplications and
5 additions. None of these multiplications can be executed in paraléd.

5.5 Modified high-radix SRT using reciprocal approximation

An interesting aternative to the high-radix SRT agorithm is an agorithm suggested by the authors
of this paper. The algorithm resembles a series expansion algorithm (I/D = X * (1 + Y + Y 2 +
Y3 +...)) more than the SRT agorithm. Also it resembles the first steps of a Newton-Raphson
algorithm [Mar90]. The algorithm is derived using the high-radix SRT equations assuming that
the quotient estimate, ¢4y, is not truncated. The following is the derivation:

For Q = N/D
qre1 = X ¥ Ry instead of (X % RY)™

Qr+1 = Qr + @41
Qi1 = Qi+ X *Ry

k
Qk+1 = X*ZRi
1=0

k
Qet1/X = DY R
=0

Let Sk+1 = Qk+1/X
Sk+1 = Sk+Rk

Riyv = Ry —qp1 %D
Repyv = Rp—(RpxX)+D
Riy1 = Rip+x(1-XxD)
Let Y = (1-X+*D)
Rryr = RipxY
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The latency per iteration of two multiplications and one addition has been replaced by only one
multiplication. The disadvantage of this algorithm is that all the multiplications involve very wide
operands (53 plus severa guard hits). The following is the modified high-radix SRT agorithm:

initialize :
X =~ 1/D
Y = (1-X=xD)
So = 0
Ry = N
iterate :

Riyr = Rp+Y
Sk+1 = Sk + Ri
final :
Q = Stast * X
R = N-Q=+D

These modified formulations require a startup latency of a multiplication and an addition, a mul-
tiplication delay each iteration, and a multiplication at the end to produce the quotient. Another
multiplication and addition are needed to compute the remainder. At first glance it appears that
the remainder is equal to R,,s; but this quantity has too much error to be usable. For a 12 bit
approximation of the reciprocal, the quotient can be calculated in 6 multiplications and 2 addi-
tions. This is comparable to the fastest of the previous agorithms but does require large multipliers
throughout the whole process. Thus, this algorithm is an interesting alternative algorithm.

5.6 Prescale SRT

Prescaling operands for division to provide a simple to compute quotient estimate has been detailed
by several authors: Svoboda [Svo63], Krishnamurthy[Kri70b], and Ercegovac[EL89, EL90]. An
approximate reciprocal can be used to scale the dividend and divisor so that the new divisor is
close to one. In this case the quotient can be estimated to be the most significant bits of the new
dividend. This prescaling is combined into a SRT algorithm to get a high-radix algorithm with
simple selection of the quotient estimate. The following is the agorithm:

For : Q = N/D

initialize :
Xo ~ 1/D
Dy = D#*Xy
No = N=x*X,
iterate :
Qi1 = (V)T
Qk+1 = Qr t Qs
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Nkt1 = N —qry1 Do
final :

Q = Qlast
R = N-@Qx«D

Two multiplications are needed to prescale the operands and then a multiply and addition are
needed each iteration. The quotient digit selected each iteration is just a truncation of the most
significant digits of the partia remainder (or dividend, N). Using a 12 bit approximation to the
reciprocal, the latency of a 53 hit quotient is 6 multiplications and 5 additions. The remainder
requires another multiplication and addition. Thus this method requires less multiplications than
the other methods but requires more additions.

5.7 Internal recursion

There are many other agorithms for high-radix division. In this section a brief description is given
of research into high-precision agorithms specifically designed for the approximations created by
the PPAs. Two methods are considered in this section: using extra look-up tables and iterating on
the multiplier. Both these methods will be discussed prior to comparing al the previous suggested
algorithms.

5.7.1 Extra look-up tables

The proposed method creates an approximation of the reciproca with a small amount of dedicated
hardware. There are some other interesting alternatives. One alternative is to use many small
look-up tables to form the approximation. The method is based on expanding a Taylor series and
using several terms rather than just one. The method has been studied by Farmwald[Far81] and
Wong[WF91, WF92]. This is an interesting method of reducing the required size of the look-up
tables.

Some ideas from this method appear to be applicable to the proposed method. That by adding a
small look-up table the approximations can be enhanced. This is true in general but the look-up
table can not just be several additional terms in the Taylor series. The look-up table would have to
store the error of the approximations. This is equivalent to having additional error compensating
elements. Adding more compensating elements is a fine adjustment rather than a coarse adjustment
such as estimating more bits of the operation. Thus, this aternative is interesting to study if only
a smal amount of enhancement of the present formulations is necessary.

5.7.2 Iterating on the multiplier

The previous method suggests a way to have additional error compensating elements. This idea
along with finding a way to iterate on the present estimate, can be implemented by recursing on the
multiplier. This is caled interna recursion of the Stefanelli algorithm. These two ideas. recursing
to add more correction terms, or back-solving additional quotient digits each iteration are detailed.
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Adding more compensating elements: The first idea of adding more correction terms easly
can be done by feeding back the approximation into the carry save adder tree and then adding
error compensating elements. A second PPA would need to be designed with one row reserved for
the previous quotient estimate. This is an interesting method of extending the algorithm to have a
larger PPA. This method not only allows simple additive compensating elements to be added but
aso alows multiplicative corrections. The first approximation can be treated as a variable or set of
Boolean variables which can be multiplied by other Boolean elements. This alows many possible
types of corrections to the present method’'s approximation. Currently, the added accuracy of this
type of correction is not enough to justify the latency of another pass through the multiplier.

Back-solving more quotient digits: The other possibility is to combine the recursion into
the approximation algorithm. This has been shown for a division approximation but not for a
reciprocal approximation [SF91b]. A non-restoring division can have its quotient approximated
by a PPA and have the next remainder directly determined from another PPA. The PPA for the
next remainder forms a rectangular shape rather than a triangle. The remainder’'s PPA can be a
completely filled rectangle of 30 rows by 53 columns. It does not map easily onto the parallelogram
shape of a multiplier's PPA. Though, for small radices this PPA may fit in the center of the
multiplier’s array. If this PPA is implementable the latency per iteration is one multiplication.
The disadvantage is that only small radices are possible and the algorithm converges constantly
rather than quadratically. Thus, it is an interesting algorithm but presently not competitive with
the other agorithms presented (see [SF91b] for more details).

Thus high-radix algorithms for division have been discussed showing several algorithms. Most
of these were general algorithms for any method of approximation. The last methods focused
on enhancing the specific approximations given by the PPAs derived in this paper. Currently
these agorithms appear to not converge as fast as generic agorithms. They require an additiona
pass through the multiplier to add another PPA full of compensating elements. Thus, at this
point in the study of these algorithms, generic high-radix algorithms for divison are suggested for
implementation, and will be compared.

5.8 Comparison

Algorithms for high-radix division using a reciprocal approximation have been presented and severa
are compared in Table 1. The table lists the algorithm’s name, whether operations other than
accumulating the quotient can bc executed in paralel, the latency of the quotient and remainder,
and the size of the multiplications. The latency is divided into the number of multiplications,
additions, and two's complement operations in the worst case path. Total cycles are given for two
types of implementations. The first implementation assumes a two cycle multiply, a one cycle add,
and a zero cycle two's complement. The second implementation assumes the same add latency but a
short multiplication (such as less than 20 bits by 53 bits) takes two cycles and a long multiplication
requires three cycles. The cycles of implementation 1 arc given first and then implementation 2.
The latency does not include the delay of the reciproca approximation which is equivaent to the
latency of the long multiplication. Also, all these algorithms assume the approximation is 12 bits.

The table shows that the Goldschmidt algorithm appears to be the fastest method. A major
factor which influences the latency of actual implementations is the difference in the size of the
multiplications. A small width multiplication can have a lower latency than a large width multi-

22



Algorithm Parall- Quotignt Latengy Remainfder Lateffcy Multiplier
elism || Mult | Add [Two’s Cycles Mult | Add [Two s Cycles
Comp 1 2 Comp 1 2
Newton-Raphson/mult No 7 0 3 14 20 8 1 3 17 24 Varies
Goldschmidt Yes 7 0 3 9 13 8 1 3 12 17 Varies
RNewton-Raphson/1SRT No 7 2 2 16 22 8 2 2 18 25 Varies
1Newton-Raphson/2SRT No 7 3 1 17 23 8 3 1 19 26 Rect.
High-Radix SRT No 9 5 0 23 23 10 5 1 25 25 Rect.
Modified High-Radix SRT No 6 2 0 14 20 7 3 0 17 24 Large
Prescale SRT No 6 5 0 17 17 7 6 0 20 21 Rect.

Table 1: Comparison of Algorithms for Division

plication. Implementation 2 captures some of the effects of multiplier latency differences. It can
not completely capture a well adapted implementation, but it does give a rough comparison. The
Goldschmidt agorithm gives the lowest number of cycles for either of the implementations because
of its paralelism and varying size multiplications. Another interesting quantity to compare is the
latency per iteration. For quadratically converging agorithms the Goldschmidt agorithm is again
the fastest. Two multiplications are executed in paralel giving a delay per iteration of one mul-
tiplication. For the constantly converging algorithms the modified high-radix SRT algorithm is
fastest since it requires only one multiplication per iteration. Thus, a variety of algorithms have
been compared.

There are many algorithms which can use the reciprocal approximation presented in this paper
for a high-precision division. All the algorithms are very fast and the fastest appears to be the
Goldschmidt algorithm. Though this varies depending on the type of multiplier available. Thus,
this study has derived a PPA which approximates the reciprocal operation and has shown its use
in a high level agorithm for division.

6 Results of Square Root Approximation

Two different square root approximations are described in this section: the square root, and the
reciprocal of the square root. These approximations can be used in a high-precision algorithms
for the sguare root operation as will be shown in the next section. In this section the four steps
of finding an appropriate PPA are discussed. The steps are: the derivation of formulas, initial
sizings, error compensation, and the fina array. Emphasis is given to the derivation and discussing
properties of the fina array.

6.1 Approximating Square Root

The derivation of the formulas for the square root operation are very similar to the derivation for
the reciprocal operation. The operand is assumed to be normalized. Though the normalization is
different: 0.25 < A < 0.5 and the exponent is assumed to be even. The new exponent is assumed
to be caculated elsewhere in hardware (equal to approximately haf the original). If the exponent
is odd, the square root of two must be multiplied by the result’s magnitude.

A = Ax9°
AVZ = AY2  2¢/2 epen e
A2 5 21/2 y o(e=1)/2 Haq ¢
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Thus, this study solves directly for the square root of operands which are normalized within this

range and have even exponents, but an additional multiplication by the square root of two is needed
for odd exponents.

The derivation proceeds using algorithm 1.

1. Express square root as a multiplication:

ap = 0,&1:0,(1221

A = ay%2%+azx273+...
025 < A < 05

Q = @21+ gx270+. .
0.5 <Q < 1/vV2=10.707--

A = @

2. Expand multiplication into a PPA:

Q1 q2 qs3 g-i
X 0 .q1 q2 q3 q4
N1qs Q294 Q394
Q193 9293 4393 4443
4142 9292 9392 Q4442
4141 @201 @31 q4qy
1 a a4 as

3. Back-solve the PPA:
@ =1; 2 = a3/2; q3 = a4/2 - az/8;

4. Form a new PPA and reduce

Note that there are severa fractiona terms in this derivation. Since the fractions are powers
of two, they can easily be represented. For other operations which produce fractions that
are not powers of two, a minimal redundant binary notation (with —1,0, +1) is used. The

fraction is rounded to a given number of bits (usually to the end of the PPA) and represented
in this notation.

aQa 92 q3
1 0 a3 a4 0 —ag
5. Add error compensating elements:

This step is skipped until some sizings for different number of bits approximated are compared.

Prior to adding error compensating elements several sizings are done. A 19 bit approximation
is chosen because its PPA exceeds 53 rows by a smal amount. This approximation provides an
average of 19.24 bits correct and a worst case of 14.00 bits correct. This assumes that number
of bits correct is equa to negative log base two of the absolute error minus one. The minus one
term is included since there are no significant integer bits. The square root can be represented as
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Figure 10: Absolute Signed Error of 19-bit Square Root Approximation

@ = 0.1zzz -- -. The PPA has 59 rows, 318 total elements, and is truncated to give a twenty bit
wide array. The absolute signed error of this PPA is plotted in Figure 10.a

After 14 error compensating elements have been added the approximation improves to 19.44 hits
on average and 16.08 bits worst case. The absolute signed error is plotted in Figure 10.b. There
has been a significant decrease in the worst case error. The array is full because it is limited to
a maximum of 53 rows. To achieve another bit correct in the worst case would require many
more elements. Thus, a point has been reached to accept this finad PPA. The signed PPA is then
adapted to a non-Booth multiplier by using algorithm 2. The result is shown in Figure 11 and the
formulations for every column are given in Appendix B.

Thus, a PPA describing a square root approximation has been created which has 16 bits correct
(0.1xx . . . with absolute error less than 2 ~17) in the worst case and an average of 19.4 bits correct.
The estimate is 22 bits wide and the PPA directly maps onto a non-Booth multiplier.

6.2 Approximating Reciprocal of Square Root

Another useful operation to approximate is the reciprocal of the sqguare root. Division can be
eliminated in quadratically converging, high-precision square root algorithms if an approximation
to the reciprocal of the square root is available. Thus, a PPA will be derived for this operation and
then high-level agorithms are compared using both types of approximations.

The four step process is repeated for the reciprocal of the square root operation. The derivation
and final array are discussed in detail. There are two maor differences in this derivation versus
the derivation of the square root operation. The normalization is different and the binary operands
are represented as polynomias. The following is the derivation using agorithm 1 with some minor
modifications for polynomial operands (see [MM91, SF92a, SF92b] for further details).

Normalization is assumed to be between 0.5 < A < 1.0 with A having an even exponent. An
additional multiplication is necessary if the exponent is odd. Also the root has the range of 1.0 <
Q<V2=1414...
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Figure 11: 19-bit Square Root PPA Superimposed On a Non-Booth Multiplier's PPA

1. Express reciprocal of square root as a multiplication.

The binary variables are transformed into polynomias by the following:

A = a0x20+a; %27 tap*x27 %t ..
A(X) a0 x2%ta xa'tag*a?+...
Q = @*2°+q@*27 @272+,
Q) = @+’ +qara' +gra’+...
Q(2)* = ¢ *2°+2q0q * 2" + (¢} + 2q0q2) ¥ 2? + - --

Q(z) = 10/\/A(x)
A(z)* Q(z)* = 1.0
A(z) * Q(z)* = 0.111. ..
Alz)*Q(z)? = 0%+ 1xat +1x2%+4...
A(X) * Q(z)* = aoqd t(a1] t 2a0q0q1) * ' t (a203 t 20101 t aoqi t 2a0g002) * 2? ¢ -
A * Q(2)? = @ * 2l t (aaqo t 2g0q1) * @2 t (a3gd t 20200 t G + 2¢0q2) * &° 4 - - -

0+xz% +1sal4+1xa?+1%234...=
g8+ 2" + (a2q0 + 20q1) * 2% + (a302 + 2020001 + G + 2q0g2) ¥ 2% + - -

Thus, the last equation expresses the multiplication.
2. Expand multiplication into a PPA:
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This step can be done but results in a very complex PPA. Instead the equivalent is done
which is to set corresponding coefficients of the polynomial of x equal to each other. This
is the same as choosing the unknown operand to not cause any carries between columns (or
between powers of the polynomia). The following are the resulting equations:

1 = ¢

1 = ax@f « 2q0m

1 = asq} t 2a2q0q t 4} t 2902

1 = auqd t 2a3q0q1 t @205 t 2020092 t 2¢142 t 2qogs

3. Back-solve the PPA:

o = 1

o = 1/2 — ay/2

@2 = 3/8t(az)/8 ~ (a3)/2

6 = 516~ (502)/16 - (as)/4 ¢ (3a2a5)/4 — (as)/2

4, Form a new PPA and reduce

40 0 92 g3

azag

—ay

—ay a?
—ag azag 1 —az
1 0 1 —a3 1 1 1

Reduces to:
—ay

1 0 @ @ a3 —azas a3

5. Add error compensating elements:

This step is skipped until sizings are done to determine the number of bits to approximate.

PPAs were sized for many different number of bits approximated and a 17 bit approximation was
chosen. Its PPA has an average of 16.45 bits correct (one integer bit since Q = l.zzz . . ) and a
worst case of 9.88 bits correct. The PPA has a maximum of 50 rows and a total of 470 elements.
Error compensating elements are then added to this PPA. The finad array after many iterations of
adding compensating elements has an average of 16.97 bits correct and a worst case of 13.52 bits
correct. This PPA has a maximum of 53 rows and a total of 534 elements. The PPA can be placed
directly on top of the multiplier's PPA. The array is not shown but the formulations are given in
Appendix C.

Thus, a PPA can be derived for the reciprocal of the square root operation which has at least
13.5 hits correct. This array can be summed easily on a non-Booth multiplier. Thus, both types
of approximations for the square root have been presented and their formulations are given in
Appendix B and C. The square root approximation gives a higher accuracy of 16 bits correct
versus 13.5 bits correct for the reciprocal of the square root.
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7 Algorithms for High Precision Square Root

The approximations detailed in the preceding section easily can be included in high-precision a-
gorithms for the square root operation. The square root approximation provides at least 16 bits
correct and the reciprocal of the square root at least 13.5 bits correct.

The approximation for the reciprocal of the square root operation is on the border line for the
number of iterations of a quadratically converging algorithm. There is a possibility that in actually
implementing these algorithms that rounding and truncating errors may be introduced. For this
study it is assumed that these do not affect the number of iterations. For each implementation
of these algorithms an indepth error anaysis should be performed to determine if these additional
error terms affect the number of iterations. For this discussion it is assumed that a quadraticaly
converging algorithm can increase the 13.5 bits to 53 bits in two iterations (13.5 = 27 = 54).

Five algorithms are compared in this section. The algorithms are named by using letters (using
names given in [RGK72]). The algorithms are al based on Newton-Raphson’s agorithm or on a
Goldschmidt type iteration. The following are there names. NR (Newton-Raphson), F, N, R, and
G. The following sections detail each agorithm and then a comparison is given between agorithms.

7.1 Algorithm NR

The Newton-Raphson algorithm for the square root operation can be described by the following:

initialize :
By =~ VN
iterate :
Biy1 = 1/2%(Bp+ N/By)
final :
\/]v = Blast
€41 = 62/(231;) absolute error

B approximates the square root operation. A divison and a subtraction are needed each iteration.
For a 16 hit estimate, 2 iterations are needed for this quadratically converging agorithm. Thus, a
total of 2 divisions and 2 additions are needed. The first divison has a 53 bit dividend, a 16+ bit
divisor, and needs at least 32 bits of quotient. The second division has a 53 hit dividend, a 32-t bit
divisor, and needs at least 53 bits of quotient. For a quadratically converging division agorithm
with a 12 bit approximation, 2 iterations are required for the first division and 3 iterations for the
second. There are many ways to implement these divisions which have been detailed in a previous
section. A total of 2 divisions and 2 subtractions are needed for a 53 bit square root.

7.2 Algorithm F

Algorithm F is derived from the NR agorithm. The following is its derivation:

1/2 * (Bk t N/Bk)
By/2 + N/(2B})

Byt

Bryq
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Bt = Bi/2t¢  1/(2By) *(N)

Bryr = Br — Bi/2 t 1/(2Bi) *(N)

Biy1 = Br—(2Br)/(2Bg) * B /2 =t 1/(2Byg) * (N)
Biy1 = Br —(BR)/(2By) + 1/(2Bk) + (N)

Bit1 = Brt1/(2Bx) * (N — B})

Biy1 =  Bi+ fp(Bi)* (N — B})

The operation f,(z) is the reciprocal of 2z to p bits of accuracy. Typicaly p is chosen as 8 bits but
using the reciprocal estimate of this study it can be 12 bits. The convergence of this agorithm is
constant and appears to be equa to the lesser of p or the size of the approximation.

Thus, the agorithm is restated by the following:

frlz) =~ 1/(22)

initialize :
By =~ vV
iterate :
Biyr = Brt fp(Br) #(N - B%)
final :
VN = Bl
€k+1 = —2¢ppBr+ fi(g%,‘k‘ + k)

Something similar to this agorithm is used by the IBM RS/G000[Mar90] with approximations of
S hits. This agorithm requires a reciproca estimate, two multiplications, and two additions each
iteration. The reciprocal approximation can be executed in parald with the other operations and
it is assumed that it does not add to the latency. Thus, a a constant convergence of 12 hits per
iteration after an initiad approximation of 16 bits, a tota of 4 iterations are necessary for a 53 bit
result. This requires a total of 8 multiplications and S additions.

7.3 Algorithm N

Algorithm N is a Newton-Raphson agorithm for the reciprocal of the square root operation. The
algorithm is described by the following:

initialize :
Ry ~ 1/VN
iterate :
Riyn = Ri/2%(3—- N xR})
final :
VN = N % Rigst
2 3N N
Chp1 = =€ % 5 —€3k * 5
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Two iterations are necessary for a 13.5 bit approximation since this algorithm converges quadrat-
ically. Each iteration requires 3 multiplications and a three’s complement operation. The three's
complement operation is assumed to not add to the latency [RGK72]. Thus, a total of 7 multipli-
cations are needed for a 53 bit result. Most of the multiplications are double-precision.

7.4 Algorithm R

Algorithm R uses both approximations and converges quadratically for every two iterations. The
algorithm is described below:

initialize :
By = VN
Ry = l/ﬁ
iterate :
Ryy1 = Ripx(2—BirxRy)
Biyr = 1/2%(Bi+ N+ Ryya)
final :

\/YV— = Blast

This algorithm requires 3 iterations for a 13.5 bit approximation. A total of 3 multiplications,
a two's complement operation, and one addition are required each iteration. Thus, a total of 9
multiplications, 3 two's complements, and 3 additions are required.

7.5 Algorithm G

Algorithm G is a very interesting algorithm which parallels the Goldschmidt algorithm for division.
The following is its algorithm:

initialize :
ro ~ 1/VN
By = N
Xo = N
iterate :
SQrr = rr * T}
Bry1 = Bpxmy
,Xk+1 = Xp*S5Qrg
reg1 = 1405 X[,
final :
VN = B

X/ indicates the fractional part of X. Each iteration requires 3 multiplications. Additionally, there
needs to be hardware to have the fractional part of the two's complement of X and put a one in

the integer part of the result (rx41 =1 + 0.5 % X,{H). The latency is very smal if the result can be
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Algorithm Oper- Square Root Latency Convergence
ation || Mult | Add | Div || Cycles
1 2
NR SQRT 0 21 222 29 Quad.
F SQRT 8 8 0| 24 27 Constant
N 1/SQRT 71 o ol 14 20 Quad.
R BOTH 9 3 0] 21 28 1/2 Quad.
G 1/SQRT 7| —emm—0| 10 15 Quad.

Table 2: Comparison of Algorithms for Square Root

approximated (on€'s complement versus two's complement). Though approximating may introduce
an eror term which could increase the number of iterations. Assuming that only 2 iterations are
necessary and that this complex operation requires no added latency, then the following is its timing
diagram:

Cycles :| O 1 2 3| 4 5 6| 7| 8| 9] 10
T'IS B To ™ T9

SQr's SQry | SQr SQry | SQrs

B% . B1 Bl Bz _B2 B3 B3
X% X1 Xy Xy | Xo

This timing chart indicates that for two cycle pipelined multiplications, that the square root can
be calculated in 10 cycles. The total delay is equivaent to 5 multiplications, though a total of 7
multiplications are required.

7.6 Comparison

These square root agorithms are compared in Table 2. This table lists the name of the agorithm,
the type of operation approximated, and the latency of the sguare root operation. The latency is
assumed without rounding. Latency is listed in terms of the number of multiplications, adds, and
divisons and aso in cycles for the two implementations. Implementation 1 assumes a one cycle
add, two cycle pipelined multiply, and zero cycles for a two's complement (which are not listed in
the table). The second implementation assumes a difference between a smal multiply (two cycles
latency) and a large multiply (three cycles latency) which is defined to be greater than a 20 bit by
53 bit multiply. The table shows that algorithm G which is adapted to use a Goldschmidt type
multiplier appears to be the fastest with algorithm N also requiring the same number of operations.
Thus, depending on the implementation of the multiplier, either of these algorithms may be best.

Thus, the square root and its reciprocal have been approximated with PPAs. The square root
yields an approximation of 16 bits and the reciprocal of the square root yields a worst case of 13.5
bits. It appears from the table that the reciprocal of the square root is a more useful function.
Either approximation is more accurate than the reciprocal operation’s approximation. Due to this
difference in accuracy, the sguare root implementation is almost as fast as a division operation.
Thus, this study has derived an approximation for the sguare root operation which can be used in
high performance implementations. The cost of the approximation is low due the use of existing
hardware. Thus, a high-radix algorithm for the square root operation has been detailed which is
low-cost.
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Operation Proposed Method Look-up Table Polynomial
Ave. Min. Total Accuracy

Rows Bits Bits Elements Shape Size in Bits

Reciprocal 53 || 15.18 | 12.00 484 || 23¢11 11kB 4.08
Reciprocal 27 || 1271 | 9.17 175 21028 1kB 4.08
Square Root 53 || 19.44 | 16.08 398 || 216214 | 112kB 7.06
Reciprocal of Square Root 53 || 16.97 | 13.52 534 || 213212 | 12kB 5.03

Table 3;: Comparison of Approximations by the Proposed Method, Look-up Tables, and Polynomials
8 Comparison of Approximations

There are many methods for approximating functions. This study has presented a method which
has the latency of a multiplication and provides high precision. There are several other methods
such as polynomial approximations and look-up tables. There are severa types of polynomial
approximations but the most common with a small worst case error is Chebyshev polynomials.
First degree polynomias are used for comparison and derived using the following studies [Fik66,
Har68, And88]. Look-up tables are also a common method. The size of a look-up table for a given
precision of a function is determined by:

|f(2) = f(e = 27")| < .

where n is the number of bits of index into the look-up table and ¢, is the worst case error (p.195
of [WF82]). n is determined for each operation and then reduced by the number of bits that are
constant. Thus, the required table size is easy to determine. Look-up table methods of equivaent
accuracy, and polynomias of equivalent latency are compared to the proposed method.

Table 3 summarizes a comparison between the proposed method, look-up tables, and first order
polynomial approximations. The look-up tables of equivalent accuracy require between 1 kilo-
byte(kB) of memory and 112 kB. The size of the proposed method can be approximated by mul-
tiplying the number of total elements by 2 and this is the number of gates required. For instance
the sguare root approximation requires approximately 800 gates which is much smaller than a 112
kB ROM. The benefit of the proposed method is less apparent for lower accuracies (i.e. small re-
ciprocal estimate requires 350 gates versus 1 kB ROM). In comparison to a Chebyshev polynomial
the proposed method does much better. The Chebyshev polynomia has an accuracy of 7.06 bits
correct for the square root operation but the proposed method has an accuracy of 16.08 bits correct.
Thus, the proposed method compares favorably to look-up tables and polynomia approximations.

9 Conclusion

A three step method for creating high-radix algorithms for high-order operations with low-cost has
been presented. The three steps are:

1. The derivation of a PPA using agorithm 1 and 2,
2. Adaptation to a multiplier, and

3. Incluson in an overdl iterative agorithm.
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Figure 12: Overview of Reusing Multiplier

The first two steps apply to many high-order arithmetic operations and third step is specific to
an operation. The benefits of this method have been shown by applying it to the division and
square root operations. The PPAs that are created provide a high precison approximation which
can be used in high-radix algorithms. Also, the implementations are low-cost. The savings over
creating separate counters trees for the added operation is very large and the savings is great over
a comparable look-up table. Thus, high-radix algorithms are possible at low-cost by using the
approximation method presented in this study.

There are many contributions of this study. The Stefanelli algorithm [Ste72] appeared to be limited
to only low radices because of the large dedicated counter trees required. This study has transformed
this costly low-radix algorithm and made it into a low-cost high-radix agorithm. The low-cost has
been achieved by reusing the internals of a multiplier. In addition, the algorithm creates small
PPAs by using many equivalencies to reduce the array size. The array elements are made dightly
more complex since they can be negative, positive, true, and complemented. The precision is
aso enhanced over previous methods by using error compensating elements. Thus, the final PPA
is smal and accurate. This PPA can be used by many high-precision algorithms. This study
introduced a modified high-radix SRT algorithm which compares favorably to all the constantly
converging agorithms. Additionaly, novel internal recursive methods for creating a higher precision
approximation were discussed. Thus, there are many contributions of this study, but the most
important is that it has made the Stefanelli method competitive at high-radices and implementable
a low-cost.

To summarize this study an algorithm has been presented for the derivation and implementation
of high-precison approximations of high-order arithmetic operations. This method very efficiently
uses hardware to provide a low-cost high-precision approximation. There are no ROM tables
or off-chip delays required. The algorithm applies to the reciprocal, division, square root, log,
exponential, and trigonometric operations, but is not limited to them. All these operations can be
implemented reusing the same multiplier as shown in Figure 12. The internad multiplier hardware
is now considered a basic primitive or basic building block which can have other operations mapped
onto it. By reusing this large amount of hardware, there is a large savings in cost. Thus, a method
has been introduced for creating high-radix implementations of high-order arithmetic operations
a low-cost.
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A Reciprocal Formulations

A. 1 Non-Booth Multiplier Implementation

The number of rows is 53 and total number of eementsis 484.

qlo] = 0

q[1] dz +d3

q[2] dods + dy

q[3] 14 d3 + (da]ds) + d5
q[4] = d2d3d4 + df)d3d5 + dﬁ

q[5] = 1+ d4 + (d3|d5) + (d2|d3ld5) + d4d5 + (dﬁldﬁ) + d?
q[ﬁ] = dadg + (dz|d3|d4|d5) + d2d3d6 + dadg + dod7 + dg
q[7] = 1+ dads + dads + dsdsds + dadadads + (da|da|ds) + dadads

+dsdg + dadsdy + dadr + (da|ds) + dy

ql8] = 1+ (dz|ds|ds) + dadsds + (da|da|ds) + (ds|dalds)
+(da|ds|de) + (ds|ds|ds) + dadadz + (da|da|dy|dz)
+dsd7 + (d2|ds|ds|ds|ds|d7) + dadsds + (da|ds) + dads + dyo

q[9] = (dslds) + dads + dads + (ds|da|da|ds) + (dz2|ds[ds|ds)

+(da|dalds|ds) + (ds|ds|dz) + dodadsdy + dadadadsdy
tdods + dodsds + (d|ds[da|ds | ds|ds) + (| da|ds)ds |5 47)
+& & + (d2|d4|d8) + dsdg + ddsdy + dydg + (_d2|(110) +dyy
q[10] = (da2|ds|ds) + dadads + (d2|d3|dalds) + (do|ds|ds)
+@&) + dodydr + (ds|ds|d7) + dadsdsdr + dadsdz
+dsdadsdr + (d2|d3|ds|d7) + (d2|da|ds|ds|ds|d7)
+(;1_31d_«;|—) + dadsds + (dzl-f-md_s-l_—) + deds + dadadsdsdedy dg
+&& + d5d9 + dgdsdlo + dydyg + dodyy + dio
&1] = 14 dads+ ds d4 + (d3|d5) + dadsds + dadsdsds + dadr + (d4|d7)

+dadsdady + (dsld’/) + dodsdy + dadadsdy + dadgdy + (d3|da|ds|d7)
+dadsdsdy + (d3|d3|ds|ds|ds|dz) + (d4|d8 (do|d5|d4|ds)
+(d3|d3]T5|ds) + (F5|de|ds) + (d2lda[do|ds)
+dydsdads ds ds + dy dadzds + (do|d iyl ds|ds[dr|ds)
+(ds|d4|do) + (d2|ds|da|dy) + (ds|ds|ds)
+dady dsdg + (ds|ds|da|ds|dg) + dadeds + dadsdsds
+ (2 |d3 5[ d5[ds[ds|ds) + (da]d3|da|ds|doldrlds]ds)
+(da|ds|d1o) + dsdadio + dadsdio + dadadsdio + dadsdy;
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+d2dadiy + dadadadyy + dodyz + dia

q[12] = 1+ (dalds) + d2ds + d2dadsds + dsdadsds + (da|d3|da|d7)
+(d3|ds|d7) + (da|ds|d7) + (d2|dald5[d7)
Tl T5) + (T T ) + (T T ol
+(ds|ds|d7) + d2 dsdadsdedr + dy dads + (d3|ds|ds)
+(&I&I&I&) + (d2|da|ds|ds) + (d3[da|ds|ds)
+&&&& + (dy|ds|ds) + (da|d7|ds) + dodzdadsds d7 dg
dydsadsdodrds + (Toldsld|dsfolde[Ts) + (dalds|d 35 015 5)
+(da|d3|da|ds[ds| d7|ds) + (daldg) + (d2[ds|daldo)

(s T Tl 051 d) -+ (ol 5 50/ s )
+(d2 [d3|da|ds|de[d7|s|ds) + (da|ds|da|ds|ds|d7|ds]do)
+8do + dodsdadio+ (dslds|dio) + dodsdads dig+ dedio
+dydsdydsdedrdgdio + dadab d dr d7 degod 0 + dadadyy
+dsdiy + dadadiz + dsdia + dadiz + dia

13 = (TldaT5)  (ToaldalT5) 4 (Fde) + (dalde)
+(ds|da|de) + dadsdsds + (da|ds|ds) + (d2|d3|dr)
+dsdr + (d2|dsldalds|dz) + dadsdr + dgdydsdy + (do|ds|de|d7)
+(d2|ds|da|ds|ds|d7) + da dg + (da|ds|ds)
+( da |d5 |dg) + dadsdsds + (%IHZIEE_I?@f (ds|ds|ds)
+d2d3_d_7d§ + (d__4|37|_f_1g) +_£¢{3d4_d53_6 d7dg + dadzdsdsdsdrdg
+(d2|dalds) + (dalds) + (daldalds) + (d2|da|ds|ds)
taddsTs -+ (Do) + () + ([T
+(dz2|ds|da|ds|ds|d7|ds) + dzdsdy + (d2]ds[ds|ds|d7|ds|ds)
+dodsdadsdeds dgdg + (da|ds|da|ds|ds|dr|ds|ds)
+(d_2]fl'3!d_4l_d5|d61d_7|ds|_d—9) + (da|ds|da|ds|ds|dr|ds|dg)
+(dz|da|dro) + (d2|dalds|di0) + (da|d5|d70)
+£12d_6€1§ + (EIEIBEIE) + dzgdz;_dsdsc_lj + dadrdyo
i-d:! d3 dg dsdgdio + do dadsdsdeds dyg + b dsd atisleds ds dadio
+dadsdadys + (d2|ds|di1) + (d2]ds|dy|ds|diy)

q[14] = dads + ds+ (dofda|ds) + (da2|dalds|ds) + (dalds|ds)
+d3dadsds + (ds|da|dr) + (dsds|d5|d7) + (d2|da|ds|d7)
+(ds|d7) + (da|dalds|d7) + (d3]ds) + (d2[ds|d5ds)
+(d2|ds|ds) + (d2|d3|ds|ds) + dadrds + (d2|da[dy)
+(ds|ds) + (delds|ds) + (ds|ds|ds|ds) + dadsds
+dydadads ds drdy + (da|cs |d |& |ds|d|dg]do)
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+(da|ds[dy[dro) + dadsdio + (do|daldalds|drg) . _

4 Tydsdadsds 5 dadodio + dadyy + (dadaldir) + (da|ds|dyy)

+(d3 Id5|d11) + dadedyy + d2dedyy + dadsdads ds d7diodin
+(d2|ds|ds|ds|de|d7ld10|d11) + d2di2 + dodadiz + dsdadis
+(d3|ds|d12) + da2dsdiz + dadsdia + d3dyz + dadsdys
+daydadis + dadadiz + dadadis + dadig + dadis + dadsdis
+dadadia + (d2|dys)

q[15] = dadads + (!2d3d4_ﬂg + (d3|d4|ds) + (d2|d3|d4|ds)
+(da|ds|ds) + (d2|ds|ds|de) + (dalds|dg) + (d2[ds|ds|ds)
@V dofr) + (Tl ) + (daldsld) + (& 5 )
+dadsdr + (d2|ds|d7) + dadedr + (da|ds[d7) + (d5|ds|d7)
+(ds|da|ds) + (d2|ds|ds|ds) + dydsds + dads ds
+(da|ds|ds) + (ds|de|ds) + (da|de|ds) + dsdsds
+(&I1&1&) + (d3|d7|dg) + dadrds + (d3|d4|d9)
+dadsds + (dalds|ds) + dp dods = (dalds|do) + (daldelds)
+(da|dr|ds) + dadrds + (d2|ds|ds) + (d3|dafdyo)
+(&1&1&0) + (dalds|dio) + (dalds[dio) + dadedyo
+(da|d7|d10) + (daldz|d11) + (da|da|d11) + (d2|ds|d11)
+dsdsdyy + (da|ds|di1) + dadadiz + dydadiz

q16] = (dalds|ds) + (do|ds) + (ds|ds) + dads + dadg + dadads

+dydyds + dzdr + (da|da|d7) + (do|d7) + (da|ds) + dadads

+@&&) + (ds|ds) + (d2|ds|d) + dads + @2-|d3|d_4|d_9)
+(ds|dg) + (dsld10) + da ded1o + (d2|ds|d10) + dadyy

+&1 + dadadys + (d|daldis) + dadss + (daldio)

+H& |d4|d12) 4 dodsdiz + dzdiz + dadadys + dy 2dadi3 + (d2 |d4|d13)
+(d2|da|d13) + dsdis + dsdis + dia + dadyg + (d2|d3|d14)

+(& |d3|d1a) + dadis + dadis + dadys + dsdys + dadis + dis

+(da|dr6) + (d2ld1s) + dir

1+1+1+1+ds+ds+ds+ds+ds + ds + ds + ds + dsdio

+dgdio + dsdio + dgdio + drdyy + drdyy + drdyy + drdiy + dadadys

+dadsdia + d3d4d10 + d3d4d12 + (dg]d5|d12) + (da|ds|dy2)

+(&I&I&a) + (dalds|di2) + dediz + dodia + dsdrz + dodya

+dis + dis + dis + dis + dis + dis + dis + dis + dis + dis

+di6 + dis + dis + dis + dis + dis

q18] = 14+1+1+41414+14+14+14+14+14+14+14+14+14+14+1414+14+14+14+14+1+1
+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1
+&&A& ds dr ds

q[17]

A.2 Booth Multiplier Implementation

The number of rows is 27 and total number of elements is 175.
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q[9]

q[10]

q[11]

q[12]

q[13]

0

dy+d3

dads +da

1+ ds + (dalds) + ds

1+ dydsdy + dydads + ds

ds + dadsds + (dslds) + (da|ds|ds) + dads + (dalde) + d7

dydzds + (-@J-Cmd_s) + dadads + dad + dad7 + dg

&& + (do|ds) + dads + dsdads + (da|ds|dq|ds)

+dsds + dadsdy + dady + (da|dg) + do

1+ d_4_+ dadsds + dadsdads + dsds + d3dyds + dadsds + (d3|ds|ds)
+(d2|ds|da|ds|de) + (d2|da|d7) + dadady + dodsd;
+dadsdsdr + dadads + dadads + dadadsdg + dodzdads drds + dody
+&0 L

(dalda) + (ds|ds) + (d2|da|d5) + da ds + d3ds + dadsdyds
+dadsdsds + (da|ds|ds) + dod7 + dodsdads + (da|ds|d7)

+dod7 + dadadsdsdsdr + dadads + dsds + dodsdsds d7 dg
+dad3dsdsdrds + dadadg + dads + dodyo + dit

(d2|ds) + (ds|da|ds) + dadads + (da]ds|d5|ds)

(T3l 03151 T5) + d dac -+ (B 5 )

+(Ei4|‘{51d_7) + (d2|dg|d7) + (da|ds|d7) + dyd3dsdsdedy
+(&I&1d&8) + dadsds + (ds|ds|ds) + dzdeds
+(do|ds|ds|ds|ds|dz|ds) + (da|daldg) + (da]ds]ds)

+dzdsdy + (da|ds|da|ds|dg|dsldo) + dadadio

+£d4d1_o + dadyy + dadzdyy + dip o

dads + (da|ds|ds) + (ds[ds) + dodadads + (dz|dalds)

+(ds|ds) + (d_2|d_5!d_6)+ (da|d3|d5|de) + d2 d7

+(dzlds|dald7) + (dalds|dz) + dss + (ds]da[ds)
+dadsdsdsdrds + dadg + dsdg + dadsdsds dy + (d2|da|da|ds|ds|d7|ds|ds)
+&&0 + dadiy + di3

(da|dalds) + (d2[d3|dalds) + (da|da|ds) + dadads

+(ds|ds|ds) + (dalds|ds) + (ds|daldr) + (dolds|d7)
+d3dsdy + (dy|ds|d7) + (da|ds|d7) + dadedz + (da|ds|ds)
+&.&& + d3dads + dadsds + dadsds + (da|ds|ds) + drds
+dadzdy + (da|ds|do) + dadady + (d2|ds|do) + dsdy + dadadyo
+(d2|da|d10) + d5dio o

(da|d3|ds) + da ds + dz_d:;(is_-F (ds|ds) + (E_z-ldsl{l_s) i

+&I&) + (dal|d7) + (d4|d7) + dadg + d_sc_ls + (dalds)
+dg + dadg + d3dio + d11 + dodyy + (da|dsldry) + (dalds|dyr)
+dadyy + dadry + dodis + dadis + dadia + dis + dydys + dodys + dig
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B Square Root Formulations

The number of rows is 53 and total number of elements is 398.

q[15] =

g[16] =

q[17] =

0

0

1

1+ as

14 a4

a5

az + as

1 + (Zi§|?i:{) + a7

1+ @3 + a3@5 + (az|as) + as

(a3laz) + (@3las) + (azlds) + ao

= 1+ @3+ (a4|5) + (a3las|as) + (@3laalas) + (a5]a5)
+@la7) + (@laz) + aso

= T+ Tasas + (@3|aslas) + (@]a7) + (TE]@7) + (a3]@6)
+aq4ag + a1

= a4asas + (@3|azlas|as) + azasar + agaz + (a3lag) + (@5|a6)
+(@slas) + (dlas) + a1z

= 14 (a3|@3|a5) + asas . @a3aadsas . asar + azasar + azasar
+(@zlaslar) + asasar + azasas + azasas + (a3|as|as) + (a3]as)
+(@slas) + (@lato) «  (@alaie) + @13

= 1 + asaqas + (as|a7) +(as|azlar)+asar + as@zasar + asasar
+asag + azaqas + asasas + (@3]@6|as) + (@7]a8) + gza4a9

+(@5[a5) + asai0 + asTio + (@3]aiT) « (@]a0) + a1q

1 +asas + azasGeay + dzasasar + a5as + a3aqasag + aqasag + asarag

+asag + azasay + azasag + asasay + azasas + (a7|as) + azasaro
+asasaio + (@s|ato) + (@3lary) + (aslar) + (aBlatz)

+(@zlar) + a5

aqas + (a3]a5|a5(a5) + Tasar + (T3(as|as]ar)

+(@3a@5|Tslar) + asas + asasTs + (as|as|az) + (a5|as|as|as)

+azasasas + (@z|ar|as) + asdzasasards + az@aasag

+azaqasay + azazag + (a3|dz|ag) + asaio + agasaio + azaqadzag
+(@3|aslaio) + (@7late) + asasary + (Glair) + (azlaiz)

+(aslass) + (a3lass) + (@alais) « @16

1+ azasas + az@zas .+ (@s|as) + (aslas|as) + asasasag

+asasasasas + (as|az|ag) + (as|as|ar|ag) + azas@sardg
+a3@4a5a5a7as + a3daasdearas + A3a4ao + asag + (ag|az|as|as)
+asasas + aqarag + agasasarag + azdgag + azladsdgardsgdy + Aqdeayg

+azaaasasaio + azaraio + (aglare) + aaa11 + azaqar; + azasar;
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+(azlaslai1) + asasayy + (a7|ary) + asaqa;s + azasays
+asasarz + as@iz + a38is + (@G5laE) + (@3laz) + (azla)
+(azlats) + a17

q[18] = asasaz + (a3las|aslar) + (@laslas|@) + Gzaqas
+(asla@alas|as) + (aalas|as|as) + (aslaslar|ds)
+(az|as|azlas) + (@3|as|az|as) + (azlas|ar|as)
+(aslas) + (a6 |a5) + (T5|T5|a5) + (az|as|as|as)
+asza4d7ag + azasaras + (a3|as|a7(@s) + agaras + asasag
+a4@sasag + (a3|aal|as|as|ar|as|as) + azazasagaragag
+azaaaip + asaio + azdsaio + azasasayo + (azlaz|as|aio)

+azasasaio + (@3|as|@s|a10) + aaazaig + asaraio + azagaio
+(@s |@10)+ astaasTgaragasdic + (@3|aa|@s|as|az|@s|as|ars)
+(a3las|as|as |[a7|as|as|are) + (azlas]arr)

+aqasary + asasary + (aslaz|enn) + (aslaslary) + (a5|ealas|asias|an)
+(@zl@zlai2) + ¢4Ts0a12 + asagars + (@7]az) + asasars

+(a4[sla13) + (Talaslais) + (T3laslats) + (TEla0) + (Tw@lams) + s

q[19] = (as|@las(as) + (@3]aa|as]a7) + asasasas + asazas
+(as [azlas) + azasa7as + (T3]aa]as a7 |a3)

+@saras + (a3|a5|a7]as) + asasazas + (as|as|as|as)

+(@3laslas|as|as) + asdzas + (a5 |azlaz|ds)

+(@|@s @ |a@s) + asasard@s + (a3|aalas|as)

+(azlas|as|as) + Tzasasas + Gzaseio+ azasGsaio

+(azlaslas|ato) + (aafa4ia7ia10) + (a4iasia7ialo)

+a3@6a7a10 + a408a10 + A3A5a8@10 + A4a9d10 + A3A109A10
+azair +  asair + (@laalaslan) «  (@3lazlas|an)
+(az|as|@s|aiy) + aaara; + azasazar; + aqdga;;
+azGzagary + (@s|air) + (@3laa|as|a@s|aolary)

+(@s]az|as |as|atola1s) + (a3|aalas|ars)

+a4asaiz + T3asasaiz + a4a7a12 + az@aarars + (a4|ag|as)
+astzasage11a12 + (a3laq|as|as|ar [@z) + (asl|azlas|ars)
+a4asa14 + azUza5a14

q[20] = asasa7 + (@3l@alT6|a7) + (a5]aalas) + (@5|as|az|as)
+(a3]as(as) + (aalaslas) + (aslas|as|as|as)
+(as|aalas|az(as) + (Twlaslas) + asasas + (a3]as]as)
+(a4|@s|as) + (a5|ds)as) + Taeras + asazae + (a|ar)ag)
+(azlaalaslaz(as) + asaras + (as|as|as)
tazagay , (45 |@m0) + (as|@slats) + (@3lazlas|as|aro)
+(@saz[@io) + asasaio + asagaro + (@3|azlarr) + (aslas|amn)

+(azlas|air) + (as|aslaiy) + asazain + asagar; + asagar;

+(as|arolait) + (@3laqlain) + azasars + asarais + a4dgaq0

+(asla§|a_12) + asagay3 4 aqa7a13 + (03[713151_;3) + A3A4014
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+asa6a14 + ara1g + azazaiq + azaqais + asasas + (as|as|as)

+(azlas|are) + (aslaglary)

ql21] - a9+ a9+ a9+ aro+ (@larT) + (@slare) + (G3la7)
+(a3lar7) + (aalae) + (Talats) + (azlats) + (@alats)
+(@zlats) + (aElas) + (@) + (aslan) + (aslam)
+(aslars) + (aslars) + (aslams) + asais + asais + asass
+azais + (Tslata) + (@6lara) + (@6lara) + (T6lars)
+(a7lars) + (a7las) + (a7lais) + (a7]a1s) + asasars

+a3asa13 + a3asa13 + a3aea@13 + a4a5a13 + 445013 + A405013 + @4a5013

+azasa13 + azasais +azasaiz +asasaiz +1+1 11+ 1+ (aglage) + (@5|ame)
q22) = 1+14+14+1+14+14+14+14+14+14+14+1+141+1+1+ aso+az +az +a

C Reciprocal of Square Root Formulations

The number of rows is 53 and total number of elements is 534.

qo) = 0
gll] = 1
2l = 1+@
B8] = @
qd] = agaz +7z
q[6] = @3+agaq+as
q[6] = 1+ (as|@a) + (@2]aslaz) + azas + azas + T
q7) = a3+ agaq + (a3]T5]T5) + (a4|d5) + (@zlas) + (a3l@s)
+a7
g[8 = 1+ (a2]@5) + (aslas) + azaq@s + (az|a3|d6) + asas
+(az|a7) + azar + ag
ql9] = (a2[@3]aq) + (a2l@Blaslds) + (azlas) + T3as + (az]aalas)
+asas + (@2|a3(a7) + (Talar) + (a2[d3) + azas + @
q[lO] = (azl'&'a') + (az|ﬁ§l(1_4) + @2a3as + @gas + azaqds + (EEI'(TZIHE)
+(@2|a5(a5) + (T31a5]a5) + T3ar + azd@sar + (az|Ts(aa]ar)
+asar + (@2 |@31as) + (Talas) + (a2|@s) + asas + 1o
g[11] = (@zl@) + a204T5 + (@1]T5) + Tzasasls + azazasag

+(as|a@zl@s]as) + (@zlaslazlas|ds) + (aslas|ar)
+(az]aslas|az) + azazaqasa7 + Grasar + Tzas + azagas
+asas + (@3]azlas) + asas + (az]@10) + asaio + @iy

q[12] = 14 as + azazas + axaaas + (@2(as(d6) + asdzasas + (az|@3|a(as|as)
+(@zlazlaz) + (as|az|a7) + azasazar + arazasar + (as|ag|as|ar)
+aza6a7 + (T3]aalas) + (@zldslas) + (a3(as|as)
+asag + (@zl|aslaz|as|aslaz|ag) + (as|as) + azdzas

+(aslasg) + (@azlazlaio) + asaio + (@2|@17) + azay; + a2
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q[13]

q14] =

q[15]) -

= (@z|a5) + a2a3T5 + a4T5 + azasas + (azlas|azlas)

+as + (@5(a6) + aza3a4T506 + (a3|a7) + azasar + (as|ai|as|ar)
+azasar + (@zlaslas|az) + (as|@alas|ar) + (azlas|as|ar)
+(azlaslaz|aslas|ar) + (az|as|az|as|as|ar)

+a4@g + azazasag + (az|az|as|as) + (a3|as|as)

+(@zlaslaslas) +  (az|as|aslas|aslas) «  (ar|as)

+(@z)as|a7|as) + 02T304T506a7T8 + ag + azaqds + (ao|a3]az|as)
+(@3[aslas) + (azlaslaslas) + Tasas + azazasag
+(azlaslazlas|az|as) . az@za4Tsasarag + (az|az|azlas|as|az|az|as)
+(azlaslato) + asaio + as@zaio + azazasayg + azay

+@zasan + (@zlazlas|@r) + (aolarz) + @3

a2a3ay + (a2|az|as) + asasas + azasasas + (azlaz) + asaz
+a2a4a7 + asazaqar + (a3|as|a7) + (az|azlas|ar)

+azasar + (@5]as]a7) + azazasasasar + (az|azlas)

+(a3 |@alas) + azasasas + as@zag + azasas + asGza4a5as
+(azlaslas) + asGras + azG3a4T5a6T7a8 + A303a4a5T607as

+(@zlas|as|as|TGlaz|as) + aras@zasasaras + azazag

+agay + (@alas|das) + asdsas + ag@3a4as5a6as + azas + a2A30405aeardgas
+a2a3a485a507a8as + (az|as|as|ds|as|az|as|as)
+(az|azas]as|as|az|as|d@s) + (az|as]az|as|as|az|as|as)
+(@3las|@zlas|aslaz[as|as) + Tzaio0 + (@3laglaro)

+(@zlas|aro) + asaio + (azlas|azlas|as|ais) + asa@3a4T5 0607810
+(@z|as|az]as|as|az|ats) + azasazasasazalg

+azair + azdlhy + asa1 + a2@304G50a11 + Gaasztia + a4a12
+(az|ai3) + asars

(@2]@5) + (@2la5laalds) + (@Blaalds) +  azasasas

+astgar . (a3laz]a7) + (azlas|@alas|@z) + azazasar

+a4a607 .+ Q204Q6a7 + Q2030408 + Gza3asag + (az|az|@s|ag)
+azaszasas + Tzasag + asG7as + (az(as)as|ds|as|az]as)
+(@z2|az]as|as5|s|ar (@8) + (T2las|Talasids|ar]as)
+asazasasasazas + (azlaslaglas|as|az|ag) + (az|az|aslas)
tasazasag +  (az|@s|as) + (@2|as]aa|aslaslag)

+(@3laz|as) + asag + azagas + (a2|as|az]as|as|az|az|as)
+(azlas|azlas|as|az|aslas) . @zaio + (@alaro)

“+azazaqaio + a4a5019 + (Eﬁl'a?kzlg) + azajg + as@7ayp

+azaztgasasazaro + (azl|aslaz|as|as|az|as)

+azasasasacazalo + (@zlas|az|as|as|as|aro)

+azd3a4asa6asdio +a11 + azdzai + azasay; + (a2|az|az|as|as|@z|aio]ar)
+az@qa1z + asaiz + as@sarz + (azlas|azlas|arz) + Grasars

+(aslar)
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q[16] = 1 + (@zlas|aalas) + asasTs + asasas + (azlaz) + (aq|azlas|ar)
+(@z|azlas|ar) + Tsasar + axasTsay + azaqtg + (az|a5(as)
+(azlaslas|as) + asTs + asasas + (a2]7a]a5|q)
+asarag + az@rag + (azlazlaz|as) + azasa9 + (azlas|as)
+aza4dsa9 + axdzasag + azards + (@z|az|aig) + azaqaro
+axazasao + azasaio + (az2|asl@z|as|as|az|ats)
+asaio + @3a11 + (a3]a17) + @2T3a4a11 + (@3|TslarT)
+azay + ay2 + (@zlazlars) + asaiz + G3a13 + A2T3a13
+asa13 + @iz + Gia + (@2]|@12) + €2T3a14 + az@3a14 + (aslaiz)
Haafam) + (asfam) + (arfas)

q[17] = a2@3 + (@3las) + a20304T5 + a2T506 + asasas + (a3|aalas|as)
+(az|a5]a3las5]a5) + @20407 + Tar + azazasar + (aq|azlas|ar)
+azasasar + azazasasar + astsar + azasasar + (azlaa|as|ar)
+azasacar + asag + (a3las|as) + azazasasg + aza4asa8 + asdgas
+a4Tgag + aza4dsag + TGzazarag + (us|ds) + (z|az|as)
+(@2|aslaslas) + (@zlas]as) + (aalasias)
+azaqasdy + (a3]as]as) + azasasas + (az]az|as)
+(@zlaro) + (a4 [@0) + (Twlazlaro) + (aslas|ars)
+(@zl|as|as(at0) + (azlaslats) + @zasan: + (azlas|az]an)
+H@|T|arD) + a12 + a2a3a12 + ax@gar2 + (@3|a5a0s)
+a14 + @15 + a7

q(18] = 14+14+14+14+14+14+14+14+14+14+1414 14141+ (azlas|a) + azaqsas

+(@|alaslas) « (azlaslar) « (alaalar)

+(az|as|a7) + aras@sar + asagls + as@zasas + arasdzas
+aqasd8 + azarag + (a2|@a|a@s) + (a3]aa)a5) + asazbsas
+(aglas|as) + azasay + (az|@zlaio) + asazaqtio + Gzasa;,
+(a@glaio) + asar; + (a3|aala) + (@7larT) + (as]ais)
+a5 4 (@2la3) + asa13 + (@lan) + (@alam) + o
+(az|ats) + s + (azlate)

q19] = 14 14 a2d@s + a2azasds + (az|aslas|as) + (az|az]aa|as|as)
+asaszasar + azazasar + azazasar + (Gzlas|ar) + (as|as|ar)
+(T5[a7/s) + asT5asas + azasasas + (T(a51)
“axT5as + (@3[as|as) + (a5[d6|ds) + azaras + asaras
(@ [Tlaalas) + (@ EET) « (Tlasas) + (asl75iS)
Fa2a5a9 + asasag + agazas + (a2[as[as) + aro + azasaro + (TlaIlar0)
+azasaio + asasaro + (aslas|aio) + Tzararg + iy + azasTiT
+(azl@zlair) + asasarr + (a2|ds|ay) + azars + azasars
+(az[a5|a1z) + azais + (az|@zlars) + (as|as|ars)

q[20] - (@alas) + (@3lazlas) + asar + azazaz + (a3|az|as|ar)

42



+(aslazlas|ar) + (az|azlas|az) + aszasacar
+(az [@5|@s|a7) + (az|azlas) + G5as + (az|azlas|as)
+(@3laslaslas) + (@5|as]as) + azashas + (aa|as|as)
+(a@3|a3la5] as) + aras + azaras + azazag + asazaras + (@3laz|as)
+(@2[@5las1@s) + (a2|aalas|@s) + (asla@s) + azasas
+asagag + azazacas + asaray + (azlarg) + Gzazasaro + asaio + azasaig
+azasaio +asazasaiot  agaio + azasaro + (azlas|ary) + azasan
+a3a4011 + A2G304011 + G2G5011 + Q204019 + A13 + A2A3013 + Toa1s
ql21] =  (@zlazlas) + azaqas + (as|@s|as) + (azlaq|as]as)
+asa7 + @zazaqa7 + asasar + (aslaz|as|ar) + (az|az|az|as|ar)
+asar + (az|aslaz) + (aslaslar) « (as|as|as|ar)
+azasasar + (a2|a3]Ts) + (aslaz|as) + (az|as|aslas)
+( a2 |a3]as|as) + Gzasasas +  astsas + (@z|az|as|as)

+aza4a9 + azazasag + (a3 |a5)ds) + azasdsas + azag+ azazag
+(@3la0) + Tgaro + (@zlas]azlare) + (a2|aslars)
+(aslan) + (as|amn) + a2asa11 + (@3]a12) + (@laslEs)

+(aslarz) + (@3laal@rz) +  (e2|a3laiz) + (aolars)

References

[AEGP67] S. F. Anderson, J. G. Earle, R. E. Goldschmidt, and D. M. Powers. “ The I[BM sys-

[Andsg]
[BMO1]
[Boo51]
[Dad65)
[EL8Y]
[EL90]
[Far81]

[Fik66]

tem/360 model 91: floating-point execution unit,” IBM Journal of Research and De-
velopment, 11(1):34-53, Jan. 1967.

N. Anderson. “Minimum relative error approximations for 1/t,” Numerische Mathe-
matik, 54(2):117-124, 1988.

W. B. Briggs and D. W. Matula. “Method and apparatus for performing divison using
a rectangular aspect ratio multiplier,” U.S. Putent No. 5,046,038, Sept. 3 1991.

A. D. Booth. “A signed multiplication technique,” Quarterly J. Mech. Appl. Math.,
4:236-240, 1951.

L. Dadda *“Some schemes for paralel multipliers,” Alta Frequenza, 34:349-356, May
1965.

M. D. Ercegovac and T. Lang. “Fast radix-2 division with quotient-digit prediction,”
Journal of VLSI Signal Processing, 1(3):169-180, Nov. 1989.

M. D. Ercegovac and T. Lang. “Simple radix-4 divison with operands scaling,” IEEE
Trans. Comput., 39(9):1204-1208, Sept. 1990.

P. M. Farmwald. “On the design of high performance digital arithmetic units,” PhD
thesis, Dept. Comput. Sc., Stanford Univ., 1981.

C. T. Fike. “Starting approximations for square root calculation on IBM system/360,”
Comm. ACM, 9(4):297-299, Apr. 1966.

43



[Fly70] M. J. Flynn. “On division by functiona iteration,” IEEE Trans. Comput., C-19(8):702-
706, Aug. 1970.

[F'S89] D. L. Fowler and J. E. Smith. “An accurate, high speed implementation of division
by reciprocal approximation,” In Proc. of Ninth Symp. on Comput. Arith., pp. 60-67,
Santa Monica, CA, Sept. 1989.

[Gol64] R. E. Goldschmidt. “ Applications of divison by convergence,” Master's thesis, M.I.T.,
June 1964.

[Har68] J. F. Hart et a.. Computer Approximations, ch. 6, John Wiley & Sons, New York,
1968.

[Hwa79] K. Hwang. Computer Arithmetic: Principles, Architecture and Design, ch. 5-6. John
Wiley & Sons, New York, 1979.

[IEEE85] “IEEE standard for binary floating-point arithmetic, ANSI/IEEE Std 754-1985," The
Ingtitute of Electrical and Electronic Engineers, Inc., New York, Aug. 1985.

[Kri70a] E. V. Krishnamurthy. “On optimal iterative schemes for high-speed division,” IEEE
Trans. Comput., C-19(3):227-231, Mar. 1970.

[Kri70b] E. V. Krishnamurthy. “On range- transformation techniques for division,” IEEE Trans.
Comput., C-19(2):157--160, Feb. 1970.

[Mac61] 0. L. MacSorley. “ High-speed arithmetic in binary computers,” Proc. IRE, 99:67-91,
Jan. 1961.

[Man90a] D. M. Mandelbaum. “A systematic method for division with high average bit skipping,”
IEEE Trans. Comput., 39(1):127-130, Jan. 1990.

[Man90b] D. M. Mandelbaum. “Some results on a SRT type division scheme,” private written
communication, submitted for publication, Nov. 1990.

[Man91] D. M. Mandelbaum. “A method for calculation of the square root using combinatorial
logic,” submitted to Journal of VLSI Signal Processing, Mar. 1991.

[Mar90] P. Markenstein. “ Computation of elementary functions on the IBM RISC system/6000
processor,” IBM Journal of Research and Deveclopment, 34(1):111-119, Jan. 1990.

[Mat91] D. W. Matula. “Design of a highly parallel IEEE standard floating point arithmetic
unit,” In extended abstract from Symp. on Combinatorial Opt. Sci. and Tech. (COST),
RUTCOR/DIMACS, Apr. 1991.

(MM91] D. M. Mandelbaum and S. G. Mandelbaum. “Fast generation of logarithms using
partitions and symmetric functions,” submitted to IEEE Trans. Comput., Oct. 1991.

[Pez71] S. D. Pezaris. “A 40-11s 17-bit by 17-bit array multiplier,” IEEE Trans. Comput.,
C-20:442-447, Apr. 1971.

[RGK72] C. V. Ramamoorthy, J. R. Goodman, and K. Il. Kim. “Some properties of iterative
square-rooting methods using high-speed multiplication .” [I'FF Trans. Comput., C-
21(8):837-847, Aug. 1972.

[Rob58]  J. E. Robertson. “A new class of digital division methods,” TFFE Trans. Comput.,
C-7:218-222, Sept. 1958.

44



[Sch89]
[SF91a]
[SF91b]

[SF92a)

[SF92b]
[SF92c]
[Ste72]
[SV91]
[Svo63]
[Toc58]

[VSHSY]

[VSS91]
[WF82]

[WF91]

[WF92]

W. G. Schneeweiss. Boolean Functions with Engineering Applications and Computer
Programs, ch. 7. Springer-Verlag, New York, 1989.

E. M. Schwarz and M. J. Flynn. “ Cost-efficient high-radix division,” Journal of VLSI
Signal Processing, 3(4):293-305, Oct. 1991.

E. M. Schwarz and M. J. Flynn. “Paradlel high-radix non-restoring division,” submitted
to IEEE Trans. Comput., revised June 1992, submitted Oct. 1991.

E. M. Schwarz and M. J. Flynn. “Approximating the sine function with combinational
logic,” In Proc. of 26th Asilomar Conf. on Signals, Systems, and Computers, to be
published Oct. 1992.

E. M. Schwarz and M. J. Flynn. *“Direct combinatorial methods for approximating
trigonometric functions,” Technical Report CSL-TR-92-525, Stanford Univ., May 1992.

E. M. Schwarz and M. J. Flynn. “Using a floating-point multiplier to sum signed
Boolean elements,” Technica Report CSL-TR-92-540, Stanford Univ., Aug. 1992.

R. Stefanelli. “A suggestion for a high-speed parallel binary divider,” IEEE Trans.
Comput., C-21(1):42-55, Jan. 1972.

T. J Seged and R. J. Veracca. “Design and performance of the IBM enterprise sys
tem/9000 type 9121 vector facility,” IBM J. Res. Develop., 35(3):367-381, May 1991.

A. Svoboda. “An agorithm for division,” Information Processing Machines, Prague,
Czechodovakia, 9:25-32, 1963.

K. D. Tocher. “ Techniques of multiplication and divison for automatic binary comput-
ers,” Quarterly J. Mech. Appl. Math., 11:364-384, 1958.

S. Vassliadis, E. M. Schwarz, and D. J. Hanrahan. “A generad proof for overlapped
multiple-bit scanning multiplications,” IEEE Trans. Comput., 38(2):172-183, Feb.
1989.

S. Vassiliadis, E. M. Schwarz, and B. M. Sung. “Hard-wired multipliers with encoded
partial products,” IEEE Trans. Comput., 40(11):1181-1197, Nov. 1991.

S. Waser and M. J. Flynn. Introduction to Arithmetic for Digital Systems Designers,
ch. 4. CBS Coallege Publishing, New York, 1982.

D. C. Wong and M. J. Flynn. “Fast division using accurate quotient approximations to
reduce the number of iterations,” In Proc. of the Tenth Symp. on Comput. Arith., pp.
191-201, Grenoble, France, June 1991.

D. C. Wong and M. J. Flynn. “Fast division using accurate quotient approximations to
reduce the number of iterations,” IEEE Trans. Comput., 41(8):981-995, Aug. 1992.

45



