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Abstract

This paper presents numerical results for a large and varied set of problems using software

that is widely available and has undergone extensive testing. The algorithms implemented in

this software include Newton-based linesearch and trust-region methods for unconstrained opti-

mization, as well as Gauss-Newton, Levenberg-Marquardt, and special quasi-Newton methods for

nonlinear least squares. Rather than give a critical assessment of the software itself, our original

purpose was to use the best available software to compare the underlying algorithms, to identify

classes of problems for each method on which the performance is either very good or very poor,

- and to provide benchmarks for future work in nonlinear least squares and unconstrained opti-

mization. The variability in the results made it impossible to meet either of the first two goals;

however the results are significant as a step toward explaining why these aims are so difficult to

_ accomplish.
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1. Introduction

The nonlinear least-squares problem is that of minimizing a sum of squares

in which each 4; is a real-valued function having continuous second partial derivatives. The

problem can also be posed as a minimization of the 12 norm of a multivariate function :

where

We shall refer to the function $ Il/(z)llq as the nonlinear least-squares  olbjective  function. It is

assumed that 11 and m. are relatively small, so that algorithms are not formulated with any special

considerations for limited storage. A common instance is the choice of parameters /3 within a

nonlinear model cp:

min
m 1c -(q(P; f;) - 412,

PER" i=l 2

where ni are observations at prescribed values ri.

Many specialized algorithms have been developed to take advantage of the structure of the

nonlinear least-squares objective. This paper presents numerical results for a large and varied

set of problems using software that is widely available and has undergone extensive testing.

The algorithms implemented in this software include Newton-based linesearch and trust-region

methods for unconstrained optimization, as well as Gauss-Newton, Levenberg-Marquardt, and

special quasi-Newton methods for nonlinear least squares. Rather than give a critical assessment

of the software itself, our original purpose was to use the best available software to compare the

underlying algorithms, to identify classes of problems on which the performance of each method

is either very good or very poor, and to provide benchmarks for future work in nonlinear least

squares and unconstrained optimization. The variability in the results made it impossible to meet

either of the first two goals. However, the results are significant in that they reveal a great deal

about the reasons these aims why aims are so difficult to accomplish. For treatment of issues and



methodology for software performance evaluation see. e. g., MorC, Garbow, and Hillstrom [1978;

19811. Hiebert [1979: 19811, and Hanson and Krogh [1987]. Hiebert [1979; 1981) conducts an

extensive evaluation of twelve programs for nonlinear least squares, in which she includes software

that uses first derivatives as well as some that does not. In the present study, all of the software

requires first if not second derivatives of the problem functions.

This paper is organized as follows. Section 2 reviews computational techniques for the uncon-

strained optimization problem. These methods are of interest because the nonlinear least squares

problem is a particular instance of unconstrained optimization, so that special-purpose algorithms

for sums of squares should compare favorably in performance with those developed for the more

general case. Moreover, much of the motivation for unconstrained optimization methods is also

relevant to algorithm development for nonlinear least squares. Our emphasis is on computational

issues related to the methods included in this study. For more extensive treatment of uncon-

strained optimization algorithms, see Fletcher [1980], Gill, Murray, and Wright [1981], Dennis

and Schnabel [1983], and Mar6 and Sorensen [1984]. S cc iont 3 reviews the principal approaches

that are used in software for nonlinear least-squares problems. These are Gauss-Newton methods;

Levenberg-Marquardt methods, one of which is implemented in the software package MINI’ACK

[Mori (1978) Mori, Garbow, and Hillstrom (1980)]; corrected Gauss-Newton methods [Gill and

M u r r a y  (1978)], h  hw ic are the basis for the NAG Library nonlinear least-squares software; and

methods that form quasi-Newton approximations to the term B = zyL1 4iV2di in the nonlinear

least-squares Hessian, a strategy that is adaptively combined with a Gauss-Newton method and

a Levenberg-Marquardt method in the computer algorithm NLZSOL  [Dennis, Gay, and Welsch

(1981a,  1981b)]. We assume a knowledge of numerical techniques for linear least-squares (e. g.,

- Lawson and Hanson [1974], and Golub and Van Loan [1983]). For more information on algo-

rithms specific to nonlinear least-squares problems, see Fraley [1988] and the references cited in

th-at paper. Section 4 is a summary and discussion of the numerical results. Section 5 contains

tables of all of the results, as well as information about the software and test problems used in

obtaining them.



1.1 Definitions and Not.at.ion

We shall use the following definitions and notational conventions :

l Generally subscripts on a function mean that the function is evaluated at the corresponding

subscripted variable (for example, fr; = /(;rk)). A n exception is made for the residual

functions d;, where the subscript is the component index for the vector I.

l f - The vector of nonlinear functions whose 12 norm is to be minimized.

The nonlinear least-squares problem is

where the factor 3 is introduced in order to avoid a factor of two in the derivatives.

l d; - The ith residual function, also the rth component of the vector f.

h(4
f(r) z :

( 1

.

f&n CT)

An alternative formulation of the nonlinear least-squares problem is

where each 4;(z) is a smooth function mapping %” to 2.

l J - The Jacobian matrix of 1.

l 9 - The gradient of the nonlinear least-squares objective.

l R - The part of the Hessian matrix of the nonlinear least-squares objective that involves

second derivatives of the residual functions.



where

l 77(i1)  - The range of A.

If A is an VI x n matrix, then

‘R.(A)  f (11 1 AT = b for some r E 93”)

is a subspace  of !JV’ .

l Ar(A)  - The n rdl space of A.

If .4 is an III ⌧ ~1. matrix, then

N(A)  E {z 1 AZ = 0)

is a subspace  of 72”. ,v(A) is the orthogonal complement of R(A4T) in !I?“.



2. Met hods for Unconstrained Optimization

2.1 Local Quadratic Approximation

Software for the unconstrained optimization problem

is usually based on successive minimization of a quadratic approximation

(2.1.1)

for 3(lk + 1)) - 3(rk),  the change in 3 at rk. The matrix Hk is positive definite, so that the

model &.(p) has a well-defined minimum

that can be computed efficiently. Positive definiteness of Jfk also means that j)k is a descent

direction for 3 at rk, which is essential for linesearch methods (see Section 2.2.1). For methods

based on (2.1.1),  the condition,

k%!Q II( Ilk - =%*,,rkl~
=

h 11

o
(2.1.2)

is equivalent to local  superlinear convergence of the sequence {zk + pk} to an isolated lOCal

minimum x* of 3 (see Dennis and MorC 11974; 19771). Th e relationship (2.1.2) implies that the

step ])k approaches the Newton step in both magnitude and direction, although the sequence of

matrices  ( Hk ) need not converge to t23(p’).

Section 2.2 is concerned with modifications that are used to enforce convergence from an

arbitrary starting point. These modifications fall into two categories: lincscarcit methods and

trust-region  methods. Section 2.3 deals with the choice of ffk in (2.1 .l), so that condition (2.1.2)

for superlinear convergence is satisfied. We discuss methods that use exact second derivatives as

well as quasi-Newton approximations.

2.2 Globalization Strategies

2.2.1 Linesetwch Appromh



Linesearch methods obtain a new iterate in two essentially separate phases. First, a clcsccnt

dim-fion Ilk is found for 3; that is, a vector Ilk is computed for which

v3Tpk < 0. (2.2.1)

Condition (2.2.1) is equivalent to saying that 3 initially decreases along the direction Ilk from

rk. Various ways of defining l)k are discussed in Section 2.3. This section is concerned with the

second phase of a linesearch method, that of finding a steplength flk satisfying

3bk + flkpk) < -T(rk 1, (2.2.2)

once a descent direction is obtained.

Because of (2.2.11,  condition (2.2.2) can be satisfied by choosing a sufficiently small value

of (Yk, but the result may not be an appreciable reduction in 3. In fact, (rk -I- flkpk)  may

converge to a point that is not a stationary point unless conditions stronger than (2.2.2) are

imposed on ni; (see, e. g., Dennis and Schnabel [1983], Chapter 6). On the other hand, finding a

minimum of 3 along Ilk is an iterative process which could require many function and derivative

evaluations. Steplength algorithms instead compute Nk that satisfies conditions sufficient to

ensure convergence to a stationary point of 3 whenever the sequence {I$} is bounded away

from orthogonality to the gradient.

The work of Goldstein [1965;  19671,  Armijo [1966], Goldstein and Price (19671,  and Wolfe

[1969; 19711, (see also Ortega and Rheinboldt [1970])  established the fundamental principles

underlying most steplength algorithms. A simple strategy for sufficient decrease is based on the

condition
-

3bk + flkpk) - F(rk) 5 jlflk~&%k, (2.2.3)

for /c E [O, 1). An initial value (usually nk = t ) is tried first, and then a backtracking strategy is

used to reduce it until an admissible step is found. The steplength strategy of Gill et al. [1979],

combines (2.2.3) with the condition

(2.2.4)

for q f [O, 11, which keeps the steplength bounded away from zero by forcing it to approximate a

local minimum of 3 along Pk. A procedure for one-dimensional minimization is truncated, using



(2.2.4) as the criterion for termination. This is accomplished by polynomial interpolation to the

function

‘F(n) z -;r(fk  + nf’k), (2.23)

together with some safeguards to prevent iterates from being either too closetogether or too far

apart. An exact minimization would be carried out for 71 = 0 in (2.2.4), while larger values of 71

increasingly relax this requirement. When 11 < 11,  an interval of steplengths satisfies both (2.2.3)

and (2.2.4); if 11 is chosen sufficiently small, then (2.2.3) almost always holds when (2.2.4) does.

When 11 2 7. a backtracking strategy may be used if (2.2.3)  fails to hold for the steplength

computed in the one-dimensional minimization. If v3T])k  < 0 and (\‘k satisfies (2.2.3) and

(2.2.4) then

,“?=
r3j$k ”-=

IMl2
.

which implies convergence to a stationary point of 3 provided (pk} remains uniformly bounded

away from orthogonality to (y3k ). If 11. ,< 0.5, both conditions (2.2.3) and (2.2.4) are auto-

matically satisfied by superlinearly or quadratically convergent algorithms with C-V~  = 1 when rk

is sufficiently close to a local minimum.

Although the theory allows considerable flexibility in choosing the interpolant to ‘ii(n) and

other parameters in the univariate minimization, as well as in the choice of /r and 11 in (2.2.3)

and (2.2.4),  in practice performance on difficult problems may be very sensitive to these factors.

Moreover, safeguarding in univariate minimization requires specification of a finite interval of

uncertainty in which the minimum is presumed to lie. If pk is very large, it could happen that

no satisfactory approximation to a minimum along that direction can be found, resulting in an

excessively small step.

2.2.2  Trust-Region Appromh

Trust-region methods were first developed for nonlinear least squares [Levenberg (1944);

Morrison (1960); Marquardt (1963)] (see Section 3.2),  and later independently for general un-

constrained minimization [Goldfeld, Quandt, and Trotter (1966)].  Motivation for trust-region

methods comes from the following observation: if the step to the unconstrained minimum of the

current local model for 3(z + p) - 3(r) is relatively large, then it probably falls outside the

region in which the model is applicable. The basic idea is to define a neighborhood of the current

i



point over which an approximate minimization of a local model of the change in 3 will yield a

suitable step to the next iterate.

The local model and constraints defining the neighborhood are chosen so that the subproblem

has a well-defined minimum, and so that fast local convergence is possible with the unconstrained

model. Typically, the model at rk is a quadratic function F3Tp+  f PTWkr, and an upper bound

is imposed on a scaled 12 norm of p, giving the subproblem

(2.2.6)

For practical reasons, the scaling matrices Dk are usually diagonal (with positive diagonal entries).

Solving (2.2.6) is equivalent to minimizing the quadratic function

(2.23)

for some Xk 2 0, where the matrix Hk + Xk DZD, is at least positive semi-definite.

In practice, it has been found to be more satisfactory to control the value of ljk directly

rather than xk (see More  [1983]). I ncreases  and decreases in hk are usually based on comparing

the actual reduction

3(rk + Pk) - 3(7k)

to the reduction predicted by the model,

1 Tv3hk + z"k HkPk.

The updating procedure for hk can be as simple as multiplying the current value by some pre-

scribed factor, without compromising global convergence properties (see below). The preferred
-

strategy for decreasing bk is more complicated. An approximate minimum rk of 3(7k + rp~.)

is computed by safeguarded polynomial interpolation (as in linesearch methods - see Section

2249 and TklI Dkpk 112 is taken to be the new value of hk. It may be necessary to decrease hk a

number of times before a suitable reduction in 3 is achieved and the step to a new iterate can

be taken.

Once (il, is assigned a value, it remains to find j)k when the solution to (2.2.6) is not an

unconstrained minimum. Mori and Sorensen [1983]  obtain Xk in (2 .2.i) by truncating a numerical

procedure for computing a zero of the function

(2.23)

8



based on the work of Hebden [1973]  (see also Reinsch 119711  and Gay [1981]). The algorithm

of Gay [198?]. implemented in the PORT library [1984]. approximates p~:( ,\) by a linear com-

bination of the (scaled) steepest descent direction and the Newton direction. This technique

was devised by Powell (19701  ( see also Dennis and Mei [1979]), and is used because it achieves

comparable performance to methods that attempt to approximate Q(A) closely, with considerably

less computational efI+ort.

Somewhat stronger convergence results have been proven for trust-region methods than are

known for linesearch methods (see Section 2.2.1). Trust-region methods converge to an isolated

local minimum under fairly mild conditions when exact second derivatives are used, and otherwise

to a stationary point. Although global convergence properties are not affected, in practice the

choice of 6, and the updating strategy for hk are important. As hk, and hence the norm of p, is

made to approach zero, the minimizer of the quadratic becomes parallel to the steepest descent

direction, -y3k. Small values of fik are accordingly safe, in the sense that they guarantee a

decrease, but progress may be unacceptably slow if no provision is made for taking larger steps

where possible.

For more detail and general discussion of trust-region methods, see MorC [1983],  Shultz,

Schnabel, and Byrd [l!MS], and Bulteau and Vial [1987]. Related variants are described in

Bulteau and Vial [1985] and Byrd, Schnabel, and Shultz [1988].

2.2.3 Stnt ionnry Points md Directions of Negative Curvature

It is possible to decrease 3 at a stationary point X* if the Hessian matrix has one or more

negative eigenvalues. The decrease is obtained by moving along a direction of negative curvature;

in other words, a direction p for which 7tTT23(7”)p < 0. Trust-region methods that use

the quadratic model with exact Hessian information (see Section 2.3.1) will yield directions

of negative curvature at stationary points when F23(3r’)  is indefinite, whereas the linesearch

methods discussed above terminate when the gradient vanishes.

A fundamental problem is that of deciding the length of the step to be taken along a direction

of negative curvature. This problem is very much related to the problem of setting a maximum

step length in order to safeguard a linesearch method, or that of determining the step bound in a

trust-region method. First- and second-order information about the function at r* indicates that

an infinite step can be taken, since the quadratic part of the Taylor series at I* is unbounded



below when r’3( I*) is indefinite. Clearly an infinite step is not possible if 3 has a finite

minimum.

Neither the question of choosing a direction of negative curvature, nor the problem of choos-

ing a steplength along such directions has been adequately resolved, and thus in most methods

directions of negative curvature are not explicitly sought at arbitrary points. For research on

generating directions of negative curvature, and on their use in unconstrained optimization algo-

rithms, see Gill and Murray [1974a],  Fletcher and Freeman [1977], McCormick [1977],  More and

Sorensen [1979],  Goldfarb 119801, and Shultr, Schnabel, and Byrd [1985].

2.3 Defining the Quadratic Model

2 . 3 . 1  Second-Derivnt.ive  M e t h o d s

There are two basic frameworks for defining IJk in the quadratic model (2.1.1)  when second

derivative information is available: direct modification of the Hessian, and trust-region methods.

Both can be viewed as procedures for producing a positive-definite quadratic model by modifying

. the exact Hessian V23’. A method that combines the two approaches is given in Chapter 5

(Section 5) of Dennis and Schnabel [1983].

The modified Newton method of Gill and Murray [1974a] is a linesearch method in which

the definition of the search direction is based on the fact that if Ifk is positive definite, it can be

characterized by its Crhn1e.s~~~  /;rcforjzaf.jon

Jfk = R;fRk, (2.3.1)

where Rl. is upper-triangular and nonsingular (see, e. g., Stewart [1973],  Chapter 3). Gill and

Murray alter the Cholesky factorization procedure so that it can be continued in the event of

indefiniteness or near-singularity. The modified factorization is applied to the Hessian matrix

V23k, resulting in the Cholesky factorization of a matrix JJk with a prescribed upper bound on

its condition number. The matrix IJk may differ from V23h only in the diagonal elements. Local

convergence properties of of Newton’s method are preserved, because 7fk = v23k whenever

v23k is sufficiently positive definite. An implementation is available in the NAG Library [1984]

(subroutine E04LBF).  For information on other direct modification methods, see Gill, Murray,

and Wright [1981], Chapter 4, and Higham [1986].



In trust-region methods with exact Hessian information, a subproblem of the form

subject to~]n,t~l12  5 1Sk.

is solved for the step ])A to the next iterate. We recall from the overview of trust-regions in

Section 2.2.2 that solving (2.3.X) is equivalent to solving

for some non-negative value of XJ., with r’3k + ,\k nTnk  positive semidefinite. In particular,

Ak will be positive whenever v2-rk is indefinite, and also when y23k is positive-definite if 6k

happens to be smaller than the norm of the scaled unconstrained minimum of the quadratic

objective. In contrast to the modified Newton method described above, all of the eigenvalues  of

r23k are changed when /\A > 0 in (2.3.3). As long as the constraint in (2.3.2) is inactive near

a local minimum, the local convergence behavior of Newton’s method is preserved. A recent

implementation of a trust-region method that uses second derivatives is available in the PORT

Library 119841  (subroutine DMNH;  see also Gay [1983]).  For further information on trust-regions

with exact Hessian information, see Fletcher [1980],  Chapter 5, Gay [1981], Sorensen [1982],

MorC [1983], Mor6 and Sorensen [1983], and Shultz, Schnabel, and Byrd [1985].

2 . 3 . 2  Qmsi-Newton M e t h o d s

In grrasj-IVen:k~n  methods (also called ~ariahle Inefrk  or ,cecalnt  methods), a sequence of

approximations 110, 111, . . . , to the Hessian matrix of 3 is generated, with Ifk+l depending on

Nk as well as on gradient information at the current iterate. The approximate Hessian is required

to satisfy the quasi-Newton  condition

The quantity $&?k  approximates the curvature, $T23k.qk,  of 3 along Rk, Equation (2.3.4) does

not uniquely define IfAtI; papers that discuss completion of the specification include Dennis and

MorC [1977],  Nazareth [1984],  Todd [1984], and Flachs [1986]. Conditions imposed on the

approximate Hessian almost always include symmetry and positive definiteness.

1 I



It is generally agreed that the best overall performance is achieved by the RFGS update

although precise reasons for its superiority are still not known (see, e. g., Brodlie [1977]). Like

most proposed updates, the RFGS update is a rank-two modification of the current approximate

Hessian. The RFC;S  update preserves positive definiteness whenever yz.qk > 0, a condition that

holds automatically in a linesearch method satisfying (2.2.4).

Originally, quasi-Newton updates were formulated in terms of J/a1  rather than Nk, so that

minimizing the quadratic (2.1.1)  at each stage in a linesearch algorithm involved only a matrix

multiplication (O(n?) arithmetic operations) rather than solution of a linear system (0(n”)

arithmetic operations). Gill and Murray [1972] hs owed that rank-two quasi-Newton methods

could be implemented in (?(n2)  operations per iteration by applying an update to a Cholesky

factor (see Section 2.3.1) of Hk. This has the additional advantage that it allows the numerical

positive definiteness of Hk to be monitored from iteration to iteration. For more information on

computational aspects of the update, see Dennis and Schnabel [1983], Chapter 9, and Gill et al.

[1985].

. The BFGS method belongs to a class of quasi-Newton methods that can be derived by

minimizing the difference (J!k+l  - Nk) or (Hr& - ljkl), in various weighted norms, subject

to (2.3.4) [D ennis and Schnabel (1979)]. Other classes of methods attempt to minimize the

condition number of Nk by selecting parameters in a class of updates at each step [Shanno

and Kettler (1970); 0 ren (1973, 1982); Davidon (1975); 0 ren and Spedicato (1976); Spedicato

(1976); Schnabel (1978)). Al-B as i and Fletcher [1985]  apply a scaling factor before updatingI

that minimizes an approximate measure of the error in the inverse Hessian matrix. Performance

- tests indicate that these modified methods are not as successful as the RFGS method for general

problems [Brodlie (1977); Shanno and Phua (1978b); Al-Baali and Fletcher (1985)].

Under the same assumptions as required for local quadratic convergence of Newton’s method,

quasi-Newton methods are locally superlinearly convergent, provided IJo is sufficiently close to

V23(lo) [Broyden, Dennis, and More (1973)]. Selection of the initial Hessian approximation

Ho can be critical in the performance of a quasi-Newton method. Often the identity is chosen

because it gives the steepest-descent direction on the first iteration, and it is positive definite.

Computational tests have shown that improved performance can sometimes be achieved by scaling

Ilo before performing the first update [Shanno and Phua (1978a); Dennis and Schnabel (1983).

12



Chapter 91. Another possibility is to use a finite-difference approximation to T2,7(ru)  for 770,

modified if necessary to ensure positive definiteness. Although the choice of J,‘o can have a

significant effect on performance, the question of how best to choose IJo is still open. It is

generally agreed that exact or approximate curvature information should be used to stal: the

algorithm if it is available at a reasonable cost. For a nonlinear least-squares problem, .7:.7o can

be used as the initial estimate, provided the columns of ,7n are linearly independent.

13



3. Methods for Nonlinear Least Squares

3.1 Gauss-Newton Methods

The Gauss-Newton method is a linesearch method in which the search direction at the current

iterate minimizes the quadratic function

1
gTp  + 5 pTJT.7p. (X1.1)

As a model for the change in the least-squares objective, (3.1 .l ) has the advantage that it involves

only first derivatives of the residuals, and that .7T.7 is always at least positive semi-definite. If

then

JTJfN = -.9, (X1.2)

so that pGN is a direction of descent for fTj  whenever g # 0, as required in a linesearch method.

To guarantee convergence, the sequence of search directions must also be bounded away from

e orthogonality to the gradient, a condition that may not be met by successive Gauss-Newton

directions unless the eigenvalues of JTJ are bounded away from zero. Powell [1970a] gives an

example of convergence of a Gauss-Newton method with exact linesearch to a non-stationary

point.

The Gauss-Newton method can be viewed as a modification of Newton’s method in which

J*J is used to approximate the Hessian matrix

-
.IT.l + xt$;V2+; = .lT.J + R

i=l

of the nonlinear least-squares objective function. The assumption is that the matrix JTJ should

be 21 good approximation to the full Hessian when the residuals are small. In fact, if f(r’) = 0

and .I(P*)~.~(T*)  is positive definite, then the sequence {rk + 71:“)  is locally quadratically

convergent to z*, because J(rk)TJ(rk)  is an o(llrk  - ~“11) approximation to the Hessian of

the nonlinear least-squares objective at z*.



When *IT.7 is singular, or, equivalently, when .I has linearly dependent columns, (3.1 .l ) does

not have a unique minimizer. The set of vectors that minimize (3.1.1)  is the same as the set of

solutions to the linear least-squares problem

min 11.171  + /II, . (3.1.3)
rE30”

One (theoretically) well-defined alternative that is often approximated computationally is to re-

quire the unique solution of minimum I3 norm:

(3.1 .4)

where S is the set of solutions to (3.1.3),  while another is to replace .I in (3.1.3)  by a maximal

linearly independent subset of its columns. In finite-precision arithmetic, there is often some

ambiguity about how to formulate and solve an alternative to (3.1.3)  when the columns of J are

“nearly” linearly dependent, which is significant because the numerical solution of these problems

is dependent on the criteria used to estimate the rank of .7. Fraley [1987b]  gives some detailed

examples that illustrate some of the difficulties that arise in implementation.

3.2  Levenberg-Marquardt Methods

Levcnberg-Marquardt methods alter the Gauss-Newton search direction in the range of 7,

by replacing JT.7 in the quadratic model function with .7TJ + XDTD, where A 2 0 and D is

a diagonal scaling matrix with positive diagonal entries. The step p between successive iterates

minimizes the quadratic model

l. TgTp + ?p (.I J + ADTD)p, (3.2.1 )

for some A 2 0. Since the matrix JT.7 + X71T71  is positive semidefinite, minimizers 71x of (3.2.1 )

satisfy the equations

(.7TJ +  HlT71)p  =  -.q =  -*ITI. (X2.2)

which are the normal equations for the linear least-squares problem

Equivalently, p solves

min .qTp + f pT .IT ,771
FEW”

(3.23)

(X2.1)

1 5



subject to 11 7’17)llZ  5 fi,

for some f; > (7; that is. the Gauss-Newton quadratic model is minimized subject to a trust-region

constraint.

Considera bie research effort has been directed toward improvements in this class of methods

since their introduction by Levenberg [1944],  Morrison [1960],  and Marquardt [1963]  for nonlinear

least-squares problems, and independently by Goldfeld,  Quandt, and Trotter [1966]  for general

unconstrained optimization. MorC [1978] g ives an implementation in which he adjusts the step

bound h in (3.2.1) rather than A, a strategy used in trust-region methods for unconstrained

optimization (see MorC [1983]  for a survey), Changes in 6 depend on agreement between the

actual reduction in the sum of squares

with the reduction

gTpA  + ; 71; .I?775

predicted by the model .JT.7  + ADT D, which is the optimum value of the objective in (3.2.4).

* Increases are accomplished by taking hk+l = 2]]Dk71~]]~, while 15 is decreased by multiplying by

the factor 7’ < 1. In order to obtain X when the bound in (3.2.1) is active, the nonlinear equation

(3 .25)

is approximately solved by truncating a safeguarded Newton method based on the work of tiebden

[1973] (see also Reinsch [1971]). M orC reports that, on the average, (3.2.5) is solved fewer

e than two times per iteration. He also proves global convergence to a stationary point of fTf,

lrvithout  assuming boundedness for {AA}.  Many computational details are given, including an

efficient method for calculating the derivative of ?J(,\) in (3.2.5)  that uses the QI? factorization

of j. Equation (3.2.2)  is solved by a modification of the two-stage factorization described by

Osborne [1972]  that allows column pivoting. Subroutine LMDER in MINT’AC~K [MorC, Garbow,

and Hillstrom (1980)] is an implementation of the method. Variables are scaled internally in

LMDER according to the following scheme: the initial scaling matrix Do is the square root of the

diagonal of .7T.7 evaluated at ~0, and the ith diagonal element of lJk is taken to be the maximum

of the ith diagonal element of I? kWl and the square root of the ith diagonal element of JTJ.

Numerical results are presented indicating that this scaling compares favorably with those used



in earlier research. The user also has the option of providing an initial diagonal scaling matrix

that is retained throughout the computation.

3.3 Corrected Gauss-Newton Methods

Gill and Mur ray [1976]  propose a linesearch algorithm that divides !I?” into complementary

subspaces ‘fi and .v, where 2. c ‘R(JT),  and .3 is nearly orthogonal to 7’?(JT).  The search

direction is the sum of a Gauss-Newton direction in 2., and a projected Newton direction in

.q. This strategy avoids a shortcoming of Gauss-Newton methods - that components of the

search direction that are nearly orthogonal to 7?(JT)  may not be well determined when J is

ill-conditioned - because each component is computed from a reasonably well-conditioned sub-

problem. The vector r - r* may become almost entirely in R(JT)  in a Gauss-Newton method,

yet the algorithm computes a search direction that is virtually orthogonal to 7?.(JT)  due to ill con-

ditioning in the Jacobian (see Fraley [1987b]).  Gill and Murray show that both Gauss-Newton

algorithms defined by (3.1 A) and Levenberg-Marquardt algorithms generate search directions

that lie in ‘K!(JT), while the Newton search direction generally will have a component in n/(J),

the orthogonal complement of R.( .rT), whenever .7 has linearly dependent columns. For prob-

lems with small residuals, they point out that .7TJ is a reasonable approximation to the full

Hessian in 7?(dT),  but not in .4((.7).  Thus, in situations where 3: - T* is orthogonal to 7Z.(JT),

and J is well-conditioned but has linearly dependent columns (for example, when Tn. < n), the

Gauss-Newton and Levenberg-Marquardt directions have no component in the direction of z-z*,

while Newton’s method and also the method of Gill and Murray would have components in both

X!(.7T)  and A’(J).

A version of this algorithm called the corrcctcd CZ;,rrss-Nelrrton  m&od  [Gill and Murray

(1978)] forms the basis for the nonlinear least-squares software in the NAG Library [1984]. Rules

based on the relative size of the singular values of .7 are given for choosing an integer g&t(J) to

approximate rnnk(J),  and an attempt is made to group together singular values that are similar

in magnitude. The method is not as sensitive to gr~/c(J)  as Gauss-Newton is to rank estimation,

both because of the division of the computation of the search direction into separate components

in 2 and .q, and because grnrIc(,l)  is varied adaptively based on a measure of the progress of

the minimization. Moreover, the rate of convergence is potentially faster than Gauss-Newton

or Levenberg-Marquardt methods on problems with nonzero  residuals. The quantity grndr(.I)
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is reduced when the sum of squares is not adequately decreasing, so that there is the potential

of having .i’= 7;“’ (with exact second derivatives, this implies taking full Newton steps) in the

vicinity of a solution.

When rnrrk(.J)  = gtclr7c(.7) = 71, the search direction 71 is a full-rank Gauss-Newton direc-

tion. Otherwise the vector 71 is computed as the sum of two mutually orthogonal components: a

Gauss-Newton direction, and a projected Newton direction. The projected Hessian is replaced by

a modified Cholesky factorization (see Section 2.3.1) if it is computationally singular or indefinite.

A modified Newton search direction (corresponding to the case grndr(J)  = 0) is used when-

ever if lfos(g. 7j)I is smaller than some prescribed value, or if gTp is positive. A quasi-Newton

approximation to 73 (see the discussion in Section 3.4) and a finite-difference approximation to

the projected matrix Z’I?Z along the columns of Z!, where Z is an orthogonal basis for .Q, are

given as alternatives to handle cases in which second derivatives of the residual functions are not

available or are difficult to compute. Gill and Murray test their method on a set of twenty-three

problems, and find that the version that uses quasi-Newton approximations to B does not per-

form as well as those that use exact second derivatives or finite-difference approximations to a

projection of R. They observe only linear convergence for the quasi-Newton version on problems

* with large residuals. The algorithms are implemented in the NAG Library [1984]; subroutine

EOQHEF uses exact second derivatives, while subroutine E04GBF  is the quasi-Newton version.

3.4 Special Quasi-Newton Methods

Special quasi-Newton methods for nonlinear least squares use a Hessian of the form JTJ+ 8

in the quadratic model, so that the search direction differs from the Gauss-Newton direction
-

- in R(.7T),  and also has a component in ,4!(J) when .7 is rank-deficient. The matrix R is a

quasi-Newton approximation to the term R = xyLI biF2+i in the Hessian of the nonlinear

least-squares objective. Brown and Dennis [1971]  first proposed a method in which the Hessian

mairix of each of the residuals was updated separately. This approach is impractical because it

entails the storage of m symmetric matrices of order I), and more recent research has aimed to

approximate R as a sum.

Gill and Murray [1978]  d iscuss a linesearch method in which they use the augmented Gauss-

Newton quadratic model only to compute a component of the search direction in a subspace

that approximates the null space of the Jacobian (see Section 3.3). They apply the RFC;S

1 8



formula for unconstrained optimization (see, e. g., Dennis and More [1977])  to the matrix fin, =

.7z+I.7k+1 + Bk with th e quasi-Newton condition

where

aqk z rk+l - rk and Yk = .Qk+l - gk.

and then form Bk+, = If&I - .I,T+l&.  They point out that, if .,l&.I,+l + Rk is positive

definite, and yF$k > 0, then .I,T+I.7k+l + fik+l is also positive definite with this scheme. In

order to safeguard the method, the projected approximate Hessian is replaced by a modified

Cholesky factorization when it is singular or indefinite. In addition, if the cosine of the angle

between the search direction and the gradient of the nonlinear least-squares objective exceeds a

fixed threshold value, a modified Newton step with the full augmented approximate Hessian is

taken. See Section 3.3 for a summary of their observations on the performance of the methods.

Dennis, Gay, and Welsch [1981a] apply a scaled DFP update to Bk at each step. The new

approximation Bk+l SOIVeS A

subject to

.it?sk = vk; N positive definite

Bak = J,T+lfk+t - l J:fk+l; I? symmetric,

The scale factor rk is based on the observation that the quasi-Newton approximation to B is

often too large with the unscaled update, on account of the contribution of the residuals. The

term ly~~/.+r~&a~I in rk is derived from the self-scaling principles for quasi-Newton methods

of Oren [1973], and attempts to shift the eigenvalues of the approximation Rk to overlap with

those Of Bk, Using CUrVatUre  information at rk. The algorithm forms the basis for the ACnl

computer program BL2SOL [Dennis, Gay, and Welsch (1981b)], which is distributed by the F’ORT

library [1984] as subroutines N2G and DNZG. It is implemented as an adaptive method, in that

Gauss-Newton steps are taken if the Gauss-Newton quadratic model predicts the reduction in

the function better than the quadratic model that includes the term involving B. A trust-region

1 9



strategy is used to enforce global convergence. Numerical results are given in Dennis, Gay, and

Welsch  [1981a]  for a set of twenty-four test problems, many with two or three different starting

values.
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4. Discussion and Summary of Numerical Results

In this section, we summarize numerical results obtained for the unconstrained optimization

and nonlinear least-squares methods; more detailed results are tabulated in the Appendix. The

tests were performed using the following software:

l DMNG/SUMSOL  - Trust-region method for unconstrained optimization that uses a quasi-

Newton approximation to the Hessian matrix. From the PORT Library 119841.

l NPSOL - Linesearch method for unconstrained optimization that uses a quasi-Newton ap-

proximation to the Hessian matrix. From the Systems Optimization Laboratory, Stanford

Llniversity  (see Gill et al. [1986b;  19871). Al so available in the NAG Library.

l DMNH/HUMSOL - Trust-region method for unconstrained optimization that uses analytic second

derivatives. From the PORT Library [1984].

l M NA - Linesearch method for unconstrained optimization that uses analytic second derivatives.

This implementation, which is available at Stanford Linear Accelerator Center, is from the

National Physical Laboratory, England. It is essentially the same as subroutine EOQLBF from

the NAG Library [1984].

.  G-N - Gauss-Newton algorithm for nonlinear least squares that uses LSSOL (Gill et al.

[1986a]) to solve the linear least squares subproblems, and the linesearch from NPSOL (Gill

et al. [1986b]).  Both LSSOL and NPSOL are also available in the NAG Library.

l LMDER - Levenberg-Marquardt method for nonlinear least squares. From MTNPACK  (MorC,

Garbow, and Hillstrom [1980]).

. DNZG/NLZSOL - Adaptive method for nonlinear least squares (combines Gauss-Newton,

Levenberg-Marquardt, and special quasi-Newton methods). From the F’ORT Library [1984].

l LSQFDQ - Corrected Gauss-Newton method that uses a quasi-Newton approximation to the

Hessian matrix. This implementation, which is available at Stanford Linear Accelerator

Center, is from the National Physical Laboratory, England. It is essentially the same as

subroutine EOQGBF from the NAG Library [1984].

. LSQSDN - Corrected Gauss-Newton method that uses analytic second derivatives. This im-

plementation, which is available at Stanford Linear Accelerator Center, is from the National

Physical Laboratory, England. It is essentially the same as subroutine E04HEF from the NAG

Library [1984].
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Information about the individual test problems is given in the Appendix. The number of

fu

In

nctio n evaluations req red by each su brou tine is listed in the tables at the end of this section.

addi tion, the followin g symbols are used:

zero-residual problem
linear least-squares problem

-

Lv
1
I

P

failure to achieve an approximate solution
appears to be unable to terminate at an approximate solution

local minimum
termination criteria satisfied at a point away from a local minimum
failed with default step length or trust-region size

Two columns of figures corresponding to two different values of a single parameter are given

for each subroutine. For the Gauss-Newton methods, the parameter affects rank estimation; for

all of the other methods, the parameter affects termination criteria. See the tables of numerical

results given in the Appendix for information about the precise choices that were made. The

wide variability in the numerical results makes it difficult to draw definitive conclusions about

the relative performance of the software, because observations of small samples could result in

. misleading generalizations. The sources of this variability are discussed below.

First, the number of function evaluations may nqt be an adequate basis for comparison.

The routines vary in the number of gradient evaluations performed per function evaluation, and

second-derivative methods require evaluation of the Hessian matrix. Moreover, when function

evaluations are relatively inexpensive, costs could be dominated by other portions of the compu-

tation. Another difficulty in making comparisons is that the definition of an acceptable minimum

- varies from routine to routine. For example, the norm of the gradient of the nonlinear least-

squares objective, 1lg11.  at an alleged solution r* may differ considerably for different software,

although g(;r*)  = 0 is a necessary condition for a minimum. (On problem lo., LMDER terminates

at :a point for which llgll is of order loo, while DN2G terminates at a point for which llgll is of

order lo-”.) Most algorithms do not attempt to reduce llgll  d irectly, but convergence criteria

may include a threshold on lIg(~*)ll. Dl en in on how this threshold is used in relation to otherp d g

criteria, some routines may spend more function evaluations in anticipation of a reduction in 1lgI1

than others. A small value of 11,911 means greater certainty that a minimum has actually been

obtained, but may be unreasonably expensive to achieve in practice.
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Second, aside from design choices that define a particular implementation of an algorithm.

the user is permitted to specify certain parameters that may affect performance. Fraley [1987b]

gives examples that illustrate the sensitivity of Gauss-Newton methods to rank estimation criteria

(see, e. g., problems 35b., 36a.,  and 20d.). For problems on which an algorithm is linearly

convergent, small changes in tolerances that are used to define convergence criteria can mean

substantial differences in the amount of computation required in order to obtain a point satisfying

conditions for convergence (see, e. g., DMNG on 24b.. and LMDER on 40.). Selection of a maximum

steplength or an initial trust-region radius can also be critical factor in the performance of a

method. In these tests, the default values for these parameters were altered only in cases where

a method was initially observed to fail by attempting to evaluate problem functions outside the

region in which they are numerically defined (see, e. g., the results for the DeVilliers and Glasser

test problems 42. and 43.). Failures of this sort may be caused either by poor scaling among

the variables in the problem, or by ill-conditioning within subproblems. Hiebert [1981]  is of the

opinion that failure due to ill-conditioning can be avoided in software, but that it is not always

possible to anticipate abnormal terminations that are caused by bad scaling.

In IJPSOL, one can specify bounds on the variables, as well as adjust the maximum step

length, in order to deal with this type of difficulty. Subroutine E04LBF, the version of MNA that

is available in the NAG Library [1984],.  also provides for bounds on variables, and there are

alternative versions of all of the PORT software used in these tests that allow bounds to be

specified. Unfortunately, when bounds on the variables are included in the problem formulation,

local minima at which the bounds are active may be found rather than local minima for the

nonlinear least-squares problem. See Hanson and Krogh [1987] for numerical results in which

simple bounds are included for some problems. Holt and Fletcher [1979] give an algorithm

designed for nonlinear least-squares problems with explicit bounds on the variables.

Third, the performance of any given method over the set of test problems is by no means

uniform, and it is not easy to separate the problems into classes for which the behavior of an

algorithm can be categorized. One reason for this is that many of the test problems recur in

the literature precisely because they have certain distinguishing properties. Powell’s singular

function and variants (13. and 22.) are zero-residual problems in which the Jacobian becomes

singular at the solution. The McKeown  test problems (39., 40., and 41.) are chosen so that

the Jacobian is well-conditioned everywhere, and the rate of convergence for the Gauss-Newton

method with unit steplength can be controlled by varying a single parameter (the parameter can



also be chosen so that the unit-step Gauss-Newton method diverges). Both Powell’s singular

function and McKeown’s test problems are constructed analytically rather than derived from

data-fitting applications. The matrix square root problems (36.) are examples of small, dense,

nonlinear systems of equations requiring a very accurate solution. Watson’s function (20.) comes

from polynomial interpolation, and has multiple local minima with small, but nonzero,  residuals.

It also has the feature that the Jacobian becomes increasingly ill-conditioned as the problem

size is increased (see Fraley [1987b]).  The Gulf Research and Development function (11.) has

discontinuities in the derivative of each residual on a one-dimensional subspace  and hence violates

the assumption (made in developing all of the algorithms we have discussed) that the sum of

squares has continuous second derivatives. The results for the DeVilliers and Glasser  test problems

( 4 2 . and 43.) illustrate variability in performance due to the use of different starting values.

More generally, the behavior of a given method for a certain type of residual function may not

be uniform over several sets of defining data of similar magnitude, as shown by the results for

the Dennis, Gay, and Vu test problems (44. and 45.).

eneraliz ations are possible. Our data gene rally supports the use of nonlinear least-squares soft-

ware over that designed for general unconstrained minimization, but there are some exceptions

(see, e. g., the McKeown test problems 39. - 41.). Of the nonlinear least-squares routines, DN2G

(NLZSOL)  is often the best (the Dennis, Gay, and Vu test problems 44. and 45. are examples of

exceptions). When second derivatives are relatively cheap to obtain, the use of an unconstrained

optimization method that uses exact second derivatives may be a reasonable alternative to a

nonlinear least-squares method (see, e. g., the results for the penalty function 23b.). Our tests

Fina Ily, there is considerable diversity in performance among the routines tested, and few

e do not indicate overall superiority of any particular method over the others; in situations in which

a variety of problems are being solved, we conclude that it is desirable to have the flexibilty to

choose from among several methods.





Sunlxncrry  of  Results  : Unconstrained  OptixnizAf  ion Methods

(nil mher of function cvalua tions)

Mark, GRrbow$ Rnd Hillstroxn T e s t  Problenls

l? l?l DMNG NPSOL DMNH MNA

l? 2 2 40 42 27 29 32 32 14 14

2.” 2 2 12’ 12’ 9 10 10’ 10’ 8 8

3.” 2 2 217 220 897 89i 130 132 17s 175

4.O 2 3 66 67 20 20 22 23 1 1

5.O 2 3 16 li 20 22 11 12 3s5 35”

6. 2 10 33 34 14’ 1.5” 11 11 12 12
-0I . 3 3 28 30 37 38 16 1’7 14 14
8. 3 15 19 22 22 23 9 10 11 11
9. 3 15 8 12 8 9 4 4 3 3

10. 3 16 465 467 450 450 3 8 2  3 8 8 249 249

11.O 3 10 4’ 327 2’ 2’ 290 292 538 538

12.O 3 10 43 45 34 35 24 24 43 43

13.O 4 4 62’ 89 66 ‘71 27’ 38 38 23’ 23’

14.’ 4 6 100 102 50 51 42 49 54 54
20 20

.
15. 4 11 35 36 33 35 11 12
16. 4 20 46 47 24 25 11 13 9 10

17. 5 33 69 72 32” 56’ 46’ 47’ 43 43

18.’ 6 13 45 47 45’ 45’ - - 44 44
19. 11 65 69 72 88 90 23 24 “Sf 8*

20a. 6 31 35 37 43 46 15 15 13 13

20h. 9 31 i6 79 83 85 20 22 14 14

- 2Oc. 12 31 89’ 148’ 55’ 151 24 24 14 14

20d. 20 31 110’ 134’ 73’ 114’ 50’ - 129s’ 1295’

21a? 10 10 120 12.5 101 104 2s 26 14 1 4

- 21kP 20 20 189 193 252 26S 27 27 14 14

22a.O 12 12 143’ 235 83’ 1R-j’ 28’ 40 2.3’ 23’

22h.O 20 20 187’ 344 103’ 196’ 29’ 40 24r 24’

23a. 4 5 77 78 198 198 42 43 43 43

23b. 10 11 80 81 117 124 44 45 44 44

24a. 4 8 364 472 23’ 462 126 128 158 158

24b. 10 20 475 632 368 419 lS8 1 6 2 133 1.33
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I
Sunlxnary  of Results : Nonlinear  Least-Squares Methods

(nllmber of function tvalnations)

MorC,  Garbow, and Hillstronl  Test  Problenls

G-N LMDER DN2G LSQFDQ LSQSDN

1”. 31 31 22 22 14 14 31 31 31 31

2.O 180’ 235’ 14’ 21’ 10’ 12’ 36’ 36’ 18’ 18’

3.O 31’ 42 19 19 64 65 47 47 47 4i

4.O 54 54 40' 54 40' 53 64 64 s3 53

5.” 8 8 9 10 9 10 14 14 10 10

6. -* -s’ 21 28 14 16 54 54 36’ 36”
- 0i. 13 13 11 12 13 14 20 20 14 14

8. i 7 6 i i 8 13 13 6 6
9. 3 3 4 5 3 5 3 3 3 3

10. -’ 30 126 126 132 133 18 18 17 li

11.O 69' 69' 30" 3os'

12.” 7 7 7 8 8 9 12 12 8 12

13.O 16t 16’ 65 65 19’ 25 18’ 18’ 18’ 18’

14.O 96 96 70 70 52 53 81 81 87 99
15. 43 43 18 28 11 12 30 30 16 16
16. 3651 3651 264 356 21 22 62 62 45 45
17. 13 13 18 19 26 27 19 19 14 18

18.’ -’ - 46 46 45 46 -s -I 243’ 247’

19. 24 24 17 19 20 22 33 33 19 19
20a. 12 12 8 10 13 13 32 32 9 9

20b. 6 6 9 10 12 1s 6 6 6 6
2oc. 6 6 10 12 14 14 6 6 6 6

20d. 6’ 6 18 23 7' - 18 18 10 12

2h0 31 31 22 22 27 2i 31 31 31 31

21b.O 31 31 22 22 16 16 31 31 31 31

22a.O 16’ 16’ i2 i2 20’ 26 18’ 18’ 18’ lBt

22b.O 16’ 16’ 69 69 39’ 26 18’ 18’ 18’ 18’
23a. 90 90 34 44 36 37 80 80 58 58

23b. 2i4 2i4 84 104 61 68 143 143 124 124
24a. 1043 1043 151 156 139 142 411 411 228 228

24b. 80 88 129 138 566’ 566’ 150 150
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Sumnmry of Results :  Unconstrained  OptixnizRtion  M e t h o d s  .

(number of function evaluations)

Mor4, Garbow, and Hillstrom Test Problems (continued)

n 1n DMNG NPSOL DMNH MNA

25a.” 10 12 20 21 19 20 15 15 14 14

25b.O 20 22 25 26 24 24 18 19 17 18

26~1.’ 10 10 34’ 3i’ 33’ 35’ 11’ 12’ 21 21

26b.O 20 20 62’ 65’ i6’ i8' 20’ 20’ 30 30

2ia.O 10 10 13 16 18 19 9 10 22 22

2ib.O 20 20 15 18 30 32 11 12 31 31

28a.O  10 10 31 34 33 36 4 4 4 4

28b.O 20 20 60 64 54 56 4 4 4 4

29a.O  10 10 8 10 7 8 4 5 4 4

29b.O 20 20 8 10 7 8 4 5 4 4

30a.O  10 10 51 57 37 40 6 7 7 7

30b.O 20 20 65 88 65’ 67’ 6 7 7 7
.

31a.O 10 10 46 60 67’ 70’ 9 9 ‘9 9
31b.O 20 20 47 63 141 144 9 9 9 9

32.= 10 20 6 6 2 2 6 6 4 4

33.‘ 10 20 4 4 4 4 5 5 27 27

34.= 10 20 5 5 4 4 6 6 20 20
35,. 8 8 34 38 31 33 14 14 41 41

35b.O 9 9 44 46 29 32 17 18 66 66
e 35c. 10 10 41’ 45’ 37’ 42’ 19 20 86 86

Matrix Square Root Test  Problems

n 1n DMNG NPSOL DMNH MIA
3&t.* 4 4 -f -1 - -

36b." 9 9 -1 -1 - -

36c? 9 9 69 101 3 3 31 35 3188 3188

36~1.’ 9 9 -1 -1 - -
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Sunlxnary of Results : N o n l i n e a r  Least-Squmes  Methods

(number of function evalna.tions)

MorC, Garbow, and Hillstrom Test Problems (con t inned)

G-N LMDER DN2G LSQFDQ LSQSDN

25a.” 11 11 11 12 15 16 16 16 12 17

2sb.O 13 13 13 14 19 19 18 18 14 19

26a.O 16 16 28’ 3i' 11 12 22 22 18 22

26b.O 20 20 57’ il' 39 42 18 24 18 26

27a.O 21 21 15 15 8 9 26’ 26’ 22’ 28”

2ib.O 315 31’ 5’ 18 11 12 31’ 31’ 21’ 27’

28a.O 4 4 5 5 4 4 4 4 4 4

28b.O 4 4 5 5 3 4 4 4 4 4

29a.O 4 4 5 5 4 4 10 10 6 6

29b.O 4 4 5 5 4 4 10 10 6 6

30a.O 6 6 6 7 8 9 11 11 7 11

3ob.O 6 6 6 i 8 9 11 11 7 11

31a.O 7 7 7 8 10 11 12 12 8 12

31?x0 7 7 7 8 10 11 12 12 8 12

32.= 2 2 3 3 5 5 2 2 2 2

33.= 3 - 3 8 18 18 2 2 2 2

34.= 3 3 3 i 13 13 2 2 2 2

35a. -1 - 40 53 23 24 87’ 87’ 74 74

35b.” 148 -’ 12 13 11 11 34 34 30 34

35c. -’ 25 34 17’ 19’ $3”’ 73" 43’ 43’

Matrix Squawe Root Test Problems

G-N LMDER D12G LSQFDQ LSQSDN

36a.” 2885’ 36 - - - - 4 4 4 4 38 38

36b.O 683’ 36 9 10 16’ - 44 44 38 38

36c.O 20 20 29 40 16 22 28 28 28 28

36d.O $4' - 2 2 4 4 424 4 24 380 380



Summary of Results : Unconstrained Optimization Methods

(number of function evaluations)

Hanson Test  Problems

n 111 DMNG NPSOL DMNH MNA
37. 2 16 22 22 14 15 16 17 G 6
38. 3 16 31 32 21’ 23’ 14 14 13 13

McKeown Test  Problems

n 711 DMNG NPSOL DMNH MNA
39a. 2 3 9 11 10 11 4 4 4 4

39b. 2 3 9 10 9 10 4 4 4 4
39c. 2 3 6 7 6 8 4 5 4 4

39d. 2 3 8 9 10 11 6 6 G 6
39e. 2 3 11 12 16 17 8 8 8 8

39f. 2 3 11 11 28 29 11 11 11 11
39g. 2 3 17 18 30 31 13 14 14 14

40a. 3 4 11 12 11 12 4 4 4 4

40b. 3 4 10 12 11 12 4 5 4 4

4oc. 3 4 9 10 9 10 5 5 5 5

40d. 3 4 10 11 14 1s 5 6 6 6
40e. 3 4 11 13 19 20 i 7 8 8
401. 3 4 14 16 33 34 10 10 10 10
4og. 3 4 18 20 45 46 13 13 13 13e
41a. 5 10 11 13 12 12 4 4 4 4

41b. 5 10 11 13 12 13 4 4 4 4
41c. 5 10 13 14 12 14 8 8 8 8

4ld. 5 10 17 20 17 20 8 9 9 9
41e. 5 10 24 26 Sl 54 11 12 12 12

411. 5 10 27 31 Sl 53 14 14 14 14
41g. 5 10 32 35 62 69 17 17 17 17
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i
SunrnlRry of Results : Nonlinear  Least-Squares  M e t h o d s

(Ilnmher  of function evaluations)

Hanson Test  Problenls

G - N LMDER DN2G LSQFDQ LSQSDN

37. 39 39 15 21 10 11 25 25 9 9

38. 58 58 18 28 10 12 30 30 10 10

McKeown T e s t  Problenls

G-N LMDER DN2G LSQFDQ LSQSDN

39a. 8 8 5 G 5 S 17 17 4 4

39b. 32 32 14 21 6 i 24 24 6 6

39c. 23 23 18 2S 7 8 22 23 9 9

39d. 681 681 20 28 i 8 31 32 12 12

39e. - - 28 44 9 10 32 32 12 12

39f. 31 44 14 15 43 43 25 25

39g. - - 39 44 18 20 49 49 39 39

- -
--~ ~~

40a. 13-- 13 6 9 i 7 18 18 5 ' 5

4ob. 16 16 14 17 7 11 19 19 6 6

4oc. 380 380 16 22 9 10 27 27 11 11

40d. 781 781 26 40 9 9 33 34 13 13

40e. - 90 146 10 11 70 72 45 45

4Of. - - 180 272 13 14 92 92 49 49

4og. - - 206 319 23 25 123’ 123’ 85 85

41a. 5 5 4 4 4 4 8 8 4 4

4 lb. 6 6 4 S 4 5 18 18 4 4

4 lc. 12 12 6 8 6 6 21 21 5 5

ad. 30 30 1s 22 9 11 38 38 9 9

4.le. 222 222 29 38 17 20 47 47 14 14

41f. 933 933 57 89 24 2i 54 54 16 16

41g. 3285 3285 84 144 29 30 62 62 21 21
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Summary of Results : Unconstrained O p t i m i z a t i o n  M e t h o d s  .

(uumber of function evaluations)

DeVilliers  nnd Glosser  Tes t  Problems

n tn DMNG NPSOL DMNH MNA

42a? 4 24 53 56 60’ 61’ 28 28 41’ 41’

42b.” 4 24 103” 1o4s 140’ 141’ 35 36 16 16

42c.O  4 24 76 i8 51’ 52’ 30 31 6 6

42d.O 4 24 61 64 56” 57’ 30 30 6 6

43a.O  5 16 49 51 44”’ 53” 22 22 30’ 30’

43b.O  5 16 58 60 -sf3r 38” 26 27 17’ 17’

43c.O  5 16 41 44 44” 54” 21 21 89’ 89’

43d.O 5 16 57 60 112” 120”’ 2i' 28” 41’ 42’

43e.O 5 16 51 53 95’ 97’ 28’ 29” 142’ 1438

43f.O 5 16 45 48 56’ 59’ 17 18 37’ 37’

Dennis, Gay, and Vu Test Problems

n nl DWNG NPSOL D#NH MNA

44a." 6 6 441 444 488 490 179 180 143 144

44b.O 6 6 31 34 57 59 9 10 46 46

44c.O 6 6 3726 3i31 - - 194 195 914 915

44d.” 6 6 -1 3865 - - 187 188 915 916
e

44e.O 6 6 -1 2815 1976 1978 219 220 4i5 476

45a.O 8 8 284 288 474 416 63 64 186 186

_ 45b.” 8 8 36 40 82 84 15 16 38 38

- 45c.O 8 8 6197 6200 - - 321 322 1416 1416

4sd.O 8 8 7929 i934 1654 16.56 328 329 1478 1479

4Se.” 8 8 3341 3346 - - 351 352 1441 1441
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Summary of Results : Nonlinear Least-Squares Methods

(nnmber of function eva.lnations)

DeVilliers  and Glosser Tes t  Problems

G-N LMDER DN2G LSQFDQ LSQSDN

c 42a.O 51’ 51’ 18 19 29’ 29” i3" i3” GO” 64"

ah.’ 611’ - 48' 49' 74' i4" 94' 94' i5' i5’

42c.O 2i’ 2i’ 20' 20' 32' 32' 46' 46' 48' 48'

42d.O 24' 24' 15' 16' 23 24 2i' 2is 27' 27'

43a.O 23' 23' 14' 15' 31 32 33' 33" 25' 33'

43b.” 15” 20' 18' 18' 20 20 45' 45' 37' 45'

43c." 24' 24' 11’ 11’ 34’ 41’ 33' 33' 25' 33'

43d.O 18’ 18’ 22’ 23’ 17 17 38' 38' 30' 38'

43e.O 31’ 31’ 12’ 13’ 28 29 27 27' 19’ 27’

43f.O 22 22 12 13 20 20 31 31 23 31

Dennis,  Gay,  and Vu Test  Problems

G-N LMDER DN2G LSQFDQ LSQSDN

44a.O lil lil 37 38 58 59 97 97 93 95

44b.O 5 5 5 6 7 7 10 10 6 10

44c.O 55 55 108 109 93 94 47 47 47 47
44d.O 35 35 98 99 97 98 40 40 40 40

44e.O 42 42 82 83 83 83 47 47 47 47

45a.O l i l lil 47 48 6S 66 97 97 93 9s
45b.O 5 5 5 6 8 8 12 12 6 12

45c.O 41 41 164 1GS 129 130 47 4i 4i 4i

45d.” 35 35 144 14s 168 168 42 42 42 42

45e.O 42 42 130 131 li3 173 49 49 43 43





5. Appendix t Numerical Results

In this section, numerical results are presented for a large set of test problems, using software

based on the unconstrained optimization techniques and methods for nonlinear least squares

problems discussed in Sections 2 and 3.

5.1 Sources and Presentation

The following is a list of the software sources that were used to obtain the results:I

subroutine
DMNG/SUMSOL

NPSOL
DMNH/HUMSOL

MNA

G-N
LMDER

DNZG/NLZSOL
LSQFDQ
LSQSDN

source
PORT

SOL / NAG
PORT

NPL / NAG

uses SOL / NAG LSSOL
MINPACK

PORT
NPL / NAG
NI’L / NAG

problem type
unconstrained
unconstrained
unconstrained
unconstrained

least squares
least squares
least squares
least squares
least squares

derivatives
first
first

second
second

first
first
first
first

second

,wnf  - Association for Computing Machinery
MTNPACX  - Argonne National Laboratory, U. S. A.

IVAG . Numerical Algorithms Group
NPL - National Physical Laboratory, England

PORT - PORT Mathematical Software Library, A. T. & T. Bell Laboratories, Inc.
SOL - Systems Optimization Laboratory, Stanford University

All of the programs were run in FORTRAN using double precision on the IBM 3081 and IBM

3033 computers at Stanford Linear Accelerator Center, for which

relative machine precision fA, = 2.22.. . x 10”‘: fi = 1.49 . . . x 10-Y

In the tables, associated with the label ‘est. err.‘, we include the quantity

(S-1 .l)

where 1’ is the value of j at the point of termination, and Ilfhc4,11Z is the best available estimate

of the norm of the solution, in order to get some idea of the error in ll/*l12. For those problems



that have nonzero residuals, the value of llhc.Irll~ is given to six figures of accuracy, rou ndcd

down.

The following abbreviations are used in the headings of the tables:

est. err. - error wtinlat.e (S.1 .I)
COIlV.  - termination  conditions

The following abbreviations are used in the tables to describe conditions under which the algorithm

terminates abnormally :

F LlA.1.  - function evalllation limit. rcsched
TIME - time limit excecdcd
LOOP - subroutine  a.ppea.rs  to loop

For information on the test problems, see Section 5.9.
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5.2 Trust-Region Methods
(POIIT/AC’N  DMNH/HUMSL and DMNG/SUMSL)

5.2.1 Softwme  md Algorithms

The results were obtained using subroutines DMNH and DMNG, which are double precision

versions of the ACM algorithms HUMSL and SUMSL available in the T’ORT Library [1984].  A

subproblem of the form

is solved at each iteration for the step pk to the next iterate, where I), is a diagonal scaling

matrix, and Ifk is the exact Hessian matrix at .T) in DMNH, and a quasi-Newton approximation

in DMNG (see Sections 2.3.2 and 2.4).

5.2.2 Prtrameters

Parameters were kept at their default values with the following exceptions:

IV(MXFCAL)
IV(MXITER)
V(AFCTOL)
V(H.FCTOL)
V( SCTOL)
V( XCTOL)
V( XFTOL)
V( LMAXO)

-

min { 9999, 100071) furiclion c\.alllation  limit
min { 9999.1 OOOrt  ) iteration limit

TOL2 (varied; see tahlcs) ahsolute  function convergence tolerance
TOL (\.aricd;  see tal~lcs) rclativc  fiinclion conwrgcnce tolerance

CA1 singular convcrgciice  tolerance
TOL (varied; ace tahlcs) .r conVerp;cncc  (olcrance

Fn1 false  COIIVC~~C~~  tnlcrance
11s11a11y I .o (defmlt.) t init ial t,rM,-rcp;ioii  tliniticter

t 111 some casts the clcfarlit,  V(LHAXO> = 1 .O for 111~ itiif ial diamctcr  nf tlic t rust-rcginn  was Ino
large and overflow occurred  during function  cvnlrlnt ion. ‘I’lwsc casts aw iiidicatcd  i n  t.lic bahlc
l)y giving tlw lo\Ver valric  of VCLHAXO) that, was piilwqucntlj-  IISC~ In ol)faiii  tllc rcsiilts  in t,hc
column lahcled “init. diam.“.

See Dennis, Gay, and Welsch  [1981a,  198lb],  Gay [1983], and PORT [1984]  for details

concerning the parameters.



5.2.3 Convergence Criteria

The following quantities will be used in describing the convergence criteria :

olbjectivc fiinction : 3k (= ;.f:jk)

ohjcct,ive gradient. : .Qk =  v;3i,  ( =  *I:jk)
ciirrcnt,  step : pk, the rniniliiixcr  of tlic ~ul~prol4mn

Newton step : if Ilk is pOsit,ive  ddiiiite  ;
othcrwisc.

scald distance  : v(.T. y, D) =
nlaxtcicn {I(n(-r  - Y))il}

_ _ {IWTtI + I(~YLIF  tlllaxl+h

t IIcre t’i &-notes the ith conlponcnt  of the vector 1’. Thcrc is a provision for the nscr to rqdact
the fiinction  11; IV? iistd the dcfaiilt in all of the tests.

The convergence criteria used in DMNH and DMNG are as follows:

0 Absolute fitncl.ion  convergence occurs at T) if

lFkl < VUFCTOL). (5.2.1)

l Relative frlnction con~rgenco  is intended to approximate the condition

Fk - F(r')< VUWCTOL)  IFkl.

The test actually used is

pn <V(RFCTOL)IF&

l x conl*c)rgence  is intended to approximate the condition

/+k,f*, n,) 5 V(XCTOL),

The test actually used is

Pk = Prr and !+),.T) +j',,&) 5 V(XCTOL).

l Singrllsr  conlrcrgence  is intended to approximate the condition

3k - min  {3(Y) 1 Ilnk(?i  - rk)ll<V(LMAXS)) <V(SCTOL)I3ki,

(5.2.2)

(52.3)

where I?, is the diagonal scaling matrix at the kth iterate. The test for singular convergence

is made only when none of the convergence criteria listed above holds. It is meant to indicate
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relative function convegence  when the Hessian in the subproblem is singular.

The actual test is

Fk - nlin {ek(g) 1 Ilnk(v - .Ti.)[j 5 VCLMAXS))  < V(SCTOL) l&l. (S.2.4)

Under certain conditions, the test (S.2.4) is repeated for a step of length V(LMAXS).

l Fake ~o~t~~tgence  is returned if none of the other criteria are satisfied and a trial step no

larger than V(XFCTOL) is rejected. This usually indicates either an error in computing the

objective gradient, a discontinuity (in F or g) near the current iterate, or that one or more of

the convergence tolerances (V(RFCTOL), V(XCTOL),  and V(AFCTOL))  are too small relative

to the accuracy to which the objective is computed.

The test actually used is

(S.2..5)

where the parameter V(TU?tERl)  is adjustable, although in these tests the default value 0.1

is used tihroughout.

Except for (5.2.1), tests for convergence are performed only when

PA 5 2fP (S.2.6)

See Dennis, Gay, and Welsch  [1981a, 198lb), Gay (19831, and PORT [1984] for more dis-

cussion of the convergence criteria.

The following abbreviations are used in the tables to describe the conditions under which the

algorithm terminates :

Ai3S.F - (52.1)
REI,. F - (52.2) id (S.2.6)

x - (S.2.3) and (S.2.6)

X,F - (S.2.2) awl (S.2.3) id (S.2.6)
SING. - (S.2.4 ) am1 (S.2.6)
FAtsI?  - (S.2.S) and (S.2.6)

F I.xnt - function  evaluation  l i m i t  rcachcd
T I M E  - tinw limit cxccedcd
LOOP - sahrootine  appears to loop

The total number of Jacobian evaluations is either equal to the total number of iterations

of the method, or it is one more than the number of iterations. The number in the column

labeled “iters. / J evals.” is followed by a “+I’ if an extra Jacobian evaluation was used in

the computation.





II 111 TOL hit. I ikrs./ ll.‘g~ Ilr*ll, 11~’ 112 est. c-011 1’.

diaiii. cvals. J cvals. err.
-1.” 2 2 lo-” 40 35+ 1.41 1o-9 10 -19 ARJ F

lo-l2 42 3i+ 1.41 10-l” IO-’ x

2.O 2 2 12 10+ 11.4 IO’ lo-’ IO’ nrL. r

12 lo+ 11.4 10’ lo-’ 10’ nEL.  F

CL'-' 2 2 lO-R 217 1 GO+ 9.11 1o-9 1o-4 lo-l6 ARS. F

lo-l2 220 162+ 9.11 lo-l2 10” lo-= ABS. F
4." 2 3 lo-” 66 11+ 10” lO-2

lo-‘? 6i 12+ 10” :,“-;4 &J
lo-l5 x
1o-22

5." 2 3 10-R 16 14+ 3.04 10’” lo-‘” lo-= A.:. F

lo-l2 17 15+ 3.04 lo-l4 10-n  10-m ABS. F

6. 2 10 10-R 33 20+ .36S 10" 10” lO-6 REL. F

lo-l2 34 21+ .365 10” 1O-7 IO-’ REL. F

7.O 3 3 28 23+ 1 .oo
30 25+ 1 .oo

;;@;  ARS.  F
ABS.  F

8. 3 15 10-A 19 17+ 2.60 1 0 ” 1 0 ” 10-R REL. F

IO-l2 22 20 2.60 10” lo-l2 1o-8 Ret. F

9. 3 1s lO-R 8 s+ 1.08 10”’ 10’” 10”” x .  REL. r

lo-l2 12 9 1.08 1O-4 lo-” lo-” REL. F

10. 3 16 lo-” 465 32s+ 10’. 10’ loo lo-” neL. F
lo-l2 467 32i 10’ 10’ 10” 10’” ReL.  F

11.” 3 10 10-R 4 n+ 5.66
lo-l2 327 267+ 55.9

12.O 3 10 lo-@ 43 34+ 10.1 1o-Q 10”’ lo-‘” ARS. F

10 -12 45 36+ 10.1 1o-l4 1o-l4 1o-28 ~83. F

1x0 4 4 10-R 62 c>1+ 10-l lo-8 1o-Q lo-l6 ARS. ?
lo-l2 89 N-4+  1rr6 1o-l2  lo-13  lo-24

ABS.  F

14." 4 6 lo+ 100 i8+ 2.00 10-R 10” 10”” ABS. ?
lo-l2 102 80+ 2.00 lo-l2  10’” lo-?” ABS. F

15. 4 11 lO-R 35 31+ ..328 1O-2 lo-' lo-* nm. F

lo-l2 36 32+ 328 lo-2 ](-p 10-9 REL. F

16. 4 20 lO-R 46 31+ 17.6 lo2 1O-2 10-R nEL. F

lo-l2 47 35+ 1i.G lo2 1o-s lo-* REL.  F

17. s 33 10-R 69 r)r)+ 2.46 1o-2 lo-” IO”’ A&L. F

lo-l2 i2 58+ 2.46 lO-2 lo-’ 10-l’ REL. F

18.n 6 13 10-R 45 41+ 18.7 1 0 ” 10" 1o-2 REL. F

lo-l2 47 43+ 18.i 10-l 10-l” 1o-2 R E L .  I’

19. 11 6s 1o-8 69 S8+ 9.38 1 0 ” 10’” 10” REL. F

lo-l2 72 61+ 9.38 IO-’ lO-8 1O-8 RCL. F
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Nnmcricn  1 R csnl t.s for DMNG

?I 111 TOL init. f itcrs./  Il.r’l12  Ijj’ [I2 Ilg’l12  est. coils.
diam. evals. J emls. cl-r.

2oa. 6 31 10-A 3s 32+ 2.4d lo-* 1o-c’ lo-‘” REL F

lo-‘? 3i 34+ 2.44 1o-2 10-R lo-‘” RRL F

21)h. 9 31 lo-” 76 69+ 6.06 lo-” lo-ln 1o-‘3 IlEl. F

lo-‘? i9 id G.06 H-I-” 10-l” lo-” REL F

2oc. 12 31 lo--* 89 8S+ 1.28 1o-4 1o-Q 10-R RITL F
lo-‘? 148 143 2 . 8 7 1O-s lo-‘” lo-’ R E L F

20d. ‘10 31 10-8 110 107+ 1.m lc? lo-” xlo-l2 134 119 1.06 lo-’ lo-‘? ;;I::* FALSC

21a.* 10 10 lo-* 120 98+ 3.16 10’” lo-’ 10-l’ AFbS F

IO-‘* 12s 103+ 3.16 10-l" 10-12  10-2’ x

21b.” 20 20 10-R 189 14a+ 4.47 lo-' lOBA 10-l’
lo-l2 193 lS2+ 4.4i lo-” lo-*’ lo-?’ A.:. F

22%” 12 12 1o-8 143 131+ NY4 10-R  10-l’ 10-l” ARS. F

lo-l2 23.5 219+ lo-e 1o-12 1o-l7  1o-24 ARS.  F

22h.” 20 20 10-R 187 153+ lo-4 10-R lO-A lo-” AFBS  F
10 -12 344 311+ 10-e 1(-J-‘? lo--” 10-24 ADS F

23a. 4 S 1O-8 i i 5i+ .soo 10’” 10-l” lo-‘” RFL. F

lo-l2 78 58+ .soo 1 o-” lo-” lo-in REL. F

23b. 10 11 10-8 80 6i+ .soo 1r2 lo+ 10-l’ REL. ?
lo-‘? 81 68+ .soo 1o-2 10”’ 10-l’ R C L .  P

24a. 4 8 lO-8 364 2iO+ .iG9 lOwa lo-’ lo-’ R E L .  P

lo-l2 472 35s+ .TS9 1o-3 lo-” 1 0 ”’ REL. F

24h. 10 20 10-A 475 36i+ 606 lo-? lo-’ 10-R R E L F
10 -12 632 s10+ .S98 lo-’ lo-” 10’” REL. P

25a.O 10 12 10-8 20 19+ 3.16 lo-‘? lo-” lo-*” ABS. F

lo-l2 21 20+ 3.16 0.00 0.00 0.00 x
25h.O 20 22 10-8 2s 24+ 4.4’7 lo-’ lo-’ lo-” ARS. F

lo-l2 26 2s+ 4.47 lo-*’ lo-‘” lo-?’ ABS. F

2tko 10 10 1o-8 34 32+ .328 lo-* lo--' 10" REL. P

lo-‘? 3 i 35+ ,328 1O-2 lo-‘” lo--’ REL F

2G?o 20 20 lO-R 62 s9+ .231 IO-” 10” lo-’ ncL. F

1o-‘2 GS 62 .231 10’” lo-‘” lo-’ REL F

27x* 10 10 10-R 13 11+ 3.lG 10-R lo-' ;;$ An? F_
10 -12 16 14+ 3.16 10-l’ 10-l’ ARS. F

27h.’ 20 20 lO-8 15 12+ 4.4i lOBA lo-’ lo-‘” AlIP  F
10 -12 18 lS+ 4 . 4 7 lo-‘” lo-l2 lo-?’ AR3 f

28d 10 10 10-8 31 25+ .412 10’” 10” 10-l’ ARS F

lo-l2 34 28+ .412 10-14 10-14 10-2R A8.5. F

28h.’ 20 20 1o-8 60 48+ .Sil
lo-‘? 64 52+ .5il
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IYlmcrical Rcsdts for DMNG

1) 11) TOL init. f if-./ Il.r’l12 ~~/‘112 IlS’Il~ t-d- r o l l  1’

diam. .I cwls. err.

29a.” 10 10 10-R 8 i+ .412 H-r9 lo-9 10-'" ARC F

10 -12 10 !I+ .412 lo-‘” 10-l” 10-2.5 ARC F

29h." 20 20 lo-* 8 i+ .r,fl APC F

lo-‘* 10 9+ .r,Tl ARS.  F

3oa." JO 10 lo-* Sl xl+ 2.05 lo-R  lo-’ lo-lS x
lo-l2 Si 4,r;+ 2.0s 1()-l”  10-12  10’2.5

X

30lo 20 20 10-R 6S 45+ 3.04 lO-R 10-R 10-l’ ARC. F

10 - 1 2 88 Gl+ 3.04 1(y.l? 10-l’ 10-2” A85 F

31a.” 10 10 lo-* 46 2R+ 1.80 l0-8 lO-R lo-‘c; AR?: F
lo-l2 60 .3r,+ 1.80 10-12 10-12 10-2’5 ABC F

31b.” 20 20 lo-* 4 i 2(3+ 2.6G 10-R 10" 10-l” ADS.  F
lo-l2 63 36 2.66 10-12 10-l’ ]o-?” x

32.= 10 20 lo-* 6 4 3.16 IO” lo-‘” 0.00 X. AFL F

10 -12 6 4 3.16 IOn 10”’ 0.00 X. R E L F

33.= 10 20 10-R 4 2 1.16 10” lKR IV6 X. REL. F

lo-l2 4 2 1:16 lO@ 10’” lo-” X. REL. F

34.= 10 20 1o-8 5 3 1.i8 10n lo-‘* lo-” X .  REL F

lo-l2 5 3 l.i8 10” lo-l2 10m6 X .  R E L  F

35a. 8 8 low8 34 24 1.m 10-l JO’S 10-9 REL. F

lo-l2 38 2i+ 1.6s 10-l IO-” lo-” R E L  F

35b.” 9 9 1o-F 44 32+ 1.73 10’~ lo-” ABZ F

lo-l2 46 34+ 1.73 1O-‘2  1O-‘2 ABS.  F

35c. 10 10 1o-8 41 31+ 1.81 1 0 ” lo-’ IO-” REL. F

lo-l2 45 3G+ 1.81 10-l 10-R 1o-3 REL. F

36a.O  4 4 wR (4000) (2891) li.0 lo-' 10m6 lo-‘* F Ll’rq

lo-l2 (4000) (2twl) 17.0 lo-fi lo-c lo-" F LIM.

36b.”  9 9 lO-R (9000) (G42G)  228. lo-c' lo-' lo-'* F l.l*l

lo-l2 (9000) (Gl?G) 22R.  1r6 10" lo-'* F LIkl

3Gc.O 9 9 10-R G9 64+ 1.X 10mR lo-' 10-l’ ARS.  F

lo-l2 101 9)r,+ l.i.3 1O-12  JO-‘” IO-*” ABS.  F

36d.O 9 9 10-R (9000) (M8G) 228. 10'" lo-' H-P2 F I.lhl

lo-‘* (9000) (fmc,) 228. IfrR lri lo-'* F l.IM

37. 2 16 10-R 22 lo+ 9.0s 10’ lo-” 10-l nRL F

lo-l2 22 lo+ 9.0s 10’ 1o-p’ 10” ncL F

38. 3 1B 10-R 31 17+ ?G.  1 10’ lo-” 1o-6 REL. F

lo-l2 32 18+ 26.1 10’ lo-” 1O-6 REL. F



?I 111 TOL init. f it.crs./ Il.r*l12 ~~~‘~~,  Ilg’l12 est. f-on\‘.
diam. evals. J evals. err.

39n. 2 3 9 8+ lo-” IO” IO -i

11 lo+ 1o-c; 10-l ;(y-B-,:  1o-’ y; ;

39h. 2 3 9 a+ 1 0 - i 10-l 10-i 10-i nEL F

10 9+ 10-7 10-l 10-9 10-i nEL. F

39c:. 2 3 G S+
7 6+

39d. 2 3 8 6+ 10“ IO-’ 10-R 1 0 ” RRL. F

9 i+ 10-i 10-1 lo-9 10-i nzs.  F

39e. 2 3 lo-8 11 $+ 10-7 10-l 10-6 10-i R E L F

lo-‘* 12 9+ l0-R 10” 10-8 lo-’ R E L  F

39f. 2 3 11 f3+ J()-9 10” J()-R JO-’ nfx. F

11 8+ 10-9 10-l 10-R 10-i REL. F

39g. 2 3 lo-” li 13+ 10-l lo-6 IO”
lo-‘* 18 14+

40a. 3 4 11 10+ lo-” 10” REL. F

12 11+ lo-” loo REL.  F

40b.  3 4 10 9+ lo-” IO0
12 11+ 10’” JO”

4oc. 3 4 9 7+ lo-’ JO0 lo-’
10 8+ 10” 10” ,aO-Il:  10-i I::\  :

4Od. 3 4 10 i+ lo-’ loo 1 0 ” lo-; RfL. F

11 8+ 10” 10” 10” 10” REL.  F

4oc. 3 4 11 8+ IO-’ 10’ 10” 1 0 ” ReL. F

13 10+ JO” 10” 1o-Q lo-’ R E L .  F

40f. 3 d 14 11+ lo-’ 10” lo-s lo-’ REL. F

16 13+ l0-R 10” 1o-8 1o-7 REL. F

4og. 3 4 l0-8 18 14+ lo-” JO” lo-4 10” na. F

lo-l2 20 16+ lo-’ 10” lo-’ 10” R E L .  F

41a. S 10 10e8 11 8+ lo-’ 10” 10’” 10” nfm. F

10 -12 13 lo+ 1o-c lo* l0-R lo-7 RAL. F

41b.  s lo IO-~
lo-‘*

41c. 5 10 l0-R
lo-‘*

11 8+ 1o-c‘ 1on 1o-c’ 10-i RFI.  F

13 lo+ lo-c IO” lo-” lo-’ nm.. F

13 9+ 1o-c’ 1on lo-G 10-i
RFL F

14 lo+ lo-” loo lo-’ 10” REL F

41t-l. s 10 lo-B l i 12+ 1o-s 10” lo-s lo-’ REI.  F

lo-l2 20 15+ lo-c: IO” lo-* lo-’ R E L  F

41e. 5 10 1o-8 21 20+ lo-6 IO0 1o-s IO” ncL F

lo-l2 26 22+ 10” IO” lo-’ 10” R&L. F

41f. s 10 lo-” 2i 22+ lo-” 10” lo-4 1o-7 REL F

lo-l2 31 26+ lo-’ 10” 1O-6 lo-? REL. F

41g. 5 10 lo-” 32 26+ lo-‘; 10” 1O-4 lo-’ R E L  F

lo-‘* 3s 29+ 10-R IO” lo+ lo-’ REL.  F

44



Numerical  Results for DMNG

11 11X TOL init. 1 ifs./ Ilf’l12  ~~~‘~~, ~~,q’~~2 ~4. c-m-.
diiull. evals. J cvals. err.

42~1.’ 4 24 10-R s3 41+ GO.8 lo-& lO-6 lo-‘” x
lo-l2 56 43+ GO.8 10-13  1()-l’ 1()-x  x

42td’ 4 24 IO-’ 0.9 103 G9+ G1.9 10-l" lo-" 1o-2o x
10 -I2 09 . . 104 iO+ 61.9 lo-13 1o-lib 1o-25 x

42c.” 4 24 10-R iG 52+ GO.3 lo+ lo-” lo-” x
lo-l2 i8 s4+ GO.3 Jo-13 10-11 10-26  x

42d.” 4 24 lo-‘) Gl 4s+ GO.3 lo-; lo+ 10-l” x
lo-l2 64 51+ GO.3 10-12  1()-10 1o-24  x

43a.O s 16 10-R 49 3,1+ 54.0 1o-g 10’; 10-lR x
10 -12 51 x+ S4 .O 1o-l2 1o-lO lo-24 x

43h.” s 16 10-A 58 37+ s4.0 lo+ lo-’ lo-l6 x
lo-l2 GO 39+ 54.0 10-14 10-12 10-2’ x

43c.” s 16 10-A 41 29+ s4.0 1o-Q 1o-6 10’” x
lo-l2 44 32+ 54.0 10-l” 10-12 1o-26

43d.” 5 16 10-R 57 44+ 54.0 1o-g 1 0 ” lo-l7 ..I. r
lo-l2 60 4i+ s4.0 10-13 10-11 10-2” x

43an 5 16 lo-” 51 4 1+ 54.0 lo+ 10-R lo-‘* x
lo-l2 53 43+ 54.0 1()-l” 10’11 10-2’ x

43f.O 5 16 1O-8 45 3G+ 54.0 10-R 1o-e 10-l” x
lo-l2 48 39+ 54.0 10-l” 1O”O 1o-25 x

44a.O G 6 441 341+ 4.03 1o-Q lO-R lo-” AB5. F

444 344+ 4.03 lo-l2  10”” 1o-25 ABS. P

44h.O  G G lo-” 31 24+ 3.52 10’” WR lo-‘& x
lo-l2 34 27+ 3.52 10-14 10-12 10-2” x

44c.” 6 G lo-” 3726 274ts+ 20.6 10-R  1O-5 10-l’ ABS. P
10 -12 3731 2 i5.3+ 20.6 lo-l2 lo-‘” 1o-25 ABS. P

44d.O 6 6 10-R 2i52 192t%+ 15.3 10-llo-l2 3865 2915+ 15.3 10-12 Ib”-“p

44e.O  6 6 2104 1550+
2813 2o!M+  9.2i

4th” 8 8 284 227+ 4.OG 10-R lo-’ lo-lF’ ARf. F
288 231+ 4.06 lo-l2 lo-” 10-2s ABS. F

45b." 8 8 10” 36 28+ 3.5G 10" lo-' lo-" AFS.  f
10 -12 40 32+ X.56 10-l” 10-12 10-2” x

45c.O 8 8 619i 4 5x?+ 20.f 10-R lrs 10-'h ARS P
6200 454 1+ 20.6 lo-12 1o-9 10-24

45ci.” 8 8 10-R i929 59iG+ 15.3 10-R IO’” lo-‘” A.: F
lo-l2 i934 5981+ 15.3 lo-14  lo-” 1o-2R  A,;.  F

45e.O 8 8 334 1 2511+ 9.31 10-e lo-’ lo-l7 ABI. P

334 6 2s17+ 9.31 10-13 l(pl lo-” ABS. F
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Sumcrical Rcsnlt s for DMNH

n l?l TOL init. I i(.crs./ 1l.r. j12 llJ’ll2 11.9’112 wt. CcIIlV.

fliam. evals. J coals. CIT.

1 . c’ 2 2 10-A 32 24 + 1.4 1 lo-l4 lo-‘” 10-2A ARS F
lo-l2 32 24 + 1 .d 1 10-14 1()-l” 10-28 ABS. F

2.‘) 2 2 gZ? 10 i+ 11.1 10’ 10”’ 10’ R E L P

10 i+ 11.(1 10’ IO-” 10’ R E L  F

3.” 2 2 lO-R 130 101+ 9.11 lo-q lo-” lo-” AR!: ?
lo-l2 132 103+ 9.11 10-l” 10-l’ 10-N ABS.  P

4.O 2 3 10-R 22 lo+ lofi 1()--l’ 10-s 10-22 x

lo-l2 23 11+ loe: 10-22 10-22 10-14 x

5.” 2 3 10-R 11 8+ 3.04 1o-io 1o-in 1o-2o ARS. P

lo-l2 12 9+ 3.04 l OO.nO loo on 1()“.00 ABS.  F

6. 2 10 lo-@ 11 lo+ .3GS 10’ lo-” lo-” REL. F

lo-l2 11 10+ .3GS 10’ 1o-g lo-” REL. P

7.O 3 3 lo-” 16 12+ 1 .oo 10-R 10-R lo-Ii ABS. P

lo-l2 17 13+ 1 .OO 10-16 10-l” 10-M ABS. F

8. 3 15 lo-‘! 9 a+ 2.60 IO” lo-l2 lo-* REL F

lo-l2 10 9 2.60 10-l lo-l2 lo-’ REL. F

9. 3 15 lo-” 4 3+ 1.08 1r4 lo-l6 lo-l4 X. REL. P

lo-l2 4 3+ 1.08 1O-4 lo-‘” lo--” REL. F

10. 3 16 1o-8 387 244+ IO’ 10’ 1 0 ” 10 -6 REL. F.
lo-l2 388 24S lo" 10’ 10” 1 o--” R E L .  P

1l.O 3 1 0  lo-8 290 lGi+ ss.9 ‘* 1o-p 1o-p lo-l8 ABS.  F
lo-l2 292 lG9+ ss.9 lo-l6  1o-l6  1o-“2 ABS. F

12.n 3 10 1o-p 24 19+ 10.1 10-13 10-13 10-26 ABS.  P

lo-l2 24 19+ 10.1 10-13 10-13 10-26 A8S.  ?

13.” 4 4 lo+ 2i 2c>+ lo-’ 1o-8 1o-l2 1o-l6 ABS. F

lo-l2 38 37+ wg 1o-l2  1o-l7  1o-24 ABS.  ?

14.” 4 6 1O-8 42 32+ 2.00 lo-l2 10”’ lo-24 ABS F
lo-l2 49 38+ 2.00 0.00 0.00 0.00 ABS.  P

15. 4 11 1o-8 11 8+ .328 1o-2 10-l” 10-Q nEL.F

lo-l2 12 9 .328 1O-2 1()-l” 10-9 REL. F

16. 4 20 10-R 11 9+ 1 i.G lo2 lo-” R F L  C

lo-l2 1.3 11 li.G lo2 ;,o--1: 10-R x .  R E L .  P

17. s 33 1o-p 0.2 46 32+ 2.46 1o-2 lo-' lo-" nel,. F

lo-l2 0.2 Ii nn+ 2.46 IO-’ 10-12 10-l’ REL. F

18.O 6 13 10-8 (6000) (1824+) 28.3. 10" 1c)-" 10-l F LlM.

10 -12 (SOOO) (1820+) 2';s. 10-l  lo-” 10-l P Llhl.

19. 11 6S 10-R 23 li+ 9.38 lo-’ lo+ 10-R REL. F

10 -12 24 18+ 9.38 10-l lo-lo 10-R REL. r
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II ?I) TOL init. f il.f=+./ 1l.r’ II2 Il.f’II, Ilrr’ II2 f-4.. C”ll\‘.

diam cl-ah. J evals. cm.

2oa.  G 31 1o-8 1s 14 2.,14  1cr2 10-l” 10-l’ X. RFL F

lo-l2 15 14 2.44 1o-2 lo-‘” lo-‘” X .  REL F

201,. 9 31 1o-s 20 169 6.06 lo-" ]O--1" R E L F

10 -12 22 18 G.06 IO-” lo-lS X. REL F

2t-k. 12 31 10-R 24 19 16.6 1o-‘5 lo-‘” lo-‘” X. R E L F

lo-l2 24 19 lG.6 lo-’ lo-la 10-l” X. REL F

20d. 20 31 lo-” so 2G+ 1.10 10-R 10-13 ]()-I6 ARS F

lo-l2 (149) (SF;+) 1.16 lO-A 1()--l" ]0-16 LOOP

21%” 10 10 10-R 25 22+ 3.16 lo-’ 10-R lo-l9 ARS F

lo-l2 26 23+ 3.16 1o-lc’ 10-14 1()-30 ABS F

21h.” 20 20 10-R 2i 23+ 4.47 ARS  F

lo-l2 2i 23+ 4.4i lo-l4  IO-‘” ABS.  F

22a." I? 12 10-R 28 2i+ IO-” 10aR 10-12  10-M AR5  F

lo-l2 40 3g+ 1()--G  JO--‘2  lo--l8 10-24 ABS. F

22h.O 20 20 1o-8 29 28+ lO-4 10-R 10-12 lo-17 An:. F

lo-l2 40 39+ lO-fi 1o-l2 10-M  1o-24 ABS  F

23~1. 4 5 10-R 42 3G+ .500 lo-” Jo-l2 lo--” REL. P

lo-l2 43 37 .soo lo-” IO-l2 10-lo REL. F

23h. 10 11 1o-8 44 3i+ .soo lo-2  lo-* 10-l’ REL. F

lo-l2 45 38+ .soo 1o-2 10-14  1()-l’ REL. F

24a. 4 8 lo-* 126 llO+ .iS9 IO"\ low7 lo-” R E L  t

10 - 1 2 128 112+ .i59 lo-’ 10-M 10-11 REL. F

241,. 10 20 1o-8 1.58 1 OG+ .598 l0-2 1O-7 lo-” R E L .  P

lo-l2 162 110 .598 1O-2 lo-‘” lo-” X. REL. F

25a.O 10 12 1o-8 15 14+ 3.113 10-l" 10-12 10-26 ABS. P

lo-l2 15 14+ 3 . 1 6  1 0 ” ”  lo-l2 1O-2c; ABS. F

25b.O 20 22 1o-8 18 li+ 4.4i 1()-1n 10-a 10-20 ABS F
lo-l2 19 18 4.4i ~(p.5 10-13 10-S” x

26a.n 10 10 lo-* 11 9+ .32R H-r2 10-l' w5 REI. F

lo-l2 12 10 .328 lo-2 lo-ll 10-s REL. F

2611." 3-l 20 10-R 20 16 .228 lo-” lo-" lo-" x. nm. F

lo-l2 20 16 .228 lo-~ 10-l’ lo-’ X .  REL F

- 27~~" 10 10 10IR 9 i+ XlG 10-l” I()-1n 10-21 ARC F

lo-l2 10 8+ 3.16 1(y-1.5 10-14 10-29 ARS. F

27b.’ 20 20 1o-8 11 9+ 4.4i lo-’ lo-’ 10-‘R ARS. P
lo-l2 12 11+ 4.4i I()-14 10-12 10-2' AR5 F

28a.O 10 10 lO-R 4 3+ .412 10-l’ IO-‘” 1O-24 ARS. ?
lo-l2 4 3+ .412 lo-l2  1o-l” 1o-24 ADS  ?

2811.' 20 20 10-8 4 3+ .5il 1o-l" 1o-l4 1o-25 ABS. F

lo-l2 4 3+ .5il 10-l" 10-14 1o-25 AEIS.  ?
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~unwrical  Rc.wlts for DMNH

n 1 1 2 TOL init. f it-/ 11412 111 ‘II2 IIf cd. Cahill’.
&am. evals. J cvals. crf.

29a.O 10 10 10-R 4 3+ .412 1o-io 1o-io 10-2* ABC. F

lo-l2 S 4+ .412 1o-l6 1o-l6 10-32 ABS. F

291x0 20 20 1o-8 4 3+ .Sil 1()-l” 10-10 10-20 A8S F

10 -12 5 4+ .Sil lo-‘” 1o-16 1o-S2 ABS F

3Oa.” 10 10 10-R G s+ 2.05 1o-8 lo-” lo-” ABC. F

lo-l2 i G+ 2.05 10-15 10-15 1()-“1 ABS. F

3ob.O 20 20 10-R 6 5+ 3.04 10-R 10-R lo-” A?35 F

lo-l2 7 6+ 3.04 1o-15 1o-is 1o-3* ARS  F

31a.O 10 10 10-R 9 s+ 1.80 10-13 JO’12 10-26 AB3 F

lo-l2 9 8+ 1.80 10-13 10-12 10-26 A83 F

31b.O 20 20 lo-” 9 8+ 1 .I(0 1o-l3 lo-12 1o-26 ABS. F

10 -12 9 8+ 1.80 10-l” 10-12 1o-2G ABS. F

32.’ 10 20 1o-8 6 4 3.16 10’ 1o-s2 0.00 X. REL. F

lo-l2 6 4 3.16 JO0 10-52 0.00 X. REL. F

33.L 10 20 lo+ 5 4 1.46 10” 10”’ 1O-6 SINO.

lo-l2 5 4 l.dG 10’ 1 0 ’ ”  1o-6 SINCI.

34.L 10 20 10-8 6 5 1.i8 10’ SINO.

10 -12 6 5 1.78 10’ SINO.

35~1. 8 8 lO-R 14
lo-l2 14

35b.” 9 9 lrR 17
lo-l2 18

11 1 .G5 10-l 1o-Q lo-Q X. REL. P

11 1.G5 10” lo-’ lo-’ R E L .  F

12+ 1.i3 10’” 10e8 10-l’
ARS.  F

13+ 1.73 10-15 10-14 10-2” ABS. F

35c. 10 10 lo-* 19 11+ l.iG 10-l  lo-” lo-” REL. F

10 -12 20 12 l.iG 10-l lo-” 10” REL. F

3Gd 4 4 10-A
lo-l2

(4000) (2190) 17.8 lO-6 1O-6  lo-l2 P LIM.

(4000) (2190) Ii.8 10m6  10’” lo-l2 F LIhl.

36b.O  9 9 1O-8
lo-l2

(1832) (Gil)  9.1s 1O-5  10’” IO-” TIblE

(1881) (G2S) 9.24 1o-5 1o-5 1o-Q TlhlE

3Gc.* 9 9 wR 31 30+ 1.73 lcrR lo-10 IO-Ii AnS. F

lo-l2 3s 33+ J.i3 JO”” JO-16  10’2s ARS.  F

3Gci.O  9 9 lrR ( 1900)  (Km) 9.38  lo-” 1o-s lo-Q Tl\lE

lo-l2 (18S9)  (G27) 9.32 lfrs 1o-5 1o-p TlhlP!

37. 2 16 lo-’ 16 i+ 9.05 10’ lo-’ 10-l REL. F
lo-l2 17 8 9.05 10’ 1o-7 10-l REL. F

38. 3 16 WR 14 8+ 26.1 10’ lo-lo 10’” REL. F

lo-l2 14 8+ 26.1 10’ lo-lo lo-< R E L .  F
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n 171 TOL init. f
&am. evals. J e\‘als. err.

392’.  2 3
;“-i”z

4 3+ 10-c 10-l lo-li 10-i Rf?L  F

4 3+ 1(-p 10-1 lo-” 10-i R E L  F

391~. 2 3 4 3+ 10 -7 10-l lo-” lo-’ R E L F

4 3+ lo-’ 10-l lo-” lo--’ REL F

39c. 2 3 4 3+ 10 -i IO” lo-‘” lo-’ TIPI. F

5 4 10 -7 10-l 10-l” lo-’ Rft. F

39d. 2 3 6 5+ 10-i 10-l 10-R 10-i tlFL F

6 5+ 10-i 10-l  l(y 10-i R E L  F

39e. 2 3 lo-* 8 i+ 10-R 10-l lo-l4  lo-’ Rfl.  F

lo-l2 8 i+ 10-R  10-l 10-l” lo-’ REL F

39f. 2 3 11 10 lo-9 10-l 10-R 10-i REL F

11 10 lo-9 10-l  10-R 10-i REL. F

39g. 2 3 10-e 13 12+ lo-‘” lo-’ lo--’ lo-’ REL. F

lo-l2 14 13 lo-” lo-’ lo-’ lo-’ REL. F

4oa. 2 3 lo-* 4 3+ lo-” 10-l 10-l” lo-’ REL F

10 -12 4 3+ lO-fi 10-l lo- lo-’ R E L F

4Ob. 3 4 4 3+ lo-” 10” ;;I;: ‘0;: REL F

5 4 1o-e 10” 10 R E L F

4oc. 3 4 5 4+ 1 0 ” loo lo-l2 lo--’ REL. F

5 4+ lo-’ 10” lo-l2 lo-’ REL. F

40d. 3 4 5 4+ lo-’ 10” 1o-7
6 5+ lo-’ 10” :“-;“6 10-i :I;: :

4oc. 3 4 lo-* i 6+ lo-’ 10” 10-R lo-’ nm. F

10 -12 i 6+ 10 -i 10” 10-R lo-’ REL. F

4Of. 3 4 10 9+ lo-* loo
10 9+ 10-R 10”

;;;;;  10-z REL. F

lo- 4 REL. F

4og. 3 4 lo-* 13 12+ 1r9 10” lo-‘” lo-’ RCL. F

lo-l2 13 12+ lo-9 lon lo-” lo-’ REL. F

41% 5 10 lo-* 4 3 lO-6 10” lo-” 1 0 ” R E L F

lo-l2 4 3 lo-” 10” 1o-9 10” REL. F

41b.  5 lo lo-* 4 3+ lo-c’ 10”
lo-l2 4

no-;; lo-’ nm.. F
3+ 10-6 10” * 10-i REL. F

1 41c . 5 10 lo-* 8 i + 1o-c’ 10” lo-l2 lo-’ REL F

lo-l2 8 i+ lo-” IO” 1o-‘2 lo-’ IIEL F

41d. 5 lo lo-* 8 i+ lo-” IO” 1 0 ”
lo-l2 9 8+ JO-’ 10” ;“-;“I 10-i :Iz L

41e. 5 10 lo-* 11 10+ 10” 10” lo-” lo-’ RFL F

lo-l2 12 11 10” 10” lo+ lo-’ R E L .  F

41f. 5 10 lo-* 14 13 lo-’ 10” lo-” lo-’ REL. F

lo-l2 14 13 10” loo lo-” lo-’ RBL. F

41g. 5 10 lo-* 17 16+ 10-R 10” lo-l2 lo-’ REL. F

lo-l2 17 16+ lo-’ 10” 1o-‘2 lo-’ nrt F

SO



n 17x TOL init. f it rrs./ Il.r’l12 ~~/‘~~,  ~~.(7’~~2 wt. conv.
dinm. evais. J coals. err.

42iLn 4 24 10-R 28 20+ 60.8
lo-l2 28 20+ 60.8

;;I;;  lo-” APE: F

10-2s ADS F

42h." 4 24 lO+ 35 2G+ 61.9 1o-21 ARS F

lo-l2 36 2i+ 61.9 10-2*5 x

42~" 4 24 IO-* 30 22+ 60.3 1(-j-12 lo-ln lo-” APS F

lo-l2 31 23+ 60.3 10-l” 1o-ln  10-2c’ x

42d.O 4 24 lo-’ 30 21+ GO.3 10-l’ x
lo-l2

10-2;
30 21+ 60.3

mr;:
10 -11 10-2’ ABS F

43%" 5 16 10-R 22 lG+ 54.0 lo-14 10-l’ 10-27 x

10 -12 22 16+ s4.0 lo-14 lo-11 10-Z' ABS F

43b.O 5 16 10-R 26 20+ 54.0 1o-g lo-Ii ADS F

lo-l2 2i 21+ 54.0 10-14
,,z2 10

1o-28 ARS. F

43c.O 5 16 10-R 21 li+ 54.0 1o-13 10-1’ lo-26

lo-l2 21 li+ 54.0 10-13 10-11 1o-2” A . : . F

43d." s 16 lo-’ 0.9 27 18+ 54.0 ;g-1: :0”--:1 lo-‘” ABS. F

10 -‘2 09 . 28 19+ S4.0 1o-27 ABS F

43e.O 5 16 10’” 0.9 28 20+ 54.0 lo-‘” 10” 1o-2o AI3S. F

lo-l2 0.9 29 21+ 54.0 lo-l4 lo--l2 lo-” ABS F

43f.O 5 16 lo-* 17 14+ s4.0 lo-” 10” lt? ABS. F

lo-l2 18 15+ S4.0 lo-‘” lo-l2 lo-- ABS. F

44a.” 6 6 Ii9 ’ 150+ 4.03 10-l’ lo-’ 1o-22 ARS  F

180 151+ 4.03 10-16 ](ylS 10-33 ABS F

44h.' 6 6 9 i+ 3.52 lo-ln lo-’ lo-” ARS. F
10 8+ 3.52 lo-‘” 10-- lo-“’ ABS F

44~' 6 6 194 179+ 20.6 lo-” lo-’ 10-2” AB+ F
195 180+ 20.6 lo-l4 lo- 10-2R  AE,S.  F

44ti.O 6 6 lo-* 18i 1 i9+ 15.3 lo-g 10-fi lo-” ADS F

lo-l2 188 180+ 15.3 10-14 1o-in lo-27 AB.5. F

44~’ 6 6 219 210+ 9.2i  lOmA 10” 10”’ ABF F

220 211+ 9.27 lo-“’ lo-‘” lo- ABS,  F

45a.” 8 8

45b.” 8 8 10-R
10 -12

63 49+ 4.06 10-R 1o-G lo-” ARC F

64 SO+ 4.06 10-M 10-12 10-2’ ABS F

15 11+ XSG TO-’ lo-’ lo-” ARS  i-
16 12+ X.56 1o-l” 10’” lo-“’ ABS. F

~SC.~ 8 8 10-R 321 300+ 20.6 1o-g 1o-c’ lo-” APS F

10 -12 322 301+ 20.6 IO-l4 lo-” lo-2R ABS. F

45d.’ 8 8 10” 328 292+ 15.3 lo-” lo-’ 1o-21 ABS. F

lo-l2 329 293+ 15.3 lo-‘” lo-‘* lo-‘* ABS  F

45e.O 8 8 351 288+ 9.31 lo-” lo-’ lo-= ABS F

352 289+ 9.31 lo-l5 lo-l2 lo-2g ABS. F

51





5.3 Quasi-Newton  (BFGS)  Linesearch  Method
(SOL/X~iG NPSOL)

5.3.1 Software and Algorithm

The results were obtained using subroutine MPSOL from the Systems Optimization Lab-

oratory (SOL),  Stanford University, also available in the NrIG  Library. In NPSOL a search

direction is determined at each iteration from a subproblem of the form

where the Hessian matrix ljk is calculated using the RFGS  method initialized with I (see Sec-

tion 2.4.2). This is followed by a linesearch that uses both function and gradient information

to obtain a steplength along the search direction [Gill et al. (197911.

5.3.2 Paraxneters

Parameters were kept at their default values with the following exceptions t :

Infinite Bound Size - 1020
Infinite Step Size - 1020

I terat ion Limit - 10000t
Optimality Tolerance - varied; see tahlcs

Step Limit - nsiially 2 . 0  (default) $

t In those casts  (Problems 44c.. (1. (n = TV = 6) anrl 4Sc., e. (n = 171 = 8) in which the
ibration limit NW actnnlly reached, the rcsnlis list4 in the tal>lc3  arc taken from first iteration
in \vhich the nnnlher of fnncfion cvanlations rcachcs or ~xccctls lOOOn.
$ in soiilc citscs the clcfanlt  Step Limit = 2.0 was f 00 1arp;c  anrl overflow occnrcd  nrlriirg frincl ion
cvalrlation in the lincscarch. These casts arc inrlicatrd in the 1 ahlcs by giving the lo\vcr valet of
Step Liqdt that \vas s~~l~cqi~cntly nscd to obtain the rcsnlts in the colnnin lahclrtl  “Step Lim".

See Gill et al. [1986]  for details concerning the parameters

5.3.3 Convergence Criteria

The following quantities will be used in describing the convergence criteria :

ohjcctive fnnction : Fk (=

objective graclicn t : .(I, =  TFk  ( =  Jrfk)

optiniality tolerance : cnpr



The sequence of iterates generated by NPSOL is judged to have converged if the following

two conditions hold :

or if

and

(S.3.1)

(S.3.2)

(S.3.3)

Condition (5.3.1) is meant to ensure that the sequence {.rt) has converged, while conditions

(5.3.2) and (5.3.3) are intended to test whether the requirement that the gradient vanish is

approximately satisfied at Q. Condition (S.3.3) allows NPSOL to accept a point as a local

mimimum  if a more restrictive test on the necessary condition than (5.3.2)  is satisfied, but

condition (S.3.1) does not hold. For a detailed discussion of convergence criteria similar to

these, see Section 8.2 of Gill, Murray, and Wright [1981].

The following abbreviations are used in the tables to describe the conditions under which the

.  a lgor i thm terminates :  t

OI’T.  - optimal point found
* - current point cannot he in~proved
** - optimal solution found, hut rcqncstcd ;IcciiriLc3’ co~lld not be achieved

F 1,Thl.  - function evaluation limit reached

t A ‘*’ corresponds to the situation in which the alp;orithrn  tmninatcs  dnc to failure in the
linesearch to find an acceptable step at tllc current iteration. A ‘*+’ m-curs when condition
(5.3.1) is satisfied but not condi!.inn  (53.2) ;t.hat is, conditions for optimalitg  are met at the
current point lmt the itcrates have not get convcrgd.
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hmerical Rcsdts for NPSOL

lo .

n 111 Opt Step j, .I iters. 11.412 11r11, 11.412  wt. COllV.

To1 Lim evals. err.
2 2 2 i 22 1.11 lO-fi lo-” OFT

29 24 1.41 lo-” lo-g O F T

2.O 2 2 lo- lo 9 G 6.40 ;($I 10 -7 JO-IS OFT.

lo-l4 10 i G.-l0 lo-p lo-2n OPT.

89i 283 9.11 1p lo-’ 10-lR O P T

897 283 9.11 l(F lo-’ 10-lR O F T

4.O 2 3 g:: 20 14 JO” lo-p lo-s
20 14 10” 10’” lo-” ;;I:: **

5.” 2 3 10-l” 20 15 3.04 ](p” OFT.

lo-l4 22 li 3.04 lo-*” OFT.
6. 2

7.” 3

8. 3

10 mr;; 0.1 14 9 .x35 10’ 1o-s 10’” O F T .

0.1 15 10 .365 10’ l0-R lo-” OFT.

3 10-l” 37 31 1.00 lo-* 1 0 ’” lo-lS OFT.
lo-Id 38 32 1 .oo 10”’ lo-” lo-21 OPT.

15 lo-‘” 22 16 2.60 10-l OFT.

lo-l4 23 li 2.60 1 0 ” O P T .

9. 3 8 4 1.08 lO-4 lo-l4 O P T .

9 5 1.08 1O-4 lo-l4 O P T .

10. 3 450 328 JO’ 10’ lo-’ lo-6 *
450 328 lo” 10’ 10-l lo-” *

11.O 3 2 1 8.39 10-l 0.00 1o-2 OPT.

2 1 8.39 10-l 0.00 lo-2 OPT.

12.O 3 10 10-l” 34 27 10.1 lo+ lo-’ 10-l’ O P T .

lo-l4 35 28 10.1 1o-p lo-” lo-lR OPT.

13.O 4 4 66 59 lo-5 lo-Q lo-” lo-- O P T .

i l 64 lo+ 1o-g lo-l2 10-lR OPT.

14.O 4 6 50 39 2.00 lo+ 1o-6 lo-” OPT.

51 40 2.00 lo-” 1fr9 ]o-1s OFT.

15. 4 11 1 0 ”” 33 20 328 lo-’ ,044 10-9 CBFT

IO”” 35 22 .328 lO-2 Jo-In JO-4 O F T

16. 4 20 lo-‘o 24 Ii 1 i.6 JO2 lo-” lO-R nrr
10-l” 25 18 Ii.6 10’ low4  IO-* O F T

17. 5 33 10”’ 0.1 32 20 2.3i IO-’ lo-’ ;;I,: OFT

lo-‘” 0.1 56 44 2.46 lo-? lo-g OPT

18.’ 6 45 39 18.7 10-l 10sR lo-’ OPT.
45 39 18.i 10-l lo-* 10m2 O F T

19. 11 65 10””
10 -14

88 59 0.38 10-l
90 61 9.38 10-l

10’”
10”

lo-’
lO-8

nPT

O P T .



11 111 Opt Step j, J ittrs. Il*r’ll~ Iv* II2 ll!fll2 (-St- ronv.
To1 Lim evals. err.

2Oa. c, 31 lo-lo 43 36 2.44 lO-2 lo-” O F T

10-l’ 46 39 2.44 lo-2 lo-” O P T

20h. 9 31 lo-lo 83 is 6.06 10"' 10-l” OFT
lo-l4 85 77 6.06 lo-” 10-l” O P T .

2oc. 12 31 lo-lo 55 48 1.06 1O-4
lo-l4 151 129 16.6 10”

2Od. 20 31 101:; i3 63 1.06 lo-4 lo-’
10 114 93 1.06 lo-” lo-Q

21a.O 10 10 lO”O 101 59 3.16 lo- lo-’ lo-‘* O P T .

lo-l4 104 62 3.16 lo-’ lo-’ 10-l’ OPT.

Zlh.” 20 20 lo-lo 252 157 4.4i lo-’ lo-’ lo-” O F T

lo-l4 265 170 4.47 lo-p lo-* lo-” OPT.

22a." 12 12 Kr;; 83 72 10 -S lO-a
165 154 lo-4 lO-R

22b." 20 20 lo-lo 103 85 lo-’ lo-” lo-’ 10-l’ OFT.

10-I’ 196 178 lO-4  lo-’ 10-l’ lo-l4 O P T .

23a. 4 s lo-lo 198 142 .500 1o-s
lo-l4 198 142 .soo lo-3

lo-‘” O P T

10”” OPT.

23b. 10 11 lo-lo 117 79 .soo 1o-2 lo-” @FT.

10-l” 124 86 .500 1o-2 10-l’ O P T .

24~1.

24h.

4 8 23 15 .828 lo-’
462 346 .i59 10’”

10 20 lo-lo 368 263 .598 10” 1O-6 lo-’ OPT.

lo-l4 419 314 .598 lO-2 lo-’ lo-’ O P T .

25~1." 19 17
20 18

3.16 1 0 ” lo-l4 O P T .

3.16 10-l” lo-2R O P T .

2sb.O 20 22 lo-lo 24 22 4.4 i lo-” lo-” lo-25 O P T .

lo-l4 24 22 4.4i 10”’ lo-” 1o-25 OPT.

26a.O 10 10 lo-lo 33 31 .328 1o-2 lo-* lo-5 OPT.

lo-l4 35 33 .328 lO-2 10” lo-” O P T

26b." 20 20 lo-lo i6 44 .231 1o-3 1o-R lo-5 OFT.

10 -14 i8 46 .231 10’” lo-’ lo-’ orf.

27~' 10 10 lo-lo 18 15 3.16 lo-" IO-* 10-lR OFT_
lo-l4 19 16 3.16 10-10 10-9 10-21 OFT.

27h." 20 20 lo-lo 30 l i 4.47 lo-’ 10m6 IO-“’ m-T.

lo-l4 32 19 4.4i lo-” lo-’ lo- O P T .

28~~" 10 10 lo-lo 33 18 .412 lo-’ lO-7 lo-‘” O P T .

10-l” 36 20 .412 lO-R lo-* lo--” O P T .

28h." 20 20 54 40 .Sil ‘Jo- OFT.

56 42 .Sil 1 o- a1 OrT.

56



America 1 R tsd t s for NPSOL

n ?I1 Opt Step A J i tcrs. ll~~‘ll2 Ilr’ll, lWll2 est. con\‘.
To1 Lim evals. err.

29a.” 10 10 mr:; i 6 .412 lo-@  lO-R
8 i .412 10’” lo-’ ;;I:: OPT

O P T .

29b.” 20 20 lo-lc’ i G .5il 10 - i 10 - 7
lo-‘” OFT.

lo-l4 8 i .5il lo-g lo-” 10-l” O P T .

,

30a.n 10 10 KP; 3 i 19 2.05 lO-6 lo-” lo-l2 OPT.

40 22 2.05 10” l0-R lo-l7 O P T .

30h0 20 20 10-l” 65 33 3.22 10” lo-5 loo @FT.

10-l” 67 35 3.22 10’ lo-’ 10n Ol’T.

31a.” 10 10 1 0 ”” 67 38 2.18 10’ 10” 10n O F T

lo-“’ 70 41 2.18 10’ 1 0 ” 10’ O P T .

31b." 141 88 1.90 loo lo-5 IO0 Of-T.

144 91 1.90 10” 1 0 ” 10” O P T .

32.L 2 1 3.16 10” 1o-15 0.00 OPT.

2 1 3.16 10’ 1o-15 0.00 O P T .

33.L 10 20 10-l” 4 2 1.46 10n lo-‘0 10-C **
10-l” 4 2 1.46 10’ 1O”O 10’” **

34.L 4 2 1.i8 10” 10-l’ 10-C **
4 2 1.X 10" lo-” 10-6 **

3%~ 8 8 31 20 1.65 10” 1 0 ’” lo+ OPT.

33 22 1.65 1 0 ” 1O-8 lo-’ O P T .

3sb.O 9 9 lo-lo 29 16 1.73 lo-’ 10” lo-” O P T .

lo-l4 32 19 l.i3 10” 10” 1o-‘3  O P T .

35c. 37 26 1.81 10” 1O-6 10” OFT.

42 31 1.81 10-l 10” 10” OPT.

36a.n 4 4 lo- 10 609 456 8.87 lo-’ lo-”
1()-l” 3i62 2il2 li.l 10e6 10”

36b.O 9 9 10-10 88i 660 10.1 lo-5 1 0 ’”
lo-l4 3211 2357 16.3 1 0 ’” 10”

36~” 9 9 10””
10-l’

3
3

1
1

J.i3
l.i3

0.00
0.00

0.00
0.00

0.00
0.00

OFT

O P T

36d.” 9 9 1o:y 1063 813 1O.i lo-” 10m6 10”” O P T

10 3680 2 734 16.9 lo-c; lo-” 10’” *

37. 2

38. 3

16 lo-*’ 14 8 10.8 10’ 1o-s lo-6 O P T

lo-l4 15 9 10.8 10’ 10” lO-6 O P T .

16 10-l” 0.01 21 14 26.1 10’ lo-’ lO-6 O P T .

lo-l4 0.01 23 16 26.1 10’ 1O-8 lO-6 O P T .



Xwnerical Results for NPSOL

11 111 opt Step f, J ittrs. ll*~‘ll2 ll,‘ll, 11!7*112 mt* f-0”“.
To1 Lim evals. err.

39a. 2 3 10-l” 10 9 1o-6 10-l l0-R lo-’ OFT.

IO-l4 11 10 lo-” 10-l 10-l’ lo-’ O P T .

-39h. 2 3 10-l’ 9 8 10-’ lo-’ lO-7 OFT.

lo-l4 10 9
101;
10 10-l lo-9 lo-7 O P T

39c. 2 3 lo-‘O 6 5 lo-’ IO- 10 - i
O F T

lo-l4 8 7 lo-’ 10-l ;iI*i  10-i
O P T .

-39d. 2 3 lo-lo 10 i 10 -7 10-l lo-7
10-l” 11 8 10 -7 10-l

;iIlk
10-i 1::.

39e. 2 3 ;;::r 16 11 lo-’ 10-I lo-G lo-’ O F T

17 12 l0-R 10-l l0-A 1 0 ” O P T .

39f. 2 3 10-‘O 28 21 1 0 ’” 10-l lo- lO-i ClFT

10-l” 29 22 lo-Q 10-l lo+ lo-7 OPT.

39g. 2 3 10-l” 30 21 lo-*’ 10” lo-’ lo-’ OPT.

lo-” 31 22 lo-‘O 10-l lo-15 10-i
OPT.

40a. 3 4 lo-lo 11 10 lo-6 10” l0-R 1 0 ” O P T

lo-l4 12 11 lo-6 loo lO”O lo-7 OPT.

40b. 3 4 lo-lo 11 10 lo-” 10” 10 -i
lo-l4 12 11 lo-6 10”

;“--::

10-7 ;;::

4oc. 3 4 lo-lo 9 7 lo-’ 10” 10
lo-l4 10 8 lo-’ loo :,$‘I ,o_: y:

4Od. 3 4 ;$ 14 9 lo-’ 10” lo-’
15 10 lo-’ 10”

:o”-;:
10-7 1;;.

4 o c . 3 4 ;;I:: 19 11 lo-6 10” lo-6 lo-’ OPT.

20 12 lo-7 loo l0-R lo-7 OFT.

40f. 3 4 ;;I:: 33 23 10” 10’ 1 0 ’” 1 0 ” OPT.

34 24 IO-& 10” 10-R 1O-7 O P T .

4og. 3 4 1O”O 45 35 JO” 10” lo-s lo-’ OPT.

10’” 46 36 lo-’ 10” lO-7  W7 OPT.

41a. 5 10 lo-lo 12 i 10’” IO” 10’” lo-’ OFT.

- lo-l4 12 i l0-A 10” 10’” 10” OPT.

41b. 5 lo 10-l” 12 i lo-a lon 10 - i

1O-‘4 13 8 lo-” IO” ;(y:P, 1o-i  ;;;:

41c. 5 10 1 0 ”” 12 i lo-r, 10” 10
10’” 14 9 lo-” lon ,$I3 ,,I; y:

41d. 5 10
10”” 17 12 lo-e 10” lo-7
lo-” 20 15 IO--” IO”

~~~1'1
10-i 1:::

41e. 5 10 1O”O 51 35 lO-a 10” lo-” lo-’ O P T

10 -14 54 38 lo-’ 10” 10-R lo-’ OPT.

41f. 5 10 1O”O 51 30 10” 10” lo-5 lo-7 OPT.

lo-l4 53 32 lo-’ 10” lO-7 W7 O P T .

41g. 5 10 lo-In 62 4S lo-* 10n IO-’ 1O-7 OFT.

10”” 69 52 10-R IO0 1O-7 lo-’ OPT.
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I\‘tmlcrical R cmlt s for NPSOL

3

n II? Opt Step f, .I itcrs. I12q2 Ilr'll,  11!7*11~ t-St* con\'.
To1 Lim evals. err.

42a.n 4 24 10-ln 1.0 GO 13 cI1.9 10-R lo-c’ 10-I’ OFT

10 -14 1.0 61 44 61.9 lo-‘” lo-’ lo-?’ O P T

42b.O 4 140 85 $1 .4 10‘ Ic, r,1*7
141 86 81.4 1o-2” O P T

42~” 4 24 W:; 0.1 51 19 GO.3 l0-R 1o-s lo-” O P T

0.1 s2 50 60.3 lo-‘” 10” ,(+” OFT

42d.” 4 24 lo-‘” 0.1 56 51 GO.3 lo-g 1o-i lo-l9 nrT

lo-l4 0.1 5i 52 60.3 lo-” lo-” lo-‘” O P T

43a." 5 16 ;;I;; 0.01 44 38 53.6 10-l 10’” lo-2 O F T

0.01 53 4 i 53.6 10-l lo-” 1 0 ” O P T

43b.O 5 16 1 0 ”” 1.0 37 2s 46.2 10’ lo-4 lo2 OPT

10-l” 1.0 38 26 46.2 10’ lo-” lo2 O P T

43c.” 5 16 lo-‘” 0.01 44 39 53.6 1 0 ” lo-” lO-2 O P T

lo-l4 0.01 54 49 53.6 1 0 ” lo-’ 1O-2 OFT.

43d.” s 16 NC);: 0.01 112 81 53.6 10-I lo-5 lo-2 O F T

0.01 120 89 53.6 10” lVR 1O-2 OFT.

43e.O 5 16 ;;O-;; 0.01 95 62 54.0 lO-R lo-” lo-*’ OFT.

0.01 97 64 54.0 lo-*’ lo-’ 1o-2” OPT.

43f.O 5 16 W;; 1.0 56 43 s4.0 l0-R lo-5 lo-‘5 OPT.

1 . 0 59 46 54.0 lo-” lo-” ,o-21 O P T .

44a.” 6 6 lo-lo 488 383 4.03 l0-R lo-6 lo-‘” O P T

lo-l4 490 385 4.03 lo-p lo-* lo-‘8 OPT.

44h.” 6 6 lO”O 57 35 3.52 1O-7 lo-’ lo-” OPT.

1o-‘4 59 37 3.52 lo-” lo-’ @” OPT.

44c.” 6 6 10”” (6001) (44.30)  IO’ 10” 10-l 10’ P LIM.

lo-l4 (6001) (dd.30) 10” 10” lo-’ 10’ F LIM

44d.” 6 6 lO’l(I (r,OOO) (3944)  13.9 lo-2 IOn  lo-” P LIM.

1o-‘4 (6000) (39+1)  13.9 lO-2 10’ 10” F  LIM.

44~” 6 6 lO”O 19i6 1420 9).2i 10wR IO-” lOeli O P T

lo-l4 1978 1422 R.2i lo-” lo-’ lo-22 OFT.

45a.O 8 8 ;;I:: 4i4 3 i l 4.06 lo-7 lo-’ 1o-‘4 OFT.

476 3i.3 4.06 lo-g l0-R lo-l9 art

45b." 8 8 ;;I:: 82 !ii .3.56 1 0 ” 1o-c’ IO”” nPT

84 s9 .3.56 lo-9 10-R lo-17 O P T

45~” 8 8 1 0 ”” (8000) (6180) 12.$  10” 10’ 10-l F Lrhl

lo-l4 (8000) (6180)  12.8 lo-’ 10’ 10-l F LIM

45d.O 8 8 1O”O 1654 1302 IS.3 lo-g lo-5 lo-l7 O P T

lo-l4 1656 1304 15.3 10’” lo-7 lo-21 OPT.

456.” 8 8 1 0 ”” (8000) (S4.32) 6’7.8 10-l lo2 lo-’ P L I M .

JO”” (8000) (5432)  67.8 lo-’ lo2 1o-2 F LIM.





5.4 Second-Derivative  (Modified-Newton)  Linesearch  Method
(NPL/NAG l4NA)

5.4.1 Software md Algorithm

The results were obtained using subroutine MBA from the National Physical Laboratory,

available at Stanford Linear Accelerator Center. The algorithm implements a modified New-

ton method in which the search direction at each iteration is the solution to a subproblem

of the form

and the exact Hessian matrix is replaced by modified Cholesky factors if it is either indefinite

or computationally singular (see Gill and Murray [1974a] and Section 2.4.1). A step length

along the search direction is then computed by a linesearch method [Gill and Murray (1974b))

that uses both function and gradient information to obtain sufficient decrease in the objective

function. MBA requires exact second derivatives, and is similar to subroutine E04LBF from

the NAG Library [1984],  the principal difference being that the latter allows specification of

fixed upper and lower bounds on the variables.

5 . 4 . 2  Parameters

Parameters were kept at their default values with the following exceptions :

MAXCAL  - min (9999, lOOOn ) fiincCion evalriation limit

XTOL - varied; scc tahlcs accuracy in .T
ETA - 0.9 lincscarch  accaracy

STEPMX - iisiially 10’ (default . )  t m;\ximiim step for liticscarcli

t in some cases  the default.  STEPHX = 1 O6 was ton large and overflow occiirrcd clnriiig Ciinction
cvaliiation in the linescarch. These CRSCS  arc intlicatd in the t,ahlC 1,y RiVing tlic lower value of
STEP#X that was snlwqncn  tly nscd to obtain the tcsu1t.a  in the column lnlwlccl  “max. step”.

See NAG (19841  for details concerning the parameters.



5 . 4 . 3  c o n v e r g e n c e  Criteria

The following quantities will be used in describing the convergence criteria :

An iterate is determined to be optimal by MNA if the following four conditions hold:

&-, - Fi, < (XTd + CM)(~ + 1Fkl)

ll!#‘k  11, < (XTOL  + c:!“)(  1 + 1Fk.l) (s.4.3)

G2& is positive definite, (s.4.4)

‘- or if

llga 111 < O.Olfi. (5.4.A)

A necessary condition for optimality is that the gradient vanish, and conditions (6.4.3)  and

(5.4.5)  are intended to test whether this requirement is approximately satisfied at Q. Con-

ditions (Fi.4.l) and (5.4.2) are meant to ensure that the sequence {.~k) has converged, while

condition (5.4.4),  together with condition (5.4.3),  implies that sufficient conditions for a

_ strict local minimum appear to hold at Sk. Condition (5.dI.5) allows MA to accept a point as

a local mimimum if a more restrictive test than (S.4.1) on the necessary condition is met, but

one or more of the other conditions for convergence do not hold. For a detailed discussion

of iconvergence  criteria similar to these, see Section 8.2 of Gill, Murray, and Wright [1981].

The following abbreviations are used in the tables to describe the conditions under which the

algorithm terminates :

OPT. - optimal point fowd
* - cnrrciit  point cannot he hprowd t

F LIM.  - function evaluation limit reaclicd
TIME - time limit cxcecdcd

t A ‘*’ corrcapmds  to the situation in which tltc algrwitlirll t criiiinatcs due to faihre in the
linesearcl~  to fihd an acccptahlc step at the ctlrrcnt iteration.
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Sunwrical  R csdts for MNA

II 111 XTOL max. j, .I i tcrs. ~~.r’~~2 Ilr’ll, IIS’II~ est. CO”\‘.
st*cp evals. err.

1” . 2 2 ;;I,: II 10 1 :I 1 IO-l5 lo-l5 1o-sn nr=r
14 10 1.4 1 lo-‘” lo-l5 IO+ @rT

2.” 2 2 :,“--I\ 8 G 6.40 1o-9 10-R
8 G 6.40 1o-9 lo-& s: nFTor-r.

3.O 2 2 ;;:*: 175 GS 9.11 1o-9 1o-4
175 GS :c *9.11 lo-‘) 1o-4 * *

4.O 2 3 ;“-5: 1 1 10): 1o-~6 1o-in 1o-32 *
1 1 10” 10-M 10-10 10-33 *

5.O 2 3 ;:I’: lo3 35 9 3.04 lo-l9 *
103 3!j 9 3.04

xr:; 10;:
10 - 10-N *

6.

7.O

8.

9.

2 10 1O-G 12 9 36.5 10’ lo-’ lo-6 *
lo-lo 12 9 .3GS 10’ 10” 1o-6 *

3 3 g-,: 14 11 1.00 lo-l2 lo-l2 1o-25 OFT.
14 11 1 .oo 10-12 lo-l2 10-2” OPT.

3 15 1 0 ’” 11 10 2x0 1 0 ” lo-l5 10-R O P T .

1O”O 11 10 2.60 10” lo-l5 lo-” OPT.

3 15 1o-6 3 2 1.08 1 0 ” 10-l’ ;;I;: O P T .

1O”O 3 2 1.08 lo-4 10-l’ O P T .

10. 3 16 10” 249 164 lo4 10’ 10-l 10’” *
10”” 249 164  lo4 10’ 10” 1o-6 *

11.” 3 10 1 0 ’” 538 341 5s.9 lo-l1 10’” 1o-21 OPT.

1 0 ”” 538 341 55.9 10-11 10’11 10-21 O P T .

12.” 3 10 1 0 ’” 43 18 10.1 10-l” lo-l6 lo-“’ OPT.

10-l” 43 18 10.1 1o-'" 1o-l6 10-31 OPT.

13.O 4 4 23 22 1O-4 1 0 ” lo-‘” 10”’ O P T .

23 22 1O-4 lo-’ 10-l’ lo-” OPT.
.-

14.’ 4 6 54 26 2.00 ;;I;‘: ‘“I;; 1o-2G c,FT

54 2G 2.00 l 10 1o-2e O P T .

15. 4 11 1 0 ’” 20 i 328 1o-2 OPT

10-l” 20 i .32I?  1o-2 O P T

16. 4 20 10” 9 8 1i.G 10’ 10”” 10BR O P T .
1()-l" 10 9 1 i.6 lo2 1(-y 10-R *

17. s 33 1o-6 43 28, 2.46 1O-2 OFT.
lo-In 43 20 2.4G 1O-2 *

18.’ 6 13 10” 44 20 12.3 lo-l2 lo- O P T .

10-10 44 20 12.3 lo-l2
;;I;‘:

1o-23 O P T .

19. 11 6S lo-’ 10.0 7 3 9.38 10-l 1o-8 O P T .

10”’ 10.0 8 4 9.38 10-l
$*I

1o-8 O P T .



??l XTOL max. j. .I it crs. 11~~~*112  Wll, ll.cr’l12 fw. conv.
st cp cvals. err.

~_
20.7. G 31 1o-6 13 12 2.41 lo-? lo-l2 10-l” nrr

10-l” 13 12 2.44 1O-2 lo-l2 lo-lo OrT.

-2011. 9 31 10-fi 14 13 G.06 lo-" 10-l" OFT.

lo-In 14 13 6.06 IO-‘\ lo-l4
;;I;;

Or?.

2Oc. 12 31 lo-” 14 13 1G.G lo-” OPT

lo-lo 14 13 16.6 lo-”
;;$

’
;;;;i

OrT.

2Od. 20 31 lo-” 129.5 Gi9 10’ lo-” lo-’ lo-’ *
lo-lo 1295 Gi9 10’ lo-” lo-’ lo-’ *

21%” 10 10 lo-” 14 10 3.1G 1(-J-l” ;;I:: 1o-29 nPT.

10-l” 14 10 3.16 lo-” ’ 1o-29 OFT.

21kL0 20 20 1o-G 14 10 4.47 lo-l4 lo-l4 1o-2” O P T .

10-l” 14 10 4.4i lo-l4 lo-l4 lo-29 O P T .

22d 12 12 lo-‘j 23 22 lo-’ lo-’ 10”’ lo-l4 O P T .

10-l” 23 22 1O-4  10” 10”’ 10-l” O P T .

22h.O 20 20 lo-” 24 23 1O-4 1 0 ” 1 0 ”’ lo-l5 Of-T.

10-l” 24 23 10”’ lo-’ lo-” 10”’ O P T .

23~1. 4 5 lo-” 43 34 .500 lo-3 lo-‘” lo-” OPT.

lo-lo 43 34 .500 1o-s lo-‘” 10”’ OPT.

23h. 10 11 10’” 44 36 ,500 1o-2 ;;$ lo-” O P T .

lo-lo 44 36 .500 1o-2 lo-” O P T .

24x 4 8 158 110 .iS9 IO'"
1.58 110 .iS9 10”

:;I;; 10-l’ OPT.

10-I’ O P T .

24h. 10 20 lo-” 133 94 OPT.

lo-‘O 133 94 O P T .

25x” 10 12 lo-” 14 13 3.16 ](pO 10-R 10-l” *
lo-lo 14 13 3.1G 1()-l” 10-n 10-19 *

25h.” 20 22 10’” 17 16 4.4i IO-’ lo-’ 1o-‘5 O P T .

1O”O 18 li 4.4i lo-" lo-’ 1()-l” *

-26a.” 10 10 10-6 21 11 306 nFT.

lo-ln 21 11 .306
;;I::

-
;;I;;

’
;;I;;

nFT.

26h.’ 20 20 lo-” 30 13 .189
lo-ln 30 13 .lW ;;I:: M$ HlC$ nrT.

* l ’ OFT.

- 27a.” 10 10 1o-e 22 I? 3.16 10-12 lo-l2 1o-24 nFT.

lo-lo 22 12 3.16 lo-l2 lo-l2 1o-24 OPT.

27h.” 20 20 lo-” 31 15 4.4i 10-l” 10-l” 1o-27 nPT.

1O”O 31 15 4.4 i 1()-l” 10-l” 1o-2’ O P T .

28d 10 10 1o-6 4 3 .412 lo-l2 lo-” 1o-24 O P T .

lo-ln 4 3 .412 lo-l2 lo-Is 1o-24 O P T .

28h.O 20 20 lo- 4 3 .5il ]04” lo-l4
lo-lo 4 3 .5il lo-l3 lo-l4

;;c$ O P T .

O P T .
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hxnericd R csults for MNA

n 111 XTOL max. j, J itcrs. Ilf’ll2 111’112 I l . 4 1 2 est. COIlV.

step evals. CIT.
29%” 10 IO 1o-c’ 4 3 .412 lo-‘Cl 10-m ~@i opr.

lo-lo 4 3 .412 lo-lo lo-lo lo-2n OPT.

29b.” 20 20 1o-c 4 3 .STl 1()-l” 1()-IO 10-20 OPT.

10-l” 4 3 .S71 lo-‘” 1o-*O  10-2” OPT.

3c)d’ 10 10 lo-” 7 G 2.05 10’16 1()-H 1(-J-‘” nr-r.

lo+ 7 G 2.05 10-l” 10-l” 10-N
O P T .

30b.” 20 20 1o-G 7 G 3.04 10”’ 1O-14 1O-“o npy,

lo-lo i G 3.04 10”’ lo-” lo-“” OPT.

31a." 10 IO 1 0 ’” 9 8 1.80 10"' lo-l2 lo-2" OFT.

lo-‘n 9 8 1.80 lo-13 lo-l2 lo-2f’ OPT.

31b.O 20 20 lo-” 9 8 2.66
10-l” 9 8 2.66

;;I;; O P T .

O P T .

32.= 10 20 1o-c; 4 2 3.16 10” 1o-‘5 IO-l5 O T T .

1 0 ”” 4 2 3.16 10n 1(p” lo-” O P T .

33.= 10 20 1o-6 27 1 lo4 loo 10-R 10’” *
lO”O 27 1 lo4 10” 10-R 1o-e  *

34.= 10 20 lo-” 20 1 21.2 loo HP; 1o-6 *
1 0 ”” 20 1 21.2 loo lo+ *

35a. 8 8- 1O-6 41 1S 1.65 1 0 ” 10-I” 10-Q
O P T .

lo-lo 41 15 I.651 10” 1o-‘3  1o-Q O P T .

35b.O 9 9 66 19 1.73 l()‘lO 10-e l(y2l-l *

66 19 1.73 10-l” 10-Q 10-20 *

35c. 10 10 1 0 ’” 86 17 1.76 10” lo-’ 10” *
10-l” 86 17 1.76 10” 10” 10” *

36a.O 4 4 lo-” (4002) (2G58) 51.4 lo-” 10” lo-” F LIM.

10-l” (4002) (2658) Sl.4 IO-’ IO-’ 10-l’ t LIM.

36b.O  9 9 10” (9014) (692) 51.2 lo-’ 1o-‘5  10”” ? Llhl.

10-l” (9,014)  (692) 51.2 lo-’ lo+ 10-l” F LIM.

36c.O 9 9 3188 ,310 1.73 10-l’ IO”’ 1o-22 @ P T .

3188 310 1.73 10-H 10-11 10-22 O P T .

37. 2 16 lo-” 6 s 8.85 10' 10-l” 10-c’
O P T .

1O”O 6 5 8.85 10’ lo- 1 0 ’” O P T .

30. 3 16 10” 13 8 26.1 IO’ 10’” 1 0 ’” O P T .

1O”O 13 8 26.1 10’ lo-” 10’” O P T .



n’nxnerical Rcsu1t.s  for MNA

1) 111 XTOL nlax. f, J itcrs. llf’ll2 Ilr’ll, Il.cr’ll2 wt. con\‘-
step CVdS. err.

39a. 2 3 ;$I 4 3 1o-” 10-I ]O’li 10-i OF-F

4 3 lOA 10-l 10-17 I O - - O F T

39b. 2 3 4 3 101; 1 0 ” 10-l’ lo-’ npr
4 3 10 10-l lo-” lo-’ O F T

39c. 2 3 4 3 10 -i 10-l ;;cr;; lo-’ or7
4 3 lo-’ 10-l 10 -i

OPT.

-391-l. 2 3 G 5 lo-’ 10-l 10-17 10-7 O F T

6 5 1 0 - i 1o-l lo-17 lo-7 OPT.

39e. 2 3 10e6 8 7 lo+ 1 0 ” lo-l4 1 0 ” OFT

lo-lo 8 i lo-@  10-l 1o-‘4  10” OPT.

39f. 2 3 11 10 I()-” 10-l 10-R lo-’ *11 10 lo-” 10-l lp3 10-7 *

39g. 2 3 1P 14 13 10-10 10-l 10-g 10-i *

lo-lo 14 13 1()-l” 10-l 10-g  1(-J-’ *

40a. 3 4 4 3 1o-6 IOn lo-” lo-’ O F T

4 3 lo-” IO” 10”’ 1o-7 OPT.

40b. 3 4 4 3 1o-6 loo lo-In lo-’ OPT.

4 3 lo-” 10” 1o-1o lo-’ OPT.

4oc. 3 4 5 4 1 0 ” 10” lo-l2 lo-’ O P T .

5 4 1 0 ” 10” lo-l2 l o - ’ OPT.

4Od. 3 4 6 s 1 0 ” IO0 lo-l6 lo-’ O P T .

6 s 10” loo lo-l6 lo-’ OPT.

40e. 3 4 8 7 IO” 10” 10-R lo-’ *
8 7 1 0 ” loo 10-R 1o-7 *

4Of. 3 4 10 9 10-R loo lo-” lo-’ OPT.

10 9 10’” lon lo-” lo-’ OPT.

4og. 3 4 1o-s 13 12 1o-g IO” 1o-e 1 0 ”’ *
1O”O 13 12 1o-g  10” 10’” lo-’ *

41a. 5 10 lo-’ 4 3 lo-” loo 1 0 ’” 10” *
lo-lo 4 3 10-6 lon 1o-9 10-i *

41b. 5 10 lo-’ 4 3 1o-c’ lon lo-13 10-i or-t

lo-lo 4 3 10’” 10” lo-‘” lo--’ OFT.

41c. 5 10 lo-” 8 7 lo-" IOn lo-l2 lo-’ OFT

lo-lo 8 i lo-” 10” lo-l2 lo-’ O P T

41d. 5 10 1o-6 9 8 lo-‘; IO0 lo-l4 lo-’ O P T

1 0 ”” 9 8 lo-6 loo lo-l4  lo-’ OPT.

41e. 5 10 10e6 12 11 lo-’ lon I()-IO 10-7 *
1o-‘o 12 11 1o-7 loo 10-10 10-7 *

41f. 5 10 1o-G 14 13 lo-’ loo lo-” lo-’ O P T

lO”O 14 13 10” loo lo-” lo-’ OPT.

4lg. s 10 1 0 ’” 17 16 10-A IO” lo-l2 1o-7 OPT.

lo-lo 17 16 lo-* 10n l()-‘2 1o-7 OFT.
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Slmwric;\l R csdt s for MNA

n tn XTOL max. I, .I i t.cm. II7’112 IV’ I I ,  l1.f II2 f-q!. COll\‘.
step evals. cm.

42a.n 4 24 IO-” 2.0 4 1 3s GO.3 lO”O 10-R 1o-2n *
10-l” 2.0 41 35 GO.3 lo-‘” lO-R lO’?O *

42h." 4 24 lo-” 16 8 GO.3 1c)-21 *
lo-‘O 16 8 GO.3 10-2’ *

42~' 4 24 10” 6 4 GO.3 10-22 *
lo- In 6 4 GO.3 lo-22 *

42d." 4 24 IO-’ G 4 GO.3 lo-13 lo-11 lo-27 OFT
lo-In 6 4 GO.3 10-13 lo-11 10-2; OPT

43a.O 5 16 lo- 10.0 30 1G 54.0 ,o-14 ,()-I’ 1(-y-Z’ Oft
10-l” 10.0 30 16 51.0 10-14 10-11 10-2’ OFT

43b.” S 16 lo-” 10.0 li
lo-In 1 0 . 0 li

OFT

OPT.

43c." S 16 lo-” 10.0 89 4s 54 .o or-r.
lo-In 10.0 89 4S s4.0

mo-:; 10;;;
10

mo-:;
O P T

43d.' 5 16 lo-’ 10’ 41 21 s4 .o lo-10 lo-27 O P T
1 0 ”” lo2 42 22 51.0 1o-in 1o-27 *

43e.O S 16 lo-’ 10.0 142 i3 S/l .O ,()-I2 10-10 Jpl @PT.

1o-‘o  1 0 . 0 143 i4 s4.0 lo-l2 1()-10  10-2” *

43f.O 5 16 lo-’ lo2 37 19 54.0 lo-10 1o-25 O P T .

lO”O lo2 37 19 s4.0 10-10 10-25 OFT.

44a.O 6 6 143 49 4.03
144 50 4.03

44b." 6 6 46 14 3.S2
46 14 3.52

44c." 6 6 914 3G4 20.6
915 365 20.6

44d.O 6 6 91S 3d2 IS.3 ,()-I2 10-9 1o-2” OPT.
916 343 1 s.3 10-12 10-9 10-23 *

44e.O 6 6 4x 1.53 9.2T
4i6 lS4 9.2i

npt
OPT

45a.O 8 8 186 s2 4 .OG JO’16 10-14 1()-N nr-r
186 s2 4.OG lo-l” ,()-14  10-N OPT.

45b.O 8 8 ;;:I: 38 15 s3.56 1()-l  I to-9 10-21 *
38 15 XS6 10-11 10-9 10-21 *

45c.O 8 8 14lG 57’8 20.6 10"' 1o-in 10-2R O P T

1416 Si8 20.6 10-l” lo-in 10-2~ O P T

45d." 8 8 14i8 586 IS.3 1o-‘3 1o-in 1o-25 OPT.

1479 SSi lS.3 JO”” 1o-lO lo-25 *

45~" 8 8 1441 489 0.31 O F T
1441 489 9.31 O F T





5.5 Gauss-Newton  Methods

5.5.1 Softwme  md Algorithm

The software package LSSOL [Gill et al. (1986a)] is used to solve the linear least-squares

subproblem (3.1.3). The linesearch procedure used for the numerical examples in this section,

requires both function and gradient information. It is taken from the nonlinear programming

code NPSOL [Gill et al. (1979); (1986b)j.

5.5.2 Parrimeters

Parameters in LSSOL were kept at their default values with the following exceptions :

Rank Tolerance - vnriccl, SW t&h
Infinite Bound Size - 102"

See Gill et al. [1986a] for details concerning the parameters.

In addition, the following parameters are chosen for the linesearch:

r7 - 0.s
0 nlax - min { (lOO( 1 + ~~.~~~,)  + 1) /lIplIz,  JO’“} t

t JII some cases the default value N,,, \vas too large aii(1 overflow  occnrred  during function

tvalnation in 111e lincscarch.  These cases arc indicated  in the tables by giving the valne  y < 100
siicli that c-v,,, == min{(y( 1 + ~~4,)  + 1) /Ilpl12. 102”)) tlia was snhscqnm tly nsed to obtaint,
the resnlts  in the colnmn lahclcd “sky, fat.“.

See, e. g., Gill, Murray, and Wright [1981] for a discussion of the linesearch parameters.

5.5.3 Convergence Criteria

Convergence is judged to have occurred at the kth iterate if either

or

11!71112 L ff!“( 1 + Ilh II,,. ’

The algorithm is also terminated if there is a negligible change in r,

0) Ilm II2 I m 1 + Il.72 ll2h

(5.S.l)

(5.5.2)

(5.5.3)



where ok is the step length determined by the linesearch.

5.5.4 lhble Information

Under the label ‘conv.‘, the following notation is used to describe conditions under which

the algorithm terminates :

ABS F - (S.S.1)

c1 (55.2)
s - (S.S.3)

F LIM. - function evaluation limit reached

A superscript O following a problem number indicates a zero-residual problem.

A superscript L following a problem number denotes a linear least-squares problem.
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n 111 rank stq I, .l itcrs. ll.?-*ll~ Ilr*ll, 11!7’112 cstz- COIIV.
tol. filC. evals. err.

lo . 2 2 1.4Pxlo-* 31 12 l*tjl lo-" 1(-y ](p4 APS. F. 0
2.23x lo- Ia 31 12 l*,il 1(-y" lo-" 1(rJ4 ABS  F .  0

2." 2 2 1.49x 10-I 180 42 11.4 10’ lo-’ IO’ X

2.2.1x 10-I” 235 42 11.4 10’ lo-2 10’ X

3.” 2 ? 149x10-' 31 16 7.22 lo-” lo-’ lo-’ X

2 21x10-'" 42 23 9.11 10-1ti 10-11 10-32 ABS Fe 0

4.0 2 3 i.4cxin-n s4 14 lor, lo-16 ]()-I0 I()-“2 AR!: F . X

2.23x ln-‘r 54 14 lo6 10-l” dn 1o-“2 ARS  F.X

5.O 2 3 1.49~ In-- * 8 G 3.04 10-14 10-l” 10-2R o

2.23x 10-I” 8 6 3.04 10-l” lo-l3 lO-2R 0

6. 2 10 1.40x10-* s.0 (2003) (294) .36i IO' lo2 lo-" F LlM

2.23x lo-la S.0 301 44 .r;Ol  lo2 10” 10’
7." 3 3 1.49~in-* 13 10 1 .oo 1()-24 1o-2” 1@-4R ,.,I, CI

2.23x10"" 13 10 1.00 10”’ 10-2” 10”” ABS. P: 0

8. 3 1s 1.49xlo-a 7 G 2.60 10-l 10-l’ lO-A 0
2.23x 10-l” 7 G 2.60 10” 10"' 10-R Q

9. 3 l!j 1.49x1o-a 3 2 1.08 lo-” lo-l2 lo-l4 0
2.23x lo-l6 3 2 1.08 1O-4 lo-l2 lo-l4 0

__-
10. 3 16 1.46x  lo-’ 112 29 10’ 10’ 10” 101 X

2.23x lo-la 30 10 10’ 10’ 1o-3 10-e X

11.O 3 10 1.49x10-* (3000) (1300) 2S2. 10” lo3 1o-2 P LIM.

2.23x 10-l” (3000) (999) 308. 10” 10” lo-2 F LIM.

12.O 3 10 l.4~xlO-' i 6 10.1 10-l’ lo-” 10-33 ABS. I’. d

2.25 x 10’” 7 6 lo.1 lo-li lo-17 10-M A89 F. 0

13.O 4 4 1.49x10-* 16 15 10” 10-R lo-” lo-l6 0
2.2.9x  In-‘” 16 1s IO” 10-R 10-l’ lo-l6  0

10 4 6 1.49x10-" 96 42 2.00 0.00 0.00 0.00 ADS. F. 0
2.23x 10-l” 96 42 2.00 0.00 0.00 0.00 ABS. F, 0

15. 4 11 1.40x lo-’ 43 3s 328 w2 0
2.23x10- 'I 43 35 328 Jo-2

mcr;; 10;;
10 0

16. 4 20 i.rexin- n 3651 lit% 17.6 IO2 10-A 10-R X

2.23x10 '" 365 1 1 ic>S 1 i.6 lo3 10-R 10-A X

17. 5 33 i.49xln-" 13 9 2.46 1o-2 10'" lo-" n
2.23x 10-l” 13 9 2.46 1o-2 IO"' 10"' 0

18.’ 6 13 1.40x  10” 10.0 (6001) (iTO) 2.99 loo IO" 10" F Llhl.

2.23x 10-l‘ (6001) (856) 52.S  10” 10’ 10’ F L’M.

19. 11 6s 1.4Qxlo-a 24 16 9.38 10-l lo-l1 1o-8 c3
2.23x lo-‘6 24 16 9.38 10” 10’” 10-R I3



?I I)1 rank step A J i tcrs. IV II2 Ilr*ll, ll.fll2 est. COll\‘.

tol. f;rC. WLlS. err.

2oa. 6 31 1o-a 12 11 2.44 lo--? lo-” lo-In -1.49x 0
2.23x lo-‘” 12 11 2.44 10” 10-l’ lo-In 0

20h. g 31 1 49x1o-a 6 S 6.06 lo-’ 10-l’ 10-l” o

2.23x lo-l6 G S 6 . 0 6  lo-s 10-l’ 1()-l” o

2oc. 12 31 1.49x1o-1 6 S 16.6 1o-5 lo-l4 lo-l6 Q
2.23 x lo- la 6 s 16.6 lo-’ lo-l4 10-l’; a

2Od. 20 31 1 49x10-” 6 5 l.Oi 10eR 1o-‘3 lo-l5 (3
2.25x lo-‘c 6 5 24 7. 1()-l” 10-12 10-2” o

21an 10 JO *.49x10-’ 31 12 3.16 10-lc’ 10-l” Io-s’ ABS F. d

2.23x lo-la 31 12 3.16 lo-lc’ lo-l4 10”’ ABS. F. 0

21h.” 20 20 *.49x10-” 31 12 4.47 lo-Is lo-l4 1o-“n ARP. P. c1
2.23x 1o-‘L 31 12 4.4i lo-” lo-‘” lo-” A B S .  P. Q

22a.O 12 12 1.49x10-* 16 1s 1o-4 10-8 10’” lo-l6 0
2.23x 10-l” 16 15 10’” 10-A 10”’ 1 0 ”” 0

22b.O 20 20 1.49x1o-a 16 15 1o-4 lO-A 10”’ 10-l” 0
2.23x 10-l” 16 15 1o-4 10-R 10”’ lo-l5 a

23a. 4 5 1.49x 1o-a 90 45 .500 1o-3 lo-l3 lo-lo 0
2.23x 10-l” 90 4s .soo 1o-s 10-l” 10”” 0

23b. 10 11 *.49x10-’ 274 122 .soo 1o-2 lo-l2 lo-” 0
2.23x lo-la 274 122 .soo 1o-2 lo-l2 10”’ 0

24a. 4 8 l.49x1o-6 1043 302 .iS9 lrs lo-l2 1O”l 0
2.23x  lo-‘& 1043 302 .iS9 lo-’ lo-l2  lo-” I3

24b. 10 20 1.49x10-* (10003) (2SS6) .S98  1o-2  1o-s lo-’ F LIM.

2.25x  10-l” (10003) (ZSSS)  .S98  1O-2  lo-’ lo-’ F LIM.

25~1.’ 10 12 1.49x10-” 11 10 3.16 lo-Is 10-l” 1o-so ARS. F. 0

2.23x  lo- ‘I 11 10 3.16 10”’ 10”” lo-” ABS. F. 0

25h.’ 20 22 *.49x10-’ 13 12 4.4i lo-” lo-‘” l@-’ AR?.. F. C4

2.23x  lo-la 13 12 4.4i lo-‘” lo-” lo-” ABS. ?. 0

26~1.” 10 10 1.49x10-C 16 8 .306 Jo-11 10-11 10-22 c3

2.23x lo- ‘I’ 16 8 .306 10”’ 10-l’ 1o-22 0

2Gh.” 20 20 *.49x10-” 20 9 .208 lo-l4 IO-l4 lo-?’ o
2.23x lo-la 20 9 .208 lo-l4 lo-” 10-2R 0

;27;\.’ 10 10 l.49x10-a 21 7 3.18 10”” 10-l” 1o-2” ARS F. Cl
2.25x  lo-‘a 21 i 3.18 lo-‘” lo-” 10”’ ARS. F. 0

27b.” 3) 20 1.49x1c’-c 10.0 31 i 4.47 10-14 lo-13 lo-27 (3

2.23x 10-l” 10.0 31 7 4.47 lo-l4 10-l” 1o-27 0

28a.O 10 10 l.49xlo-a 4 3 .412 lo-‘” lo-“’ lo-‘” All?+. F. 0
2.23 x lo- I6 4 3 .412 ws 1 0 ”” 10’“’ ABS. F, 0

28b.O 20 20 1.49x10-* 4 3 .!jil JO-” JO-‘” 10es2 ABS. F. 0

2.23x lo-‘a 4 3 .Sil lo-“:  lo-” 1o-s2 A B S  I’.0

ii2



Xm-ncrical Rtslllts  for some Gauss-Scn-ton 3lcthods

n 111 rank sbp j, .I itcrs. IV 112 llr’llz Ils’ II2 wt. cnnv .
tol. hC. evals. err.

29d 10 JO 1.49x10-” 4 3 .4 12 lo-” lo-” lo- A B S F.0

2 25x 10-l” 4 3 .412 lo-l4 10-l' lo-= *es F.0
29h.” 20 20 1.49x  lo-” 4 3 .Sil 1o-l4 ~0-1" 1o-2A o

2.23x 10-l” 4 3 .Sil 1o-l4  lo-14  10-2A  c(

3OiL” 10 10 1.49x10-” G 5 2.05 Jo-‘G Jo-‘s JO”” ABS. F. 0

2.23x lo-‘” 6 5 2.05 1o-16 10”’ lo-” ABS F.0

3ob.o 20 20 1.49x10-’ 6 5 3.04 1o-15 10-l” 10’“’ ARS F.0

2.23x lo-la 6 5 3.04 lo-” lo-‘” lo-“’ ABS. F. 0

31%” 10 Jo i.49xin-” i 6 1.80 ]o-15 lo-” lo-” ABS.  F.0

2.23x 10-l” i G 1 . 8 0  10”’ 10-l’ 1o-31 ABS. P. 0

3lb.” 20 20 1.40x 10. * 7 G 2.66 10’” 10”’ lo-“’ AE’P. f. 0
2.23x lo-‘* 7 6 2.66 10”’ 10”” 1 0 ’“’ ABS. F. 0

32.L 10 20 1.49x10-* 2 1 3.16 10° IO’” 0.00 0
2.23x lo-la 2 1 3.16 10’ lo-l4 0.00 0

33.L 10 20 1.49x10-’ 3 2
2.23x1n-'@ 8 8

34.= JO 20 1.49x10-’ 3 2 4.90 10” lo-” lo-6 f3.x
2.23x 10-l” 3 2 4.90 lon 10’” 1o-6 0.x

35a. 8 8 1.49x lo-* 3os3 386 1.61 1 0 ” IO-’ lo-’
2.25x10-'" (8003) (1012) 1.60 10” 10” 1O-2 ’F  L IM .

35h0 9 9 1.49x In-” 148 29 1.3 IO’” 10”’ ,1o-2g 4R?r F, d
2.23x lo-l6 249 38 1,iO 10”’ 10’ low2 X

35c. JO 10 1.4oxlO-c (10006) (1353)  1.X 10" 10" 10e2 F  L IM .

2.23x 1o-‘6 232 31 l.i9 10” 10” 10v2 X

36a.O 4 4 1.49x 1o-6 2885 490 18.8 lo-” lo-l2 lo-l2 0
2.23x 10-l’ 36 21 50.0 lo-lS 10-l’ lo-31 ABS. ?. 0

36b.” 9 9 1.40x  lo-* 683 128 18.8 10” I"'12 10-12

2.23~  in-la 36 21 Fio.0  10”’ lo-l4 lo-” A,,“,.,

36c.” 9 9 1.19X10-’ 20 19 l.i.3 10”’ !O-” lO-22 n
2.23x lo-la 20 19 1.Z 10-l’ 10’” 1O-22 a

36d.” 9 9 1.49x in-* 74 lO-c’ lo-”
2.23x 10-l” (9001) (l:kO, :z. lo-6 lo-s

lo-l2 0
Jo-13 F Llhl .

37. 2 16 1.49x10-’ 39 38 8.85 10’ lO-A 1O-6 X

2.23x IO--l6 39 38 8.85 10’ 10-R 1 0 ’” X

38. 3 16 1.49x10-’ 58 56 26.1 10’ 1O”O 1o-6 0
2.23x lo-l6 58 S6 26.1 10’ 1O”O 1o-6 0



?I 111 rank step j, .I i ttrs. lla*‘ll2 llr’ll, IIS’II~ wt. conv.
t01. ZX. C\‘dS. cm.

39a. 2 3 1.40x  lo- a 8 i lo-‘: IO” 10-l’ lo-; 0
2.23x 10-l” 8 i lo-" 10-l 10-l’ IO-’ a-

391,. 2 3 1.49x In-’ 32 31 lo-7 10-l lo-” lo-’ 0
2.23x lo--‘” 32 31 lo-’ 10” 10-l’ 10” a

39c. ‘1 3 1.49x10  rl 23 14 lo-’ 1 0 ” lo-l2 lo-’ 0
i.2sx lo-‘” 23 14 lo-’ 10-l lo-l2 lo-’ 0

39d.  ? 3 1.49x10-” 681 333 lo-’ 10-l lo-ln  lo-’ 0
2.23x  10-l” 681 333 lo-’ 10-l lo-‘n  lo-’ 0

39c. 2 3 1.49x lo-” (2001) (925) lo-’ 10-l  lo-” lo-7 F LIhT

2.23x  10-l” (2001) (925) lo-' lo-'  16 lo-' F Llhl

39f. 2 3 1.40x  lo-* (2000) (8i3) lOa9  IO-’ lOwA  lo-’ F LIM.

2.23x 10 -lfl (2000) (8i3)  lOa9  10-l lOBA  lo-’ F LlM.

39g. 2 3 1.49~ In-* (2001) (60';)  10aR 10-l JO” 10” F LIM.

2.23x In-16 (2001) (60i) lOwA lo'* lo-” lo-’ F LIM.

4th. 3 4 1 49x10-’ 13 12 10-6 JO” IO”’ lo-’ a
2.25x in-la 13 12 1o-6 10” lo-” lo-’ 0

4ob. 3 4 1.49x10-” 16 10 lo-” 10”
2.23x 10-l” 16 10 10-G loo

4oc. 3 4 1.49x lo-* 380 188 1o-7 loo lO”O lo-’ 0
2.23x  lo-la 380 188 lo-’ 10” lo-‘” w7 0

4Od. 3 4 1.49x  lo- * i81 345 lo-’ 10"
2.23x  10-l” i81 345 lo-’ 10”

40e. 3 4 1.49x IO--’ (3000) (690) 1o-2 iOn lo-' lo-'  F LIM.

2.23x  lo-‘c (3000) (690) lO-2  IO0 10-l lo-’ F LIM.

40f. 3 4 1.49x lo-’ (3002) (630) .I01 10’ 10’ 10” F LIM.

2.23x 10-l” (3002) (630) .lOl 10” 10’ 10-l F LIM.

4og. 3 4 1.49x10-* (3001) (607) .llO 10' lo” 10’ F LIM.

2.23x  10-l” (3001) (60i) .llO 10' lo” 10’ F LIM.

- 41a. 5 10 1.49x lo-” 5 4 1o-R lon
2.25x  lo-lL 5 4

Klcr:: lo-’ cj
10-G  10” l 1o-7 0

411). 5 10 1.49x IO‘ n G 5 lo-C 10"
2.23x  In- Ia G !j 1o-c 10"

;;(I;; 10-I (3
lo-’ 0

41c. 5 10 1.49x in-* 12 11 lo-c 10” 10-l’ IO” o_
2.23x lo-‘# 12 11 lo-c; IOn lo-” lo-’ 0

41d. 5 10 1.49x lo-* 30 20 lO-6 IO” lo-‘n lo-’ 0
2.23x  lo- ‘@ 30 20 lo-” lon lo-in 1o-7 0

41e. 5 10 1.49x  lo-” 222 110 1o-i lon 10-l” lo-’ 0
2.23x  lo-‘* 222 110 lo-’ 10” lo-‘n  lo-’ a

41f. 5 10 1.49x lo-’ 933 414 lo-’ lon 10”” lo-’ 0
2.23x  1o-‘6 933 414 lo-’ 10” lo-lo lo-’ 0

41g. 5 10 1.49x10-” 328s 1065 lo-' 10" lo-lo 1o-7 0
2.23x  10-l” 3285 1065 l0-A IO0 1o-1o lo-’ 0
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Nuulcrical  Results for some Gauss-Ycwton  AIcthods

1) 112 rank step f. .I ifcrs. IV II2 1l.r II2 1l.f II2 est* COIIV.
tol. f;rC. CVdS. err.

42~1." 4 24 I 49Xln * 0.1 51 3i 60.8 1o-‘3 lo-” lo-26 n, x
2.23~ In- IC 0.1 51 3i r>O.8  lo-‘” lo-” 1o-2” a. x

42b.n 4 21 1.40x10-' 0.1 611 316 61.9
2 23X 10-l” 0.1 (4OOZ) (1Sii) 10” lo2

42~' 4 24 1.49~1r1~-’ 0.1 27 24 60.3 lo-‘3 10”’ lo-2”
2 2sxin-  la 0.1 27 24 60.3 ]()-I3 10-l’ 10-26 “,

42d." 4 24 1.49xl~“ 0.1 24 23 60.3 10-l” 10-l’ 1o-26 0. x
2.23x10.  Ia 0.1 24 2.3 60.3 Jo-‘” 10’” 1o-26 0. x

43%" S 16 1 49x10-” 1.0 23 14 54 .O 1o-l4 1o-l2 ]0-2f4 0
2.2sxiw1" 1.0 23 14 54.0 10-l” lo-l2 10-2A 0

43h.O Fj 16 1 49xIf,-’ 0.1 15 13 S3.6 10" IO-’ 1O-2 X
2.25x10-l' 0.1 20 14 S4.0 lo-l4 lo-l2 1o-2s 0

43c.O 5 16 1.49x  In-’ 1.0 281. 14 54.0 lo-l1 10’” 10-2i 0
2.23x10-'" 1.0 24 14 51.0 1O-14 10-l’ 1o-27 0

43d." !j 16 1.49xln-’ 1.0 18 10 s4.0 10’” 10’” 1o-27 0
2.25x10-” 1.0 18 10 S4.0 10-l’ 10”’ lo-27 0

43c.O S 16 1.49x10-" 1.0 31 l i 54.0 lo-l4 lo-l2 1o-25 0
2.2sx10-” 1.0 31 li s4.0 lo-l4 lo-l2 10-2R 0

43f.n 5 16 l.rexln-' 22 15 54.0 10-14 10-12 10-2” o

2.23x10-" 22 1S s4.0 1o-‘I lo-l2 10-2R  0

44~~" G 6 1.49~ In- * l i l 45 4 . 0 6  lo-‘s 10’” 1o-25
2.23~ in- 'a lil 4 5 4.06 1o-l” Jo-ll ~0-25 1

44b.n 6 6 1 . 4 9 x 1 0 - 5 4 3.52 lo-” 10”’ 1o-2g ABS. F. 0

2.23x lo-‘” 5 4 3.52 JO-‘s 10”’ 1O-2” ABS. F. 0

44~.~ 6 6 1.49x lo-’ 5.5 I i 20.6 IO-l4 10”’ 10-2R X

2.23x10-" 5 5 l i 2 0 . 6  lo-l4 lo-lo  1o-28 X

44d." 6 6 1.49~ in-’ 3S 1s IS.3 lo-l4 lo-” 1o-29 ABS. F. 0
2.2sx 10-l’ 3S 1S 15.3 1o-‘4  JO”’ w2” ABS. ?. 0

440.~ 6 6 '.49xlrI-' 42 18 9.2i ,o-l4 lo-12 l0-2A ABS. F. 0 . X
2.2s~ in- lc 42 18 9.2i 1o-‘4 lo-l2 10-2A ABS  F. 0. X

45zLn 8 8 i.49xln-* Ii1 45 4 *OR ,045 10-11 10-2” o

2 23XlW la lil 45 ,I,06 &” 10”’ 10-2” 0
45b.O 8 8 1.4?x  In- a 5 4 3.56 J(p.5 1()-l”’ 10-29 All=. F, 0

2.2sxin Ja 5 4 3.56 lo-“’ lo-‘” lo-2g AR?. F. 0

45~' 8 8 1.49x1ns 41 Ii 20.6 10-l' 10-I’ lO-29 ABS.  F. X
2.23~ ln-la 41 I i 20.6 10”’ lo-” 1o-2g ABS. F. X

45d." 8 8 1.40x  lo-’ 3s IS 15.3 lo-” lo-” lo-S1 ABS. F. 0
2.23x 10”’ 3S 15 1.5.3 lo- lo-ls lo-“’ ABS. F.0

45~~ 8 8 1.49x10-' 42 18 9.31 lo-‘” lo-l2 lo-2g ABS.  F .O. X

2.25x10-" 42 18 9.31 I()-15 JO"2 10’29 ABS 0.F, X

is





5.6 Levenberg-Marquardt  Method
(~~iI~r=ic'r(;  LMDER)

5.6.1 Software and Algorithm

The results were obtained using the hlTNPAC’K  subroutine LMDER, which implements a

Levenberg-Marquardt method using exact derivative information. A subproblem of the form

s11hjcct t o  Ipkplll 5 6,

is solved at each iteration for the step pk to the next iterate, where nk is a diagonal scaling

matrix.

5 . 6 . 2  Parmneters

The results were obtained using the nfJ;YJ’ACK  subroutine LMDER, with the following

input parameters :

XTOL - varied, see tahlcs awn racy in .T

FTOL - varied, see t ahlcs accuracy  in sum of aquarcs

GTOL - 0.00 gradient norm tolerance

MAXFEV  - m in { 9999,lOOO * t) ) fnncf ion cvnlnat ion limit

MODE - 1 spccifk internal scaling

FACTOR - 100. (default) inilial step magnification

t Jn smnc eases  the dcfanlt FACTOR = 100.0 \vas too large and ovcrflolv  occiirrcd (luring function
c\nluation.  Tllcsc  cases  are indicafcrl in the Inljlc by giving the lower valor of FACTOR that ws
slil)scqucn tly used  to oljtain Ilic results.

For details about these parameters, MorC, Garbow, and Hillstrom [1980].



5.6.3 Convergence Criterk

The following quantities will be used in describing the convergence criteria :

hcsid  11 al w-c tm

itli residual gradient

.lacohian matrix

ohjectivc  fiinction

objective  gradient

current step

prcdictcd  rtrlw-tinn

actual redaction

.. .J(Tl.)

: F(.rk) E f(.rk)‘j(.rk)

.. gk = vF(3‘1.) G 2.7(.r~a)Tf(rk)

*. pk, the minimizer of the snhprol~lcnl

criteria for termination of L!tDER  at 3’) are as follows:

0 F coltI-ocr’pnce. Both actual and predicted reductions in the sum of squares are at most

FTOL.

IpAl s FTOL and pp 5 FTOL and pA 5 2~~ (5.6.1)

* This attempts to guaraMe  that

Il.rkll~ 5 (1 + FToL)llJ(~‘)fl~.

l 2 con~rg~nro.  Relative error between two consecutive iterates is at most XTOL.

&,+I 5 XTOLlln  + ml&

- This attempts to guarantee that

(5.6.2)

IlDk bk - .r’)ll, 5 XTOLll nk b-‘)II,-

l khe cosine of the angle between jk and any column of II. is at most GTOL in absolute

value.

This approximates the necessary condition g(.rk)  = 0.

l FTOL is too small. No further reduction in the sum of squares is possible.

(5.6.3)

(5.6.4)



l XTOL is too small. No further improvement in the approximate solution .Tk is possible.

l GTOL is to o  small. j, is orthogonal to the columns of .II. to machine precision.

(S.6.6)

Except for test (S.6.31,  tests for convergence are performed only when

f * < 0.0001pp. (5.G.i)

The convergence criteria are described in more detail in Mori, Garbow, and Hillstrom [1980].

The &llowing  abbreviations are used in the tables to describe the conditions under which the

algorithm terminates :

F - ( 5 .6 .1 )  a n d  ( 5 .6 . i )

x - (5.6.2) and (5.6.7)

X, F - (5.6.1) and (S.6.2) and (5.6.7)

0 - (S-6.6) and (S.6.7)
F LIV.  - function evaluation liniit rcd~ed

0% t





2.O 2 2 10-R 14 8 11.4 10’ 1o-3 10’ REL. r

lo-l2 21 13 11.4 10’ 1o-5 10’ REL. f

3." 2 2 1 0 ’” 19 17 9.11 10-16 1()-l’ 10-32 x
lo-l2 19 1’7 9.11 lo-l6 lo-11 30-52 x

4." 2 3 lo-$ 40 39 loc’ 1o-3 1o-2 1o-5
lo-l2 54 53 10’; 10” 1 0 ” 10-l :

5.O 2 3 9 i 3.04 1o-l6 1o-l5 lo-52 x

10 8 3.04 lo-l6 lo-‘5 1o-32 x

6. 2 10 1o-8 21 12 .365 10’ 1o-2 lo+ RCL. ?

lo-l2 28 16 .365 10’ 1 0 ” 1o-6 RDL. F

7.O 3 3 10-R 11 8 1.00 lo-16 lo-15 10-32 x

1o-‘2 12 9 1.00 1o-“2 lo-3’ 1o-64 x

a. 3 15 1 0 ’” 6 5 2.60 1 0 ” 1o-Q 1o-8 REL.  I
1o-‘2 7 G 2.60 1 0 ” 10-l’ 1o-8 REL. t

9. 3 15 1o-8 4 3 1.08 10” 1o-l6 1o-l4

lo-l2 5 4 1.08 lo-’ 1 0 ”” 10-l’ x. It:,. ?

10. 3 16, 1O-8 126 , , . 1.16 . _: JO’ . JO’ 1. : loo 1 0 ’” x . RCL. ?

lo-l2 126 116 10’ 10’ 10’ 1O-6 X

11.O 3 1 0  lo-8 (3000) (29SB) 239. lo-2 1o18 1f.r5 I Llhl.

lo-l2 (3000) (2956) 239. 1o-2 1ol8 1o-5 ? LIM.

12.n 3 10 lo-8 7 6 10.1 1o-l6 lo-16 10-S” x

lo-l2 8 7 10.1 lo-l6 lo-16 10-32 x

13.” 4 4 65 60 1o-l7 1o-34 10-b0 1o-67 o
65 60 1o-l7 1o-“4 1o-5O 10-6’ a

14.” 4 6 70 64 2.00 0.00 0.00 0.00 X

70 64 2.00 0.00 0.00 0.00 X

15. 4 11 10-R 18 16 .X28 1O-2 10” IO-” RBL. ?

lo-l2 28 26 328 1O-2 10” 10’” X

16. 4 20 10-8 264 245 lT.6 lo2 10n 1 0 ” net. t
lo-l2 356 329 li.6 lo2 1O-2 1O-8 ItEL.  F

17. 5 33 10-8 18 15 2.46 1o-2 1 0 ’” IO”’ nm. F

1o-‘2 19 16 2.46 1o-2 1 0 ’” 10’” nm. I

Wn 6 1.3 lo-" 46 32 12.3 1o-l6 1o-l5 1o-3l x

lo-l2 46 32 12.3 1()-M l()'lS 10'"' x

19. 11 Gr, 10-R 17 13 9.30 1 0 ” 1 0 ” 1o-8 R E L . F

lo-l2 19 15 9.38 1 0 ” 1 0 ’” lo-’ R E L . ?
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11 111 TOL IlliiX. f il-/ II*4 IIJ’ Ii, ll!I’II~ est. COIlt’.

s t e p WAS. .I cvals. e r r .

- -2oa. 6 31 IO’” 8 i 2.44 1o-2 lo-' 10-l" R E L ;
lo-l2 10 9 2.44 1O-2 lo-’ lo-” X. REL F

ml-B. 9 31 1o-8 9 8 6.06 1o-3 10-l”
lo-l2 10 9 6.06 lo-” lo-- X, .“,L F

zoc. 12 31 1o-8 10 9 16.6 1o-5 lo-Is 10-l” x
lo-l2 12 10 16.6 1o-s lo-Is 10-l” X

20d. 20 31 1o-8 18 14 24i. 1o-lfl 1o-l2 1o-24 x

lo-l2 23 1S 24i. 1o-l” 1o-l2 lo-25 x

21%" 10 10 lo-8 22 16 3.16 1o-l6 1o-l4 10-31 x
lo-l2 22 16 3.16 1o-l6 1o-l4 10-51 x

21td' '20 20 10-8 22 16 4.417 lo-l6 1o-l4 1o-3l x

lo-I2 22 16 4.47 1o-l6 1o-l4 1o-31 x

22a.O 12 12 1 0 ’” 72 63 lo--Ii 10-34 lo-S1 lo-68 cJ

lo-l2 72 63 lo-Ii  lo-34 10-b' lo-68 o

22h.O 20 20 1o-8 69 60 1o-l7 JO4 10-4” 10-66 x

lo-l2 69 60 10-l’ 10-33 1(-j-49 10-66 o

23a. 4 5 1O-8 34 23 ,500 1o-3 1 0 ’” lo-lo REL. ?

lo-l2 44 28 .500 lo-$ 1 0 ’” 1 0 ”” RCL. r

23b. 10 11 1o-8 84 67 .500 1o-2 1o-8 10’” REL. ?

lo-l2 104 82 .500 1o-2 1 0 ”” 1 0 ’” RCL. P

24a. 4 8 1O-8 lS1 113 .i59 lo-’ 10” lo-” REL. F
10 -12 156 116 .i59 lOB3 1(-y 10-11 REL. F

24h. 10 20 1o-8 80 62 .598 1O-2 1 0 ” lo-’ RICL F
lo-l2 88 67 .598 1O-2 1O”O 1 0 ’” REL. F

25~' 10 12 1o-8 11 10 3.16 10’15 10-14 10-30 x

lo-l2 12 11 3.16 10-16 10-14 1()-S’ x

25h.O 20 22 lo-8 13 12 4.47 10-15 10-13 10-30 x
lo-l2 14 13 4.47 10’15 10-14 10-31 x

- 26~~" -10 10 lo-8 28 16 .328 1O-2 lo-’ IO-’ REL I

lo-l2 37 21 .328 1O-2 lo-’ lo-’ REL. c

26h.O 20 20 1o-8 57 40 .228 IO-" 10-8 10’” Rl?L P

lo-l2 71 45 ,228 10-j 10”” 1 0 ’” REL. F

I27a.O 10 10 10-8 1S 13 3.18 1()-l” 10-14 10’“1 x

lo-l2 15 13 3.18 10’15 1()-l’ 10-31 x

27h.O 20 20 1o-8 5 2 19.i IO--l2 lon REL. F

lo-l2 18 15 4.47
,$I

10”s 10-2R x
28zL0 10 JO 1o-R 5 4 .#I12 1o-l7 1o-16 10-33 x

lo-l2 5 4 .412 1()-l’ 10’16 10’3s x

28to 20 20 10-A 5 4 .5’;1 10-l’ 1()-M 10-M x

lo-l2 5 4 .5il 1o-17  1o-l6  1o-“2  x



n t11 TOL max. f it-/  ll.~‘112 ll/‘112 ll~‘ll~ est. conv.
8tCp CVdS. J cvals. e r r .

29%” 10 10 10-A 5 4 .412 lo-” 10-l’ lo-= x
1o-‘2 s 4 .412 1o-l7 l0-l6  1o-3” x

29b.” 20 20 10-R 5 4 .S’;l 10-l’; 10-M 10-32 x
10 -12 5 4 Ai1 1o-l6 lo-16 1o-“2 x

3oa? 10 10 10’” 6 s 2.05 1o-l6 \o-l5 1o-“l x

lo-l2 7 6 2.05 10-16 10-1s 10-31 ](

3C)b . !’ 20 20 lo-* 6 5 3.04 lo-15 1o-14 1o-sn x
1o-‘2 i 6 3.04 ]()-I5 10-14 10-3” x

310 10 IO 1o-8 7 6 1.80 10-l” 10-15 10-31 x

lo-l2 8 i 1.80 1()-l” 10-15 10-31 x

31h." 20 20 lo-8 7 6 2.66 10”’ 10-l’ 1O-3o x
lo-l2 8 i 2.66 10”’ 10” lo-” x

32.& 10 20 1o-R 3 2 3.16 10n IO"' 10-l’ x. REL. ?

lo-l2 3 2 3.16 10’ 10-l’ 10-l’ x . RDL. F

33.L 10 20 10-A 3 2 4iO. 10’ 1 0 ” 10B6 RCL. F

lo-l2 8 2 4i0. loo 10” low6 REL.?

34.= 10 20 1o-8 3 2 381. 10” 1O-8 lo-+’ REL. F

lo-l2 7 3 428. 10’ 1 0 ’” 1 0 ’” RCL. ?

'35a. 8 8 10-O 40 21 1.65 10” 1 0 ’” 1 0 ” RCL.Ir

lo-l2 53 27 1.65 10” 1 0 ” 1 0 ’” REL.~

35b.O 9 9 10’~ 12 9 1.i3 lo-l6 lo-‘! 1o-32
1o-‘2 13 10 1.i3 10”” 10”” loss2  Z

35c. 10 10 lO-8 25 12 1.81 10-l 1 0 ’” 1o-3 RBL. F
10”’ 34 17 1.81 10-l 1 0 ” lo-’ REL. ?

36~' 4 4 1O-8 (4000) (3985) 2i.9 10” 10” 10”’ P LYM.

1o-‘2 (4000) (3985) 27.9 IO-’ 10” 10”’ or LIM.

36h.O 9 9 lo-* (5310) (5292) 30.8 lo-’ 10” IO” TIME

lo-l2 (5330) (5312) 30.8 10" lO-7 10-l’ T I M E

36c.O 9 9 10-R 29 28 l.i.3 1o-l7 1o-l6 lo-33 x
lo-l2 40 33 l.i3 1()-l' 1()-l' 10-54 x

36d." 9 9 lOoa (9000) (8982) 39.2 10” JO” IO”’ I LIM.

lo-l2 (9000) (8982) 39.2 lo-' lo-’ 10”’ ? LlM.

37. 2 16 10” 15 14 8.85 10’ JO” 1 0 ’” REL.F
lo-l2 21 20 8.85 10’ IO-’ 1O-6 R C L .  ?

38. 3 16 lo-* 18 16 26.1 10’ 1o-2 1 0 ’” R R L  F

lo-l2 28 26 26.1 10’ 10” lo+ R E L  P

8.3



I~‘m~crical  Rcsdts for LMDER

n ?I) TOL max. I ilrrs./ ~~.~*‘~~2  llj’l1, ~~g’~~2  est. conv.
step evals. .I reals. err.

39% 2 3 ;“--A: 5 4 10-6 II)-* lo-7 10-i REL. F

6 5 10 -7 10-l 10-A 1 0 ” R E L F

39b. 2 3 g--1: 14 13 lo--’ lo-’ lo-’ lo-’ REL F
21 20 1@ 10-l lo-’ lo-’ REL F

39c. 2 3 18 10 lo-’ lo-’ lo-’ lo-’ REL. F

25 13 10 -7 10-l 10-R 1o-7 REL. F
39d. 2 3 20 13 lo-5 10-l 10-S 10-i R E L F

28 18 lo-’ lo-’ lo-’ lo-’ RCL. F

39c. 2 3 28 19 lo--’ lo-’ lo-’ lo-’ REL. F

44 31 lo-” 10-l  lo-’ lo-’ REL ?

39f. 2 3 31 23 1O-6 10” 10” lo-’ net. F
44 33 10-A 10-l 1o-e lo-’ R E L .  F

39g. 2 3 10-8 39 29 lo-’ lo-’ lo-’ lo-’ RCL. F

lo-l2 44 31 1()-Q lo-’ lo-” lo-’ REL. F

4th. 3 4 :o”--:: 6 5 lo-’ IOn 1o-6 lo-’ REL. F
9 8 lo-” IOn 1o-8 lo-’ REL. ?

40b. 3 4 Ib”--:2 14 8 lo-’ 10” 10” lo-’ REL. F

li 10 10” loo lo-’ 10” REL. r

4oc. 3 4 :o”-;“? 16 8 1o-5 lon 1o-5 1 0 ” RCL. ?

22 12 lo-’ l@ JO”’ 10” R E L .  I

4Od. 3 4 Ib”-;“2 26 17 1o-h 10” lo-’ JO” REL. P

40 27 10” JO0 JO” 10” R E L .  P

4Oe. 3 4 90 i6 1o-5 10” lo-’ 1 0 ” REL. P

146 125 1o-e  loo 1o-5  10” REL. P

40f. 3 4 180 158 10” 10’ lo-’ lo-’ R C L . r

272 241 lo-’ IOn lo-” lo-’ REL. P

4og. 3 4 lo-8 206 184 JO-’ 10’ 1O-2 1 0 ” RDL. F

lo-l2 319 28i  10” 10’ 10” 10” REL. P

41a. 5 10 1 0 ’” 4 3 10’” lon 1O”O 10” REL. ?

- lo-l2 4 3 1o-G lon 1o-‘o lo-’ .RtL. ?

41b.  5 lo lr8 4 3 10-R 10” lo-’ 10” REL. F

lo-l2 5 4 lo-” 10” 1o-9 10” REL. F

4lc. s 10 1o-8 6 s 1o-F; 10” 10’” 10” REL F

lo-l2 8 7 lo-’ IOn lo-’ lo-’ REL. F

-41(1.  s 10 1o-8 1s 11 1o-5 10” 1o-5 10” R E L  F

lo-l2 22 16 lo-’ 10’ lo-” lo-’ R C L .  F

41e. s 10 10-8 29 18 1o-5 10” 1o-4 1 0 ” nEL F

lo-l2 38 24 10” loo 1P 1o-7 RRL. F

41f. 5 10 1e 5’7 46 1o-5 10” 1cP 10” nEL. f

lo-l2 89 74 1o-7 10” m-5 lo-’ REL. F

41g. 5 JO lo-” 84 il 1P loo 10-3  lo-’ REI.  P

lo-l2 144 123 lo-’ 10” Hv lo-’ R E L  F
- -



1) 1)) TOL IllAX. f itcrs./ ll.7q2  11 /‘II, ll.q’l12  est. COll\‘.
s t e p cvala. .I cvals. err.

42~~ 4 24 10” 18 15 60.8 1o-l3 lo-ll &6 x
lo-‘? 19 16 GO.8 ,043 1o-ll 1o-26 x

42h." 4 24 10-A 0.001 48 42 61.3 1o-l3 1o-ll 1o-25 x
lo-l2 0.001 49 43 61.3 1o-‘S 1o-” 1o-25 x

42c.O 4 24 tO-R 0.1 20 li 60.3 lo-l5 lO”O 1o-2G x
lo-l2  0.1 20 l i GO.3 1(-p 1o-lO lo-26  x

42d.' 4 24 10-R 0.1 15 14 GO.3 1o-l" \o-ll 1o-26 x

lo-l2 0.1 16 15 60.3 1o-l3 1o-ll 1o-26 x

43~0 S 16 lO+ 0.1 14 11 54.0 10-l’ lo-l2 1o-27 x
lo-l2 0.1 15 12 54.0 10-l’ lo-l2 1o-28 x

43h.O 5 16 lo-’ 0.1 18 15 54.0 lo-l2 10-28 x
lo-l2 0.1 18 15 54.0 lo-l2 10-zR x

43c." 5 16 10-R 0.1 11 10 54.0 10-14 lo-11 1o-27 x

lo-l2 0.1 11 10 54.0 1o-‘4 1o-” 1o-27 x

43d." 5 16 10’” 0.1 22 18 54.0 1()-l’ 10-11 10-27 x

10 -I2 01 . 23 19 54.0 10”’ lo-l2 1o-28 x
43d s 16 10” 0.1 12 11 54.0 10-14 lo-11 10-27 x

lo-l2 0.1 13 12 54.0 10-l’ lo-l2 10-28 x
43f.O 5 16 1O-8 12 9 54.0 10”’ 10-12 10-27 x

UP2 13 lo- 54.0 10’” lo-l2  1o-27  x
44~" 6 6 3i 30 4.06 10-15 1()-l” 10-30 x

38 31 4.06 1()-l” 10-13 10-30 x

44h.' 6 6 s 4 3.52 10-15 10-13 10-29 x
6 5 3.52 1o-l5 1o-l3 1o-29 x

44c." 6 6 108 98 20.6 10-14 10-11 lo-29 x
109 99 20.6 10-15 10-11 10’30 x

44dn 6 6 98 88 15.3 10’‘5 10-11 10-29 x
99 89 15.3 30-15 lo-11 1o-29 x

44c.O 6 6 82 il 9.2i
83 72 9.2i

4th~" 8 8 10’” 47 35 4.06 10-16 10’I5 10-2” x
lo-l2 48 36 4.06 1o-l6 1o-l5 1o-29 x

45b.” 8 8 5 4 3.56 10-15 lo-l3 1o-2” x
6 5 3.56 lo-15 10-l” 1o-29 x

45c.O 8 8 ,bo_;11 164 148 20.6 1()-l’ 10-11 1()-v ](
165 149 20.6 lo-15 lo-11 1o-29 x

45d." 8 8 :o"-;: 144 133 1 s.3 104 10-1s 10-30 x
145 134 15.3 10-l” 10-n 10-S’ x

45e.O 8 8 130 119 9.31 10-14 10-12 10-29 x

131 120 9.31 10-l’ lo-l2 1o-2g x





5.7 Adaptive  Special Quasi-Newton  Method
(lYIRT/;\ ('11 DN2G/NL2SOL)

5.7.1 Software and Algorithm

The results were obtained using subroutine DNZG, a double precision version of the AC.31

algorithm NLZSOL available in the PORT Library 119841. A subproblem of the form

is solved at each iteration for the step JI~ to the next iterate, where r)k is a diagonal scaling

matrix. The method is adaptive, so that Rk is sometimes null and sometimes a scaled quasi-

Newton approximation to the part of the Hessian involving the second derivatives of I.

5.7.2 Parameters

Parameters were kept at their default values with the followintexceptions:I

IV(HXFCAL) - min (9999,lOOO  * n}
IV(MXITER) - min {XKN,  1000 * n)

V(AFCTOL) - TOL+TOL  (varid; see tddcs)
V(RFCTOL) - TOL (varied; S~F! tables)
V( SCTOL) - (Af
V( XCTOL) - TOL (varied: see tables)
V( XFTOL) - f nt
V( LMAXO) - nslla1ly 1 .o (defa.11lt.)  t
V( LMAXS) - 1.0 (dcfa11lt.)

VmJNERl) - 0.1 (dch.1111.)

fnnction evalnation l i m i t
itera.t.ion limit

ahsoln1.c fiinct.ion  convergence  tolerance
relative fnnction  convergence tolerance

singalar convergence  tolerance
1 con vcrgpnce  tolerance

false convergence  tolerance
init.ial lrasl-region  cliamcter

step bo~~nd  for  singnlar convergence  test
rcdricl ion 1.~~1.  coPflicicn  I.

t 111 some ca..cs  the default. V(LHAX0) = 1 .O for t.hc initial dinnictcr of the trust-region  was too lnrgc
and  ovcrfiow  occurred  clilring  fnnctirbn  cvalilwt ion. Thcsc casts  arc inclicntd  in the tahk 1)~ giving
the lower valne of V(LXAX0) that was si~hscqiicntly  riscd to nbtnin  the rcsrllts  iii the colinnn  lal~~l4
“ini t .  &am.“.

See Dennis, Gay, and Welsch  [1981a,  198lb]. Gay [1983], and TORT [1984]  for details concerning

the parameters.



5.7.3 Convergence Criteria

The following quantities will be used in describing the convergence criteria :

ol>jcctive  fnnction
objective gradient

current step

New ton step

Newt,on reduction

prtbdicted  reduction
actual reduction

scaled distance

: pN= -&.(ph’)  if Nk is positive definite;
0 otherwise.

: fp= -QkfPk)

: PA =3& -3(?k  +f)k)

t Here ‘tfi  denotes the ith component of the vector II. There is a. provision for the user to
replace the function v; we used the default in all of the tests.

The convergence criteria used in DB2G are as follows:

0 AbsoMe f u n c t i o n  c o n v e r g e n c e  o c c u r s  a t  ?& i f

13&l < V(AFC?OL). (5.7.1)

l Dative frirnction convergence is intended to approximate the condition

3& -3(L) s V(RFCTOL)l?i(.

The test actually used is

p,,, 5 V(RFCTOL)l3kl.

l 3: convergence is intended to approximate the condition

l+&,?‘,  &) 5 v(xCTOL).

The test actually used is

Pk =PN and f@&,e&  + p&,  I)k) 5 V(XCTOL).

l Singr11;l.r  convergence is intended to approximate the condition

3k - min {3(y) I llDk(Y - z&)11 5 V(LMAxs)) < V(SCTOL)  13&l,

(5.7.2)

(5.7.3)



where nk is the diagonal scaling matrix at the kth iterate - when none of the convergence

criteria listed above hold. It is meant to indicate relative function convegence  when the Hessian

in the subproblem is singular.

‘The actual test is

Fk - lnin { Qk(ll) 1 Ilnk(y - ?i.)ll 5 V(LHAXS)}  < V( SCTOL) I& I. (S.7.4)

Under certain conditions, the test is repeated for a step of length V(LIfAXS).

l F’alsc convergence is returned if none of the other convergence criteria are satisfied and a trial

step no iarger than V(XFCTOL) is rejected. This usually indicates either an error in computing

the objective gradient, or a discontinuity (in 3 or 9) near the current iterate, or that one or more

of the convergence tolerances (V(RFCTOL),  V(XCTOL), and V(AFCTOL)) are too small relative

the accuracy to which the objective is computed.

The test actually used is

-?i - F(tk + p’k) 5 V(TUIERl)pp and r’(rk, r& + pk, &) 5 v(xFToL), (S.i.5)

where the parameter V(TUNER1) is adjustable, although in these tests the default value 0.1 is

used throughout.

Except for test (5.6.13), tests for convergence are performed only when

rn L 2rP. (.5.7.6)

See Dennis, Gay, and Welsch  [1981a,  1981b],  Gay [198X].  and SPORT  [1984] for more discussion

of the convergence criteria.

The following abbreviations are used in the tables to describe the conditions under which the

algorithm terminates :

ARS.  F - (S.7.1 )
RFL. F - (-5.7.2)  and (S. i .6)

x - (5.7.3)  and (S.i.G)
X,F - (S.i.2) and (S.i.3) and (S.7.6)

SING. - (S.i.4 ) and (5.7.6)
FAL5E - (S.7.S)  and (S.i.6)
F LIM.  - funct ion evaluat ion limit. rpachcd
TIME - t ime l im i t  exccedcd
LOOP - sir broil tine a.ppcars to loop

The total number of Jacobian evaluations is either equal to the total number of iterations of the

method, or it is one more than the number of iterations. The number in the column labeled “ittrs.

/ .J evals.” is followed by a “-I’* if an extra Jacobian evaluation was used in the computation.
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SllII1orical  Rw11Its for DN2G

n n? TOL init. f t-r,11\‘.

diarn. evals. J c\7ds. err.

1.” 2 2 14 11+ I..11  10-l” JO”” lo-‘\’ AR+ F
14 11+ 1 .,I 1 ](p%  lo-“? hRC  F

2.O 2 2 lO-A 10 8+ 11.1 IO’ lo-” 10’ REL F

10 -12 12 10 11.1 IO’ 1o-c: IO’ nrcL F

x0 2 2 10-R 64 SO+ 9.11 1o-9 1o-J 1()-19 ARC F

JO-‘? 65 51+ 9.11 lo-” 10-12 10-M ARS F

4." 2 .3 40 33+ JOf' lo-? lo-? 1o-4
53 46+ 10” lo-); lo+ 1o-‘2 :

5.O 2 3 9 i+ 3.04 lo-” ](ylO 10-Y ARF F
10 8+ 3.04 0.00 0.00 0.00 hRc. F

6. 2 10 10-R 14 10+ .xs IO’ lo-? 1o-c; nel. r

IO-‘? 16 12+ .3x 10’ lo-’ lo-”
REL  F

7.O 3 3 J0-A 13 8+ 1 .oo 10-11 ]()-a 10-21 ARS F

lo-‘* 14 9+ 1.00 1()-2" ]o-?l 10-4s ABS f

8. 3 15 10-R 7 c>+ 2.60 10-l lo-” lO-R nbL F

lo-‘? 8 'T+ 2.60 10-l lo-” 10-R REL  P

9. 3 15 10-R 3 2+ 1.08 1O-4 10-n 10-14

lo-‘? 5 4 1.08 lo-” lo-l6 lo-l4 x. .2L F

10. 3 16 10-R 132 120+ IO' 10' 1o-3 Jo-6 X. ItEL. F

lo-l2 133 121 10” 10’ 10’” lo+. 1. REL F

11.O 3 1 0  10-A (3ooo) (2953) 2.79.  lo-?  dR lo-” F LIM

lo-l2 (3000) (29S3)  239. 1o-2 10IR 1o-s F LlM

12.O 3 10 10-R 8 5+ 10.1 lo-” lo-” lo-” ABS P

lo-l2 9 G+ 10.1 10”” lo-‘” 1o-32 ABS  F

13.O 4 4 19 lG+ 1o-4 ARS P

25 22+ 1o-c' ARS P

14.” 4 6 10-R 52 40+ 2.00 1o-9 lo-’ 10’” AI33 F

lo-I2 53 41+ 2.00 0.00 0.00 0.00 ABS. F

15. 4 11 lo-* 11 9+ .328 lo-2 1o-9 1o-9 RRL F

lo-l2 12 10+ a328 JO-2  10’” IO-’ R E L  F

16. 4 20 l0-R 21 14+ 17.6 lo2 IO” lO-A nt?L F

lo-l2 22 Jr,+ 17.6 lo2 1o-4 lO-A REL  F

17. 5 33 l0-A 26 20+ 2.46 lo-? 10-R 10’” I’IFL F

lo-l2 27 21+ 2.46 lo-* 104 10-11 RITL  F
- -

18.’ 6 13 10-R 45 32+ 12.3 lo- 10-R 10’” AR5  F

lo-‘? 46 33+ 12.3 10-l'; 1()-a 1(pl
ABS F

10. 11 65 l0-R 20 13+ 9.38 1r' 1 0 ” Io-R REL F

lo-l2 22 15+ 9.38 10-l lo-” IO-R R E L  F



Slm~crical Rtsdts for DN2G

diani.  teals. .I evals.

2t-h.  G 31 10-R 13 9+ 2.44 lo-* 1o-9 lo-ln  nrL F

lo-‘* 13 9+ 2.44 lo-* lo’-’ lo-‘” REL. P

201,. 9 31 lo-” 12 9+ G.06 lo-” lo-‘* lo-‘” RF%. F

lo-‘* 15 12 6.06 lo-” lo-l4 lo-” X. R E L F

2oc. 12 31 lo-* 14 11+ 16.6 lo-’ 10-l” ]()‘l” nrl.. F

lo-‘* 14 11+ 1 6 . 6  IO-’ 10”’ lo-‘” REL. F

20d. 20 31 30-A 1.11 lO-R 10-” lo-‘” ARJ.  F

lo-** 1.18 10-R ]0'14 1()-M
L O O P

21d 10 10 1o-8 27 li+ 3.16 ]()'I6 10-l" Jo-31 ARJ. F

lo-‘* 27 17+ 3.16 lo--” ,o-‘4 lo-” ARS.  F

21h.” 20 20 10-A 16 12+ 4.47 ,()-I" 10-14 10-31 ABS. F

lo-‘* 16 12+ 4.47 lo-l6 10-14 JO-"' ABS. F

22d 12 12 1o-p 19 16+ IO-’ 10-R ]O’l? ](y AR?.  F

lo-‘* 26 23+ 1O-6 lo-‘* 10”’ 1o-24  ABS.  F

22lP 20 20 1o-8 20 17+ lo-” lO-R lo-‘*  lo-” AR!: F

lo-l2 26 23+ lo-” lo-‘* ,O-‘R ,o-24 ABS. F

23a. 4 s 1o-8 36 26+ .soo lo-s 10’l” 10”’ nr:L.  r

lo-‘* 37 2i+ .500 1o-3 lo-‘” lo-” R E L .  F

23h. 10 11 lo-* 61 46+ .soo  lo-2 10” 10’” nm.  F

lo-l2 68 so+ .500  lo-2 ]O’lO 10’11
R C L .  P

24a. 4 8 10-R 139 110+ .x9 1o-s  IO” lo-‘* REL.  ?

lo-l2 142 113+ .759  lo-” lo-‘*  lo-” RCL. ?

24h. 10 20 1o-8 129 101+ .598 IO-* lo-’ IO-’ REL. F

lo-‘* 138 108+ .598  lo-* lo+ lo-” REL. F

25a.” 10 12 lo+ 15 lo+ 3.1G lo-l? lo-l1 lo-24 Al\<. P
lo-l2 16 11+ 3.16 ,()-IS 10-14 10-31 x

25b.O 20 22 10-R 19 12+ 4.4i 10-l" 10-M 10-29

lo-l2 19 12+ 4.47 lo-‘” 10”” lo-2Q m:. P

26a.O 10 10 lo-” 11 i+ 306 10” lo-‘” lo-” AR3. F

lo-‘* 12 8+ .3OG I()-” I(-,-” lo-“” An?,  f

26b.” 20 20 10-R 39 25+ .228 IO-‘\ 10” lo-’ nE:r.. F

lo-‘* 42 27 .228 lo-” ](p” 10-c REL F

: 27~’ 10 10 lo-8 8 G+ 3.18 1o-in lo-in 1o-2l AR3 F

10 -12 9 i+ 3.18 10-l" 10-14 10-29 ADS. F

27b.” 20 20 1o-s 11 8+ 4.47 10-R 10-A 10’” AI-IS. F

lo-‘* 12 9+ 4.47 lo-l4  lo-‘” lo-*’ ABS.  F

28a.” 10 10 lo-8 4 3+ .412 1o-l5 lo-l6 JO-"" ABS. F

lo-‘* 4 3+ .412 lo-l5 ]0-16 10-31 ABS. F

281~” 20 20 lo-’ 3 2+ .571 10-R 1o-g lo-l6 ABS. ?

lo-‘* 4 3+ .5il lo-‘” lo-l6  1o-32 ABS.  P
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Sll11lcrical  Rc~lllts  for DN2G

11 11) TOL init.. f it-s-/ II-412 IlYll2 lb’112 tst. cony.

dialn. evals. J teals. err.

29%” 10 10 lo-A 4 3+ .*I1 2 lo-l4 I()-" lo-*' ARC F
10 -12 4 3+ .41? lo-l4 lo-l4 lo-*’ ABS F

29b.” 20 20 lo-” 4 3+ .S71 lo-l4 lo-‘” lo-?*  ARS  F

10 -12 4 3+ *ST1 10-14 10-14 10-?A ABS F

307 l . ‘I 10 10 lo-” 8 5+ 2.05 1o-9 1o-9 10-lA AR5 F

10 -12 9 c>+ 2.05 lo-l6 lo-*’ lo-” ABS F

3C)b.O 20 20 IO-” 8 5+ 3.04 10-R 10-R lo-” ARS F

lo-‘* 9 G+ 3.04 If-,-” lo-l4  I()-“” ARS F

31a.” 10 10 lo-” 10 i+ 1.80 lo-‘* 10’” lo-= ABS. F

lo-‘* II 8+ 1.80 1o-l6  10-l”  10-31  x

cab.’ 20 20 lo-& 10 i+ 2.G6 ](pO 1()-10 10-21 ABS F

lo-‘* 11 8+ 2.66 10’*” lo-‘” lo-” ABS.  F

32.’ 10 20 10-R 5 2 3.16 10” lo-'" lo-'" X. REL. F

lo-‘* 5 2 3.113 10” 10-l” IO-‘” X. REL. F

33.L JO 20 lO-R 18 5 20.2 IO0 10’” 1o-6 SINO.
10 -12 18 5 20.2 10” 10-11 10-C’ SINO.

34.= 10 20 IO--” 13 5 7.24 10’ lo-lo 1o-6 SINO.

lo-‘* 13 s i.24 10’ 1o-l”  1o-6
SlNO.

35a. 8 8 10eR 2.1 14+ 1 .G5 10-l IO” 1o-Q R E L .  F

10 -12 24 1s+ l.G5 10-l IO-* 10” REL.  F

35b.” 9 9 IO-” 11 7+ I.?3 ,o-12  lo-l2  ,o-24 ABS.  F

lo-‘* 11 i+ 1 . 7 3  lo-l2 lo-l2  lo-24 A B S .  F

35c. 10 10 10-R 17 12+ 1.81 IO-’ IO-’ IO-’ REL.  F

lo-‘* 19 14+ 1.81 10-l lO-R 10” R E L .  F

36x” 4 4 IO-’ (1000) (3988) 2’i.i lo-’ lo-’ lo-l3 F LIM.

lo-‘* (4000)  (3988)  2i.i lo-’ lo-’ lo-13 F LIM.

36b.O  9 9 lo-*
lo-‘*

(9000)  (#Iii) 35.S IO-’ IO-’ lo-l4 F Llhl.

(gof)o) (8gii) 35.5  lo-’ tOvR  lo-‘j F Llhl

36c.O  9 9 l0-R 16 JS+ 1.i3 IO-’ IOaR IO”’ APS  F

lo-‘* 22 21+ 1.73 10-12 10-12 10-24 ABS.  F

36d.” 9 9 lO-R (9000) (8wx)  3R.4 lo-’ IO” lo-l4 F Llhl.

10 -12 (9000) (wm) 38.4 1 0 ” 1 0 ” 10-l” F Llhl

37. 2 16 10-R 10 8+ 8.8s lo* 1o-3 1o-c; AEL. F

lo-‘* 11 9+ 8.85 IO’ IO-’ lo-’ RCL  F

30. 3 16 l0-R 10 8+ 26.1 10’ lo-* 1o-6 R L L I’

lo-l2 12 10+ 2G.l 10’ lo-’ 1o-6 R E L  F



,l’unwrical  Rcsdts for DN2G

n 111 TOL init,. I
diam. CVZLIS. J cmls. err.- -

39a. 2 3 5 4+ lO-fi 10-l lo--“-’ 10” nFL F

5 4+ 10-i 10-l lo-” lo-’ REL F

39b. 2 3 6 5+ 10-i ]()-I 10-i 10-i nm. F

i G+ 10-i 10-I 10-9 10-i
R E L  F

39c. 2 3 4+ 10 -7 10-l
5+ lo-’ 10-l

39d. 2 3 i 5+ lo-’ 1 0 ” ;i!lt 10 -i
8 G+ 10 -i 10-l 10-i :I:: :

39c. 2 3 9 6+ 10-fi 10-l
10 i+ l0-R 10-l

39f. 2 3 10-R 14 ,o+ 10-A 10-l lo-” lo-’ R E L  F

lo-‘* 15 11+ lo-’ 10-l lo-” lo-’ REL. F

39g. 2 3 1o-p 18 12+ lo-’ 10-I lo-4 lo-’ REL. F

lo-‘? 20 14+ lo-” 10-l lO-6  lo-’ R E L .  F

4th. 3 4 1o-8
10 - 1 2

Mb. 3 4
;“-;“?

4oc. 3 4
;($2

4Od.  3 4 1o-8
10 -12

i 6 lo-” IO” lo-” lo-’ R R L  F

i 6 lo-” 10” lo-” lo-’ REL P

i 5+ lo-6 10”
11 9 10’” lon :o”-;“I

lo-’10-i :L:’ :

9 6+ IO-’ 10” lO-6 lo-’ R6L.  P

10 7+ 1 0 ” 10” 1o-9 lo-’ R E L .  ?

9 i+ 10’; IO0 10-R lo-’ Rl?L.  F

9 i+ lo-’ IO” l0-R 1 0 ” REL. F

40e. 3 4 10BR 10 9+ lo-’ 10” lo+ lo-’ R E L .  F

10 -12 11 10+ lo-’ 10” lo-6 1o-7 REL. F

4Of. 3 4 13 10+ 10-R 10” lo-6 1o-7 REL. F

14 11+ 10-R loo IO” lo-’ R E L .  F

4og. 3 4 lo-8
lo-l2

41a. 5 10 10BR
10 -12

23 lG+ IO-" 10n 1O-4 IO-’ R R L .  F

25 18+ IO-” IO” 10” lo-’ R E L .  P

4 3+ lo-“i lon 10-l” lo-’ REL.  F

4 3+ 10-R 10” lo-lo lo-’ REL. F

41b. 5 10 10-R 4 3+ 10’” JO”
lo-l2 5 4+ IO’” IO0

41c. s 10 lO-R 6 5+ 1o-” lo” 10-R lo-i net. F

lo-‘* 6 5+ 1o-C lo0 10-R  10-i
R C L  F

41d. 5 10 l0-R 9 i+ lo-c’ 1on  1o-s  1o-i
R F L  F

lo-‘* 11 g+ 1o-c 10” 10-R lo-; REL. F

41c. 5 IO lo-8 li 13+ lO-fi loo 1o-s IO” RIL F

10 -12 20 lG+ lo-’ JO” IO-’ lo-’ RtL. F

41f. 5 10 JO’” 24 ,g+ lo-” 10” 1o-4 lo-’ REL.  F

10 -12 27 22+ lo-’ IO” 10” lo-’ REL. F

41g. s 10 lo-+ 29 22+ Jo-’ JO” 1o-5 IO--’ REI.  F

10-l? 30 23+ 10-R JO” 1O-6 1O-7 R E L  P
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n 1n TOL init. f ittrs./ 11.r’j12 Ijj’]l, ~~g’~~2 est. cnnv.

diam.  coals.  .I coals. cm.
42x" 4 24 lo-& 0.9 29 19+ GO.8 1o-ls

lo-l2  0.9 29 19+ GO.8  10-l”
me; ;;r;.; x

ARS. F
42h.' 4 24 lo+ 0.00 1 74 48+ 61.3 lo-l3 10-l’ l()‘?S

lo-l2 0 . 0 0 1 f4 4s+ 61.3 10-l”  10-H  10-2”  *.; F

42~’ 4 24 10-R 0.01 32 19+ GO.3 ]()‘I” 1(yl 10-26

lo-l2  0.01 32 19+ GO.3 lo-‘” 10-l” 1()-2fi *,I F

42d.” 4 24 10-R 23 18+ GO.3
10 - 1 2 24 19+

;;$ lo--’ lo-” ABC F

GO.3 * 10-l” lO-2fi

43%” 5 16 10-R 31 22+ s4.0 lo-l2 lo-in 10-2” AR: F

lo-l2 32 23-e s4.0 1()-14  10-11  10-m  x

43b." S 16 10-R 20 13+ Sf1.0  lo-l2 10”’ lo-‘” Al’39  F

lo-l2 20 13+ S4.0 lo-l2 lo-‘” lo-24 ARC F

43c.O  s 1G 10-A 34 26+ 53.6 10-l
lo-l2 41 33+ S3.G 10-l

43d.” s 16 lo+ 17 11+ S4 .O 10-14 1()-11 10-2’

lo-l2 17 11+ 54.0 lo-14 lo-” 10-2i  A,:.  F

43e.O  S 1G 1o-8 28 la+ s-4.0 10-l’ 1o-p lo-22 A B S .  t
lo-l2 29 19+ s4.0 10-14 10-12 10-2’ x

43f.O s 16 lo-’ 20 15+ s4.0 lo-l2 lo-” lo-25  ABC.  P
lo-l2 20 1s+ s4.0 lo-l2 lo-‘” lo-25 ABS. P

44a.O 6 6 58 41+ 4.06
59 42+ ;;I::

1o-2”
4.06 ’ :,0--l:  ](pO  :;:;  ;

44b.O 6 6 gz2 7 G+ 3.s2 lo-l4
7 G+ 3.s2 lo-l4 ;;I::: ;;I:: xABS F

44c.” 6 6 ;;I: 93 84+ 20.6 10-l” lo--’ 10-l” ABS F

94 8s+ 20.6 1(-)-ls 10-11 lo-2” ABS. F

44d.” 6 6 9i 81+ 1.5.3 lo-” l@ 1o-22 ABS F
98 82+ 1 s.3 l(pl 10-11 10-28 x

44~~ 6 6 83 i2+ 9.2f
83 i2+ 9.2T

4%~~ 8 8 6S tt r,+ 4 .OG 10-l’ lo-’ 1o-22 ARC F

66 46+ 4.06  lo-‘; lo-‘” 1o-3s An5  F

45h.” 8 8 :o”-;“? 8 i+ 3.56 ;;I:: lo-l2 lo-2’ AR.2 F

8 i+ .3.SG . lo-l2 lo-2’;  A B C .  F

45c.O 8 8 129 123+ 20.6 10-R 1cr4 lo-” AR+ F

130 J24+ 2O.G  1o-‘s lo-In  lo-29 A B S .  F

45d.O 8 8 168 1 4 4 +
168 144+

45c.O 8 8 173 lGs+ 9.31
1’73 1 GS+ 9.31
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5.8 Corrected Gauss-Newton Methods
(NPL/NAG  LSQSDN md LSQFDQ)

5 . 8 . 1  Softwme  and Algori thms

The results were obtained using subroutines LSQSDN and LSQFDQ implementing corrected

Gauss-Newton methods from the National Physical Laboratory, which are available at Stan-

ford Linear Accelerator Center. A subproblem of the form

su hject to .JkP = -jr:,

is solved for a search direction pk, where zv is interpreted in a least-squares sense using

the singular-value decomposition (see Chapters 3 and 4). Subroutine LSQSDI requires exact

second derivatives for the term Bk that involves the second derivatives of the residuals,

while LSQFDQ uses a quasi-Newton approximation. The linesearch algorithm used within the

subroutines requires both function and gradient information (see Gill and Murray 119741,

for details). These subroutines are similar to those available in the FfAc1  Library [1984]  for

solving nonlinear least-squares problems :LSQSDIO  corresponds to NAG subroutine EOQHEF

and LSQFDQ to NAG subroutine E04GBF.

5.8.2 Pmmeters

LSQSDB  and LSQFDQ have the same set of input parameters as the corresponding software

from the NAG Library [1984].  The values chosen are listed below.

MAXCAL - min (9999,  1000 * 7~) function cvnlriation limit
XTOL - varied; see tables accuracy in .T
ETA - 0.9 lincscarch accuracy

STEP!lX - u s u a l l y  lo’ (dchlt) t inaxininm  step for lincscarclr

t In some ci~scs the tkfanlt STEPM = lo6 was too large and ovcrflo\v  occurred during function
evaluation in the linesearch. These cases are indicated in the tables by giving the lower valne of
STEPRX  that was subsequently used to obtain the results.

See the NAG [1984] manual for details concerning the parameters.
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5.8.3 Convergence Criteria

The following quantities will be used in describing the convergence criteria :

object ive funct ion : Fk = .fT jk

objective &ra<?ie?tt : g&.  = r’;rk = 2.1i.rfk

search d i r e c t i o n  : pi., the niiniiiiixcr  of the snl~prol)lenl
stcplength : n k , dctcrmincd by the lincscnrch

An iterate is determined to be optimal by LSQSDN and LSQFDQ if

(S.8.1)

(58.2)

or if the following three conditions hold :

c-v) llpkll2  < (XTOL  + CAf  )(l + II-Tit 112) (S.P.3)

+,-I) - Fk < (XTOL + C,$(l  + IFkI) (S.S.4)

Conditions (5.8.3)  and (S.8.4) are meant to ensure that the sequence ai has converged,

w while conditions (S.8.2) and (5.8.5)  are intended to test whether the necessary condition

that the gradient vanish at a minimum is approximately satisfied at .rk. Condition (5.8.2)

allows the’algorithm to accept a point as a local mimimum  if a more restrictive test on the

necessary condition than (S.8.S) is met, even if conditions (5.8.3)  and (S.8.4) do not hold.

For the zero-residual case, condition (5.8.S) specifies that the method may also terminate

when Ilh II2 is no larger than the relative machine precision. For a detailed discussion of

convergence criteria similar to these, see Sections 8.2 and 8.5 of Gill, Murray, and Wright

[1981]. In particular, Section 8.5.1.3 treats special considerations relevant to nonlinear leas:

squares.



The following abbreviations are used in the tables to describe the conditions under which the

algorithm terminates :

OPT - opt hid point foilnd
* - ciirrcnt point canr,ot he improved t

F 1,151  - flinction e\.allitaion lintit r~achccl
‘JYhlE - I inic limit cxctcdctl

t A ‘*’ corresponds
liiicscarch t.0 find an

to tlic sitliat ion in which bhe alg9rilhln
acccpf.nMc  sfcp at the cilrrcnt itcrnt ion.

terminates dlie to failnrc in the

c



i
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n 111 XTOL Illax. A J ifcrs. llJ-‘lI~ 111*11, Il.412 t-St* conv-
step tVillS. CIT.

1.” ? 2 10-A 31 12 1.41 0.00 0.00 0.00 C)FT
10 -12 3 1 12 1.4 1 0.00 0.00 0.00 O F T

2.” 2 2 10-R 3G 2G 11.4 10’ lO-A 10’ *
10 -13 36 26 11.4 10’ 10-R 10’ *

3.” 2 2 :,o--:: 4 i 25 9.11 1o-ln 10-s 10-m *
4 i 25 9.11 10-l” 1o-s lo-20 *

4.” 2 3 :,“--1: 61 20 lo”i 10-P 10-a 1()-1R *
64 20 10’; 1o-p 1o-s 1O’lR *

5.O 2 3 14 9 3.04 1()-l” I()-2R *
14 9 3.04 10-I” 10-28 *

6. 2 10 lo-& 54 28 .3fx 10’ 1o-h lo-” *
lo-l2 54 28 .3GS 10’ 1o-5 10-R *

7.O 3 3 :,“--11 20 13 1.00 lo-” lo-2” *
20 13 1 .oo 1 0 ”’

HP;
10-2” *

8. 3 15 lo-* 13 12 2.60 10” lo-” 1o-R OFT.

lo-l2 13 12 2.60 10” lo- lo-* OPT.

9 . 3 1.5 10-R 3 2 1.08 lo-” lo--” 1o-‘J OPT.
lo-l2 3 2 1.08 1O-4 Po-12 lo+ OPT.

10. 3 16 1o-8 18 10 IO’ iol lo3 10’” *
lo-l2 18 10 10’ 10’ lo” 1o-6 *

11.” 3 10 lo-* 69 31 GO.8 * 1O-2 10” 10” *
lo-l2 69 31 GO.8 1o-2 10’” 10” *

12.O 3 10 10-R 12 8 10.1 10-10 ]O”O 10’19 *
lo-l2 12 8 10.1 10”” 10-10 10-N *

13.O 4 4 :o”-;“? 18 li 1 0  -s 10-P lo-is lo-l8 OPT.
18 17 lo-& lo-” lo-l3 lo-l8 OPT.

14." 4 6 ,b(yz2 81 58 2.00 1o-Q 1 0 ” 1(-J-l’ *

81 58 2 . 0 0 1o-g lo-’ 10’” *
15. 4 11 10-R 30 22 328 1o-2 lo-Q lo-” O P T

10 -12 30 22 .328 1o-2 1o-g lo-” OPT.

16. 4 20 lo-’ 62 39 1 i.6 102 10’” w8 *
10 -12 62 39 li.6 lo2 10” 10wR *

17. 5 33 lo-* 19 11 2.46 lo-2 lo-’ 1 0 ”’ *
lo-l2 19 11 2 . 4 6 1o-2 1 0 ” 10-l’ *

18? 6 13 lo-’ lo2 (6004) (4108) i56. IO” 10’” lo-’ P LIM

10 -12 102 (GOO4) (1108) i5G. 10-l lo-’ IO” F LIM.

19. 11 65 10-R 33 22 0.38 10-l 10’” lo+ *
lo-l2 33 22 9.38 1 0 ” 10” i0-R *
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Phnerical  hsdts for LSQFDQ

11 111 XTOL max. f, J ittrs. 1l.r. 112 Il.r’l12  11.(1’ II2 f-St. cnn\‘*
step WdS. err.

2oa. 6 31 lO-R 32 28 2.4l 1o-2 HP ]()--1” *
lo-l2 32 28 2.44 w2 lo-” 1()-l” *

20h. 9 31 lo-8 G s G.06 IO-” 10-I”
OFT.

lo-l2 6 5 6.06 10’” lo-l3 O F T

2oc. 12 31 1o-8 G 5 16.6 IO-” lo-l4 lo-‘; OPT

10 -12 6 5 16.6 10” 10-14 104 OPT.

2Od. 20 31 1o-8 18 11 247. HV lo-l2 1o-24 *
lo-l2 18 11 247. 10-l” 1o-l2 1o-24 *

21a.” 10 10 10-R 31 12 3.16 0.00 0.00 0.00 OPT.

lo-l2 31 12 3.16 0.00 0.00 0.00 OFT.

21b.O 20 20 10-A 31 12 4.4i 0.00 0.00 0.00 OPT.

lo-l2 31 12 4.47 0.00 0.00 0.00 O P T .

22a.” 12 12 10-8 18 17 lo--’ lo-” 10-l’ O P T .

lo-l2 18 17 lo-’ lo--’ io-1R OFT.

22b.” 20 20 10-8 18 17 lo-’ lo-’ 1o-13 lo-IA OPT.

lo-l2 18 17 lo--’ lC9 10-I” 10-lR O P T .

23a. 4 s :o”-;“I 80 52 .soo lo-$ lo-1o OPT.

80 52 .500 lo-‘\
:;I:::

lo-‘O OPT.

23b. 10 11 1o-8 143 78 .soo 1o-2 1 0 ’” lo-” OPT.

1o-‘2 143 i 8 .500  1o-2  1o-p 10-l’ OPT.

24a. 4 8 1O-8 411 370 .i59 lOa” me; 10”’ O P T .

lo-l2 411 3i0 .i59 lOa” lo-” OPT.

24b. 10 20 1o-B lo2 566 so1 .598 1O-2 1O-9 lo-” O P T

lo-l2 lo2 566 501 2598 1O-2 1 0 ” 10’” O P T .

25~’ 10 12 10-8 16 12 3.16 lo-* lo-’ 10-M *
lo-l2 16 12 3.16 lO-R lo-” 10-15 *

25b." 20 22 10-R 18 14 4 . 4 7 10eR lo-’ lo-” *
lo-l2 18 14 4 . 4 7 10mR 1 0 ” 10-l' *

- 26a.O 10 10 1o-8 22
11 .3OG

:;I::
10-l’ 10-22 *

lo-l2 22 11 306 10 -11 10-22 *

2611.’ 20 20 10-R 18 9 .208 1 0 ”” 1()-a O F T
10 -12 24 12 .208

;;I:::
1o-lo 1()-w *

- 27zLn 10 10 1O-8 lo2 26 13 3.18 1()-l” 1()-l” 10-2" *

lo-l2 lo2 26 13 3.18 10-l” 10-l” 10-26 *

27b.’ 20 20 1o-8 10.0 31 17 4.47 10-l” t o - ‘” *lo-l2 10.0 31 17 4.47 10-l” 10-l”
HIIcY;

*

2&Ln 10 10 l0-8 4 3 .412 1()-l” 10-l” 10-31 OPT.

lo-l2 4 3 .412 10-1s lo-‘6 1(-y-31 OPT.

28hn 20 20 lo-8 4 3 .571 OPT.

lo-l2 4 3 .Sil OPT.
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~nnwrical Rcslllt s for LSQFDQ

11 111 XTOL max. j, J itcrs. ll~~*ll2  ilr’ll,  1 1 . 9 ’ 1 1 2 wt. COll\‘.

step evals. cm.

29a.” 10 10 10-R 10 G .412 lo-l4 *10 -12 10 G .412 1c)-1” ;;I:: :s *

29b." 20 20 lo-& 10 G .5il 10”” 10-l’
10 -12 10 G .r>il lo-‘” 10-l’

3c)a.O 10 10 10-R 11 i 2.05 1o-9 1o-9 1()-M *

lo-l2 11 i 2.05 1o-9  lo+ lo-IA *

30b.” 20 20 10-R 11 i 3.04 1o-9 1o-9 1()-a *
lo-l2 11 i 3.04 lo-” 1o-9 10-4 *

31a.O 10 10 lO-R 12 8 1.80 10-A lo-’ lo-16 +
lo-l2 12 8 1.80 10-R lo-’ 10-M *

cub.” 20 20 lo-’ 12 8 2.66 lo-’ 1O-7 1o-l6 *
lo-l2 12 8 2.66 lo--’ lo-’ 10-M *

32.= 10 20 lO-R 2 1 3.16 loo 10-l’ lo-l6 O P T

lo-l2 2 1 3.16 10’ 10-l’ lo-l6 O F T

33.=

34.=

10 20 10-R 2 1 1.46 10” lo-” lO-6 OPT.

lo-l2 2 1 1.46 10” lo-” lo-’ @PT.

10 20 1o-8 2 1 1.78 10’ lo-” 10-‘i OPT.

lo-l2 2 1 1.i8 10’ lo-” IO-’ OPT.

35~1. 8 8 lO-R 10.0 87 35 J,fx 10-l lo--* lo-” *
lo-l2 10.0 87 35 1.6s 1 0 ” lo-’ lo-” *

ash." 9 9 34 14 1.i3 10-10 10-10 10-21 *
34 14 1.i3 lo-lo 10-l” 10-21 *

35c. 10 10 lo-* 10.0 7.3 3.3 1.81 IO” 1o-9 lo-” *
lo-l2 10.0 i 3 33 1.81 10-l 1o-9 IO--” *

36x” 4 4 44 25
44 25

36b." 9 9 44 25
44 25

36c.O 9 28
28

2 i
2 i

OPT

O P T
36d.O 9 9 424 100 232. l()-lo 10-Q 1()-2n *

424 100 232. 1o-*n 1o-9 1o-2n *

37. 2 16 lo-’ 25 23 8.85 IO’ 10’” 1O-6 *
lo-l2 25 23 8.8S IO’ lo-’ lo-” *

38. 3 16 10” 30 26 26.1 10’ 10” lo-” *
lo-l2 30 26 26.1 10’ 1O-6 1O-6 *

10.3



xunlm-ical Result5 for LSQFDQ

II 111 XTOL Illax. j, .I itcrz. ll’~“112  II j’ll, ~~.9’~~2  cst’ ‘On”’
step cva12. err.

-
39a. 2 3 JO-* 17 IG 1~-“i 10-l lo-9 lo-7 OPT

10 -12 17 16 lo-” lo-’ 1o-Q lo--; Orf

39)). 2 3 10-A 24 23 lo-’ 1o-g lo-’ OFT.

10 -12 24 23
101;
10 10-l 1o-g 10” OPT.

39c. ? 3 IO+ 22 18 lo-’ 10-l lo-8 lo-’ OPT

lo-l2 23 19 lo-’ 10-l 1o-g lo-’ O F T

39d. 2 3 31 26 1O-i 10-l 10-R 1O-i O F T

32 2i 10 -7 1~-l 10-9 10-i O P T

39c. 2 3 32 26 lO-R lO-’ lo-* lo-’ *
32 26 IO-* 10”’ IO-* lo-’ *

39f. 2 3 g-1: 43 2i lo-’ 10-l lo-’ lo-’ *
43 2i lo-9 10-l 10-A 10-i *

3915. 2 3 lo-* 49 28 lO-” 10-l 10” lo-’ *
1o-‘2 49 28 lo-’ 10-l lo-” lo-’ *

40a. 3 4 ;;:I: 18 li lo-” loo lo-* lo-’ OPT.

18 l i lo-” IO0 lO-R  lo-’ OPT.

41)b. .3 4 19 ii 1o-6 10” lo-” lo-’ O P T

19 17 lo-” 10” 1o-g 1 0 ” O P T .

4oc. 3 4 27 22 lo-’ 10’ 10-R 1O-i OFT.

27 22 lo-’ 10” 10-R 1 0 ” O P T .

. 4Od. 3 4 ;;72 33 26 101; 10’ lO-R
ion 1 0 ’”

10-z OFT.

34 2i 10 lo-’ OFT.

4oe. 3 4 i0 39 10" IO0 10-R 1 0 ” O P T .
72 40 lo-’ 10” 10-A 10-7 *

4Of. 3 4 Ib”r:: 92 43 10’” loo 1o-8 lo-’ *
92 43 lo-* loo 10-R lo-’ *

4og. 3 4 10-8 lo” 123 s.3 l(p lon 10-6 lo--’ *
10 -12 lo’\ 12.3 53 lo-* 10” 1o-6 lo-’ *

41a. 5 10 10mR 8 i 1o-6 10" lo-" 1 0 ” O P T .

lo-l2 8 7 1o-c’ 10” 1o-Q  10” O P T .
-

41b. 5 IO lO-R 18 1.3 lo-” 10” lo-Q lo-’ O P T

lo-l2 18 13 lo- 10” IO-’ 10” O P T .

41C. 5 10 HY 21 18 10’” 10” 10’” lo-’ O P T

lo-l2 21 18 1o-c’ 10” lo-p lo-’ O P T .

:41CI. 5 10 10-R 38 28 lo-‘; lon lo-* lo-’ *
lo-l2 38 28 1o-c' IO" lo-* lo-’ *

41e. 5 10 10-R 47 37 lo-’ 10” 10wR lo-’ *
lo-l2 47 3i lo-' 10” lo+ lo-’ *

41f. 5 10 10-A 54 45 lo-’ 10” 10-R lo-’ *
lo-l2 54 4s lo-’ 10” lo-* lo-’ *

41g. 5 10 10-R 62 52 lo-* lon 10” 1 0 ” *
IO-l2 62 52 lo-* 10n lo-’ lO-’ *



?;unlrrical  Rcslllt s for LSQFDQ

n 111 XTOL Illax. j. .I it crs. IIJ-’ II2 Ilr’ll,  11.17’ II2 est. cony.

step evals. err.

42a.” 4 24 IO-’ 10.0 i3 49 fin.5 IO--’ IO-” )()-Is *
lo-l2 10.0 7.3 49 K-l.5 lo-’ 10-j 10-l” *

42b.” 4 24 lo-’ 2.0 94 il 61.9 10-10 10-7 10-19 *
lo-l2 2.0 94 il 61.9 lo-in 10-i 10-19 *

42c.” 11 24 10-R 5.0 4G 30 GO.3 1o-5 lo-" 10-11 *

10 -12 S.0 46 30 GO.3 lo-” 1o-3 10-l’ *

42t-i.” 4 24 lo-* S.0 2i 19 GO.3 lo-’ lo-” 10-10 +

1o-‘2 S.0 27 19 GO.3 10” lo-’ 1o-‘o  *
43a." 5 16 lo-* 10.0 33 18 5,l.O lo-” lo-” 10-17 *

lo-l2 10.0 33 18 54.0 lo-g lO-fi 10-l’ *

431-Ln s 16 TO-* 10.0 45 21 54.0 IO-8 lo-” 1o-l6 *

1o-‘2 10.0 4s 21 54.0 lo-* 10-fi 10-l” *

43c.O S 16 lo-* 10.0 33 18 54.0 1o-p 1o-c’ 10-16 *

10 -12 10.0 33 18 s4.0 10-8 lo-” ~()-I6 *

43d.” 5 16 lo-* 10.0 38 20 Fj4.0 lo-” lo-’ lo-‘* *
lo-l2 10.0 38 20 s4.0 1o-9 lo-’ 1()-M *

43e.O 5 16 IO-* 10.0 27 14 54 .o 10-l” lo-* 1o-2n *
10 -12 10.0 27 14 S4.0 lo-lO 10-R 10-20.r *

43f.O 5 16 lo-’ 31 10 54.0 lo-8 1o-6 ;;I:: *lo-l2 31 19 54.0 IO-* lo-” *

44x” 6 G 97 28 4 .OG 10-12 10-10 10-23 *

9i 28 4 .OG lo-l2 lo-lo 10-2”  *

44b.O G 6 10 G 3.52 1o-8 lo-” 10-i” *
10 G 3.52 1O-8 10’” 1()-l” *

44c.O 6 6 47 1 9 20.6 IO-’ lo-” 10-l’ *

47 19 2O.G lo-’ 1o-3 10-l’ *

44t-i.” 6 6 lo--* 40 li 15.3 1o-9 1o-‘i lo-17 *
10 -12 40 1’7 lS.3 lo+ 10’” 10-17 *

44~” 6 6 lo-* 47 20 9.2i 10-l”

10 -12 4i 20 9.2i lo-l3
45a." 8 8 lo-* 9i 28 1.06 lo-l2 lo-ln 10-23 *

10 -12 97 28 4.OG lo-l2 lo-in 1o-23 *

45b.O 8 8 IO-* 12 i 3.r,G lo-* lo- 10'15 *
10 -12 12 i 3.56 IO-* lo--’ 10-l" *

45c.” 8 8 47 19 20.6 IO” lo-” 1()-H *

47 19 20.6 lo-’ 1O-3 10-l’ *

45d.” 8 8 :o”-;“? 42 18 15.3 lo-’ lo-” 10-l’ *
42 18 IS.3 10” lo-’ lo-” *

45~’ 8 8 1O-8 49 21 9.31 lo-Is
10 -12 49 21 9.31 lo-l3





?;llmcrical  Rw111t.q  for LSQSDN

n 1)) XTOL max. j, .I it t-13. IHl2 Ilr’ll,  II!7712 czt. COII\‘.

SlCp cvds. CIT.

1.”

2.”

31 12 1:l 1 0.00 0.00 0.00 Ol-T

31 12 1.11 0.00 0.00 0.00 O P T

18 8 11.4 10’ lo-” 10’ Of-T

18 8 11.4 10, lo-g 10’ O F T

3? 2 2 :,“r:: 4i 25 9.11 lo-‘” 1o-5 1o-2” *
4i 2s 9.11 1o-in  1o-.~ 1o-2n *

4.O 2 3 ;;:1: 53 21 I(? lo-” 1o-s ](-)-I* t
53 21 lo6 lo-‘) lo-” uPR *

5.” 2 3 10 i 3.04 10-l’ 10-l” lo-2R nrf

10 i 3.04 10-l’ 1()-l” 1()-m O P T

6. 2 10 lo-* 5.0 36 10 .3GS 10’ lo-” lo+ *
lo-l2 5.0 36 10 365 IO’ lo-’ IO-’ *

7.” 3 3 ;,“--I: 14 10 1 .OO lo-” lo-lo npt.

14 10 1.00 10-l’ 10-l”
mcr;;

OPT.

8. 3 15 lo-* 6 5 2.60 10-l 1o-p 10-R orT

lo-l2 6 s 2.GO 10-l 1o-p lo-* OPT.

9. 3 15 lo-” 3 2 1.08 lo-’ 10-12 ](pl OPT

lo-l2 3 2 1.08 lo-’ 10-12 1(-)-l’ 0r’I.

10. 3 16 1O-8 li 10 10’ IO’ 10’ IO-’ *
lo-l2 17 10 10” 10’ lo2 1o-e *

-

--
-1l.O 3 10 lo-* 10.0 30 15 49.0 1o-2 1o-9 10-s *

10 -12 10.0 30 15 49.0 1o-2 1o-g 1o-3 *

12.O 3 10 1o-8 8 6 10.1 O P T
lo-l2 12 8 10.1 *

13.O 4 4 18 li IO" IO-’ OPT.

18 Ii 10 -5 lo-” O P T .

14.’ 4 6 1O-8 87 12 2.00 lo-* lo-’ nPT
lo-l2 93 4s 2.00 IO-* lo-’ *

15. 4 11 lo-* 16 8 328 1o-2 1()-14 10-P nrl-

10 -12 16 ,9 .328 1o-2 1(p” 1(-)&J orT

16. 4 20 lo-* 4 s 22 1 i.R lo2 1o-c‘ lo-* *
lo-l2 45 22 1i.G lo2 lo- IO-* t

17. 5 33 lo-* 14 9 2.4G 1o-2 1o-g 10’” Ot-T
10 -12 18 11 2.4G 1o-2 1o-p 1()-l’ *

18.” 6 13 1O-8 10.0 243 69 12.3 10-12 10-H 10-2” OFT.
10 -12 10.0 2 4 i 71 12.3 lo-l2 lo-” 10-25 *

19. 11 (35 lo-’ 19 10 9.38 10-l lo-Q lo-* OPT.

lo-l2 19 10 9.38 10-l 10’‘$ iO-8 @PT.
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?I’nmerical R cd s for LSQSDN

11 111 XTOL 111ax.  f, J it prs. Ilf’ll2 11r112 ll~‘ll2 est. ccl11  \’ .
stt?p wals. trr.

2oa. G 31 lo+ 9 7 2.44 IO-’ lo-’
1o-‘2 9 7 2.44 1o-2 lo+

201,. 9 31 10-R 6 5 6.06 lo-3 lo-” or-r.
lo-l2 6 5 6.06 lo-” O F T

2oc. 12 31 10-R 6 5 l&c, lo-5 10-l” OFT
10 -12 6 5 16.6 lo-’ lo-‘” OFT.

2nd. 20 31 lo-& 10 8 247. 1o-I” lo-ll 10-24 @PT.

10-l2 12 9 247. 1o-lO 1o-” lo-24 OFT.

21iG 10 10 10-R 31 12 3.16 0.00 0.00 0.00 OFT.

lo-l2 31 12 3.16 0 . 0 0 0 . 0 0 0 . 0 0 OPT.

20-P 20 20 lo+ 31 12 4.47 0.00 0.00 0.00 OFT.

lo-l2 31 12 4.47 0.00 0.00 0.00 OPT.

22%” 12 12 10-A 18 17 lo-5 lo-” lo-‘* OFT.

lo-l2 18 17 lo-’ lo-’ lo-lR OPT.

22l-P 20 20 10-A 18 17 lo-’ IO-’ lo-l3 lo-IA OPT.

lo-‘? 18 17 1o-5 1o-g lo-l3 lo-*’ O P T .

.

23a.

23h.

4 5 10-R 58 32 300 lo-” lo-” lo--” OPT.

lo-l2 58 32 .500 1o-3 lo-” lo-” O P T .

10 11 10-R 124 64 .500 1o-2 OFT.

lo-l2 124 64 .500 1o-2 OPT.

24~1. 4 8 2?8 136 .759 10” lo-” lo-” OPT.

228 136 .i59 lo-’ 10-l’ lo-” OPT.

24h. 10 20 10-R lS0 88 .S98 1O-2 10-11 10-9 OFT.

10 -12 150 88 .598 1O-2 lo-” lo+ OPT.

25d 10 12 lo+ 12 10 3.16 10-R 1O-6 lo-l5 O P T .
lo-l2 17 12 3.16 lo-” 1o-6 10-l” *

25b.” 20 22 10-R 14 12 4.4i 10-R 1 0 ” lo-” O P T .
10 -12 19 14 4.47 10-R 1 0 ” 10-l’ *

26a.O 10 10 10-R 18 9 .306 O P T .
10 -12 22 11 .30G *

26b.’ 20 20 10-R 18 9 .?08 1o-in 1o-~o 1o-i9 OFT.

lo-l2 26 12 .208 10-l” 10-l” lo-l9 *

27a.O 10 10 10-R IO2 22 3.18 OFT.

_ lo-l2 lo2 28 1: 3.18 *

27b.” 20 20 lO-R lo2 21 4.47 lo-g lo-” 10-19 OPT

1O-12 JO2 27 1: 4.4i lo-’ lo-” 1()-l” *

28a.” 10 10 10-A 4 3 .412 JO--15 10-l” 10-S’ O P T .

lo-l2 4 3 .412 ]()-I” 1()-l” 1()-N O P T .

2811.~ 20 20 10-R 4 3 .Sil 10-l” lo-l6 1o-32 O P T .

10 -12 4 3 .Sil 10-M 1o-l6 lo-32 OPT.
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Snnlcrical Rcslllts  for LSQSDN

11 111 XTOL 1llRX. f, J itcrs. 11~~‘112 ll!‘ll, ll.9’l12  CC conv.
step CVitlS. CIT.

29a.O 10 10 10-R 6 4 .4 12
lo-l2 G 4 .4 12

me; ;;cl:: ;;o$ or-r.
O P T .

-mb.” 20 20 10-R 6 4 .5Tl 10-l” 10-2” Ol’T.

lo-l2 6 4 .Sil lo-l4 10-2R O P T .

3oa.O 10 10 10-R i s 2.05 1o-g 1o-g OPT10 -12 11 i 2.05 lo-Q lo-” :si *

301L0 20 20 lo--* i 5 3.04 1o-g lo-Q lo-‘* O P T .
10 -12 11 7 3.04 1o-9 1o-Q lo-1R *

31a.” 10 10 10-R 8 6 1.80 10-A 10” lo- O P T
lo-l2 12 8 1.80 10-R 10-i 1o-‘6 *

31h.O 20 20 10-A 8 6 2.G6 lo-’ lo-’ lo-‘” O P T .

10 -12 12 8 2.66 lO-R lo-’ 1C? *
32.t 10 20 10-R 2 1 3.16 10” 10-I” O P T .

lo-l2 2 1 3.16 JO0 1o-*6 O P T .

33.A 10 20 10-R 2 1 1.46 loo 1o-9 lo-” O P T .

10 -12 2 1 1.46 10” lo-’ IO-’ O P T .

34.” 10 20. 10-R 2 1 l.i8 10n IO” 10B6 O P T .

lo-l2 2 1 l.i8 10” 10” 1O-.6 O P T .
, I

35a. 8 8 lo-’ i4 19 1.65 1 0 ” ‘ii-” 10-Q *
lo-l2 74 19 1.65 IO-’ Wi 10” *

35b.” 9 9 wR 30 12 l.i3 10’” 10”’ 1o-22 O P T .
10 -12 34 14 1.i3 10-l’ lo-lo 10-22 *

35C. 10 10 1o-R 43 10 1.81 10-l 10-l” 1o-3 O P T .

lo-l2 43 10 1.81 1 0 ” 1()-l” 10-S O P T .

36~’ 4 4 38 22 so.0 1o-‘5 lo-“’ lo-“’ OFT.

38 22 so.0 ]()‘I” ]()‘I” 10-31 O F T .

36b.O 9 9 38 22 50.0 OFT.

38 22 SO.0
;;I:: ‘“I:;

10 O P T .

36c.O 9 9 l0-R 28 ?i 10” lows2 nry.
10 -12 28 2i lo-” lo-“2 O F T .

36d.” 9 9 380 84 2.33. lo- 10” 10-2” O F T

380 84 233. lo-*’ 10” 1o-2o O P T

37. 2 16 lO-R 9 8 8.8s 10’ 10-10 10-6 OFT

lo-l2 9 8 8.8s 10’ 1()-l”  10-C
O F T

38. 3 16 lo-* 10 8 26.1 10’ 1o-g lo-” O P T .

lo-l2 10 8 26.1 10’ 1o-g 1o-6 O P T .
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Xmntrical Results for LSQSDN

71 I)) XTOL max. I, .I itcrs. Il*r’ll;! Il.rll,  Ilrr’ll2  f-St* CO”\‘*
step CV;tlS. err.

39a. 2 3 4 3 JO--” lo-’ 1o-g 10” OFT

4 3 lo--” 10-l 10’” lo-’ O P T

39b. 2 3 G s lo-’ 10-l w=-;~ lo-’ orT

G 5 10 -7 10-l lo-’ O P T .

39c. 2 3 10-R 9 s lo-’ 1 0 ” OFT

10 -12 9 5 lo-’ 10-l
;+; 10-I

lo- ‘ OPT

39t-l. 2 3 12 i
12 7

lo-’
10 -i

lo-’
1o-l

1()-H-l
lo-in

10-i
10-i

Of-T

O F T

39e. 2 3 12 7 10-R 10-l 10”” JO-’ 0rT
12 7 10-R 10-l 1o-‘O lo-’ O P T .

39f. 2 3 ,b$2 25 10 1o-Q 10-l lo-*’ lo-’ OFT

2s 10 1o-Q 10-l lo-la  lo-’ Of\T

39g. 2 3 lO-R 39 15 10-10 1()-l 10-7 10-7 *

lo-l2 39 15 lo-ln  10-l  lo-7 lo-7 *

40a. 3 4 S 4 lo-6 10” lo-‘” lo-’ OFT.

5 4 1o-6 loo 1o-‘5 lo-’ O P T .

40h. 3 4 6 4 lo-6 IOn lo-” lo-’ OFT.

6 4 lo-” loo lo-‘” 1o-i O P T

4oc. 3 4 11 6 lo-’ IO0 lo-l4 lo-’ OPT.

11 6 lo-’ 10” lo-l4 lo-’ O P T .

40d. 3 4 13 7 lo-’ loo lo-l6 lo-’ OPT.

13 7 lo-’ IO0 10-l” JO” O P T

4oe. 3 4 4s 16 lo-’ 10” 1o-‘3 lo-’ OPT.

45 16 lo-’ 10” lo-*’ lo-’ OFT.

4Of. 3 4 49 18 lo-” IO’ lo-*’ lo-’ O F T

49 18 lo-” 10n 1o-‘5 lo-’ O P T .

4og. 3 4 lO-R 8S 24 JO-’ 10” lo-*’ lo-’ OPT.

lo-l2 85 24 lo-’ 10’ lo-‘” lo-’ OFT.

41a. S 10 10-R 4 3 JO’” 10" lo-l2 lo-’ OPT.

lo-l2 4 3 10-R IOn lo-l2 10” O F T .

4lb. s lo lo-R 4 3 1o-G 10" lo-" lo-' O P T

lo-l2 4 3 1o-c: 10” 1o-9 lo-’ OPT.

41c. f, 10 10-R 5 4 -10 c1 10il 10-9 10-i OFT

lo-l2 5 4 .1o-fl 1on  lo-”  lo-7 OFT.

- 41d. 5 10 10-R 9 i 1o-G 10" lo-l2 lo-’ OFT.

lo-l2 9 7 1o-6 lon lo-l2  lo-’ OFT.

41c. s 10 1o-s 14 10 lo-’ IO” 10”’ lo-’ O F T

lo-l2 14 10 10” 10” 10-l’ 10” OrT

41f. 5 10 10-R 16 12 lo-’ IO” lo-lo lo-’ OPT.

lo- I2 16 12 lo-’ loo 1o-‘o lo-’ OPT.

4115. S 10 lo-” 21 15 wR 10" 1o-*2 lo-’ O P T .

10-‘2 21 15 lO-R 10” lo-l2 lo-’ OPT.
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i
Xurntrical Rcslllts for LSQSDN

n 111 XTOL Illax. f , .I itvs. lb-712  ll~‘ll, Il!Tll2 cst* ('011\'.

St cp coals. trr.

42a.” 4 24 lOaR S.0 60
lo-l2 S.0 64

42b.’ 4 24 lOwA 2.0 TS Gi 61.9 IO--" lo-”
lO-12  2.0 7.5 c>i Cl.9 lo-c‘ 10”’ ;;I:: **

42~" 4 24 lo-’ s.0 48 28 G1.8 lo-l2 lo-g lo-2B nrT

10 -12 5.0 48 28 61.8 lo-l2 lo-” 1o-2” art

42d." 4 24 lo-’ s.0 2i 19 GO.3 1o-s  lo-‘\ 1()-l”  *

lo-l2 s.0 2i 19 GO.3 1o-5 lo-” 10-I” *

43%" 5 16 lO-A 10.0 2s 111 s4.0 10 -9 10-6 lo-11 rlFT

IO-l2 10.0 33 18 S.f.0 10-p 10-6 JO’” *

43b.O 5 16 IO-’ 10.0 37 17 54 .o lo-” lO-fi lo-‘” O P T
lo-l2 10.0 45 21 s4.0 10’” 1o-6 1()-M *

43c.O s 16 10-A 10.0 2s 14 54.0 10-R lo-” lo-‘” O P T .
lo-l2 10.0 33 18 54.0 10 -R JO’” 10-l” *

43d.O s 16 lo-* 10.0 30 16 s4.0 lo+ 1 0 ” 10-lA O P T
lo-l2 10.0 38 20 s4.0 1o-g lo-’ 10-M *

43e.O 5 16 lO-R 10.0
:;

10 s4.0 lo-lo 10-A 10-2n OPT.

lo-l2 10.0 14 S4 .O lo-ln 10-R  1o-2o  *

43f.O 5 16 lo-’ 23 IS 54 .O lo-” lo-” 10-l” OrT.
lo-l2 31 19 54.0 IO’& 1o-‘i 10-16 *

44%' 6 6 10-R 93 26 4.06 @; lo--” ;;I;; O F T

10 -12 9s 27 4.06 lo-‘” O F T

44b.0 6 6 lo-” 6 4 3.52 10-R 1o-6 lo-” OPT.
10 -12 10 6 3.52 1o-” 1o-6 1o-l” *

44c.O 6 6 JO-' 47 19 20.6 lo-’ lo-” lo-l4 *
10 -12 4i 19 20.6 1 0 ” lo-’ 1(-J-14 *

44d.O 6 6 lo-’ 40 Ii 15.3 lo-+ 1o-5 10-l’ *
10 -12 40 li 15.3 1o-g lo-” JO--17 *

44e.O 6 6 43 18 9.2i
43

45a.O 8 8 9.3 2G 'I.06 1()-'2 lo-'" ]o-2" C-IF-T
95 2i 4.06 lo-l2 1o-‘n lo-‘” O P T

45h.” 8 8 lO-R G 4 n.m lo-” 1o-c’ lo-” orf
10 -12 12 i *3.x lO-R 1o-c; 10-1.5 *

45c.O 8 8 lO-R 47 19 20.6 10 -i 10-s 10-14 *
10 -12 /Ii 19 20.6 1 0 ” lo-” 104  1 *

-45d.O 8 8 :,;!A: 42 18 15.3 IO’” 1o-5 lo-Ii *
42 18 lS.3 lo-” 1O-5 Jo-17 *

45c." 8 8 43 18 9.31 10-l” lo-lo 1o-25 OPT

43 18 9.31 lo-l3 lo-‘O 10-2” OPT.
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5.9 Test Problems

- -

Superscripts on problem numbers have the following interpretation :
0 : zero-residual problem
L : linear least-squares problem

I\.

P r o b l e m s  f r o m  MorC,  GRrbow,  and  H i l l s t r o m  [1981]

n. nt

210  lo 2 2 2 2

4:O 3O 2 2 2 3
5.O 2 3
6. 2 10
7.O 3 3
8. 3 1.5
9. 3 1s
10. 3 16
11.O 3 10
12.O 3 10
13.O 4 4
14.’ 4 6
15. 4 11
16. 4 20
17. s 33

18.’ 6 13

. 1’

R oaenbrock
Frcudcnstein  and R ot.11

Powell Badly Scaled
Brown Badly Scaled
Bcale
Jennrich  and Sampson
Helical Valley
Bard
Gaussian
Meyer
Glrlf  Research and Deve1opment.t
Box  3-Dimensional
Powell Singular
W00d
Kowalik  and Osborne
Brown and Dermis
Osborne  1
Biggs  EXP6S

t For the Gnlf R.esc?arch  and Dcvc?lopmcllt.  Function (# ll), the formula

&jr) = exp _ 1% ani e
[

_ ,;
*1 1

given in Mori, Garbow, and Hillstrom (19811  for the residual functions is in error. The correct
formula is

(j;(p) = eq)

(see MorC,  Garbow, and Hillstrom [1978]).

$ For the Biggs EXP6  Flrncthn (# 18),  the minmum value for the sum of squares is given
in Mori, Garbow, and Hillstrom [1981] as h.6.5.5t>5..  . x 10 --3. It can be easily verified that the
residuals vanish at several points (for example (1, 10, 1, S,4,3)).
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Problems from MO&, Gmbow, md Hillstrom [I9811 (continued)

19.
2oa.
20h.
2oc.
2Od.
21a.O
21b0
22a.O
22b.O
23a.
23b.
24a.
24b.
25~1.’
25b.O
2GzL0
26b.O
27a.O
27b.O
28~’
28b.O
29a.O
29b.O
3ozL”
30h.O
31a.O
31kP
32.”
33.L
34.L
35a.
35h.O
35c.

1).  m

11 65
6 31
9 31
12 31
20 31
10 10
20 20
12 12
20 20
4 5
10 11
4 8
10 20
10 12
20 22
10 10
20 20
10 10
20 20
10 10
20 20
10 10
20 20
10 10
20 20
10 IO
20 20
10 20
10 20
10 20
8 8
9 9
10 10

Osho,rnc  2 t
Watson
wil t.son
Watson
Watson
Extended R oscnhrock
Ext.ended  R osenbrock
Extended Powell Singular
Extended Powell Singular
Pena1t.y  I
Pena1t.y  I
Penal dy II
Penalty II
Variably Dimensioned
Variably Dimensioned
Trigonometric
TKgonomedric
Brown Almost. Linear
Brown Almost Linear
Discrt?t.e Boundary Valne

Discrete Boundary Value
Discrete Integral
Discrete In tzgral
Broyden  TYidiagonal
Broyrlan  TYidiagonal
Broyden  Banded
Broydan  Banded
Linear - Fdl Rank

Linear -- Rauk  1
Linear -- Rank 1 wit.h Zero CO~I~IIIIIS and ROWS

ch?1~yqllad

Chehyquad
Chcbyquad

t For Osborne’s Second Function (# 19),  the value of I(r’) is given (to six figures) in Mori,
Garbow, and Hillstrom [1981] as 4.013’77  x 10 -2, The smallest value we were able to obtain was
4.OlG83  x 10-2.
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Matrix  Squme R o o t  Problemstj

n 771
3Ga.O 4 4 Matrix Sqrlare Rnot. 1
3Gh0 9 9 Mat.rix Sqnarr! Root. 2
36c.O 9 9 Matrix Squaw Root. 3
36d0 9 9 Matrix Square Rnot. 4

t These test problems come from a private communication of S. Hammarling to P. E. Gill in
1983.

36a.O

1o-4 1 0
36b.O 0 1o-4 0

0 0 lo-”

1 1 1

3Gc.O ( 0 0 0
0 0 0 >

36d.O

$ The identity matrix was used as the starting value in all instances. Note that the iteration
should not be started with the zero matrix because it is a stationary point of the sum of squares.

Problems from S&me [1987]

n m
37. 2 16 Hanson 1
38. 3 16 Hanson 2



Problems from McKeown [19’75R] (also McKeown [1975b])

39a.
39h.
39c.
39d.
39e.
39f.
39g.
40a.t
40kl.t
40c.t
40d.t
40e.t
40f.t

w3* t
41%
41b.
41c.
41d.
41e.
41f.
41g.

1) 111

2 3
2 3
2 3
2 3
2 3
2 3
2 3
3 4

3 4
3 4
3 4
3 4
3 4
3 4
s 10
s 10
s 10
s 10
s 10
5 10
s 10

McKcowx~  1
McKcown 1
McKcown 1
McKmwn 1
McKeown 1
McKcown 1
McKeown 1
McKeown 2
McKcown 2
McKcown 2
McKeown 2
McKcown 2
McKcown 2
McKeown 2
McKeown 3
McKeown 3
McKcown 3
McKeown 3
McKeown 3
McKeown 3
McKcown 3

I'
0.001
0.01
0.1
1.0

10.0

100.0
lOOO.0
0.001
0.01
0.1
1.0

10.0
100.0

1000.0
0.001
0.01
0.1
1 .o

10.0
100.0

1000.0

t In the data defining this problem given in McKeown [1975a]  and [1975b],  the matrix-
( 2.9s137 4.87407 -2.0506

B = 4.874Oi 9.39321 -3.931Rl
-2.OSOG -3.93lR9 2.m17.15 1

is in error (it should be symmetric). The value

2.95137 4.8iAOi -2.050G
B = 4.87407 9.3932 1 -3.93189 > l

-2.0.506 -3.93189 2.64i3S

which is correct to six decimal digits, was used in our formulation of the problem.
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Problems from DeVilliers nnd Ctlmser [1981] (also Salane [1987])

11 in
42a.O 13 2.2
42h.O 4 24
42~’ 4 2 4
42d.O 4 24
43a.O s 16
43b.O s 16
43c.” s 16
43d.O 5 16
43e.O S 16
43f.O S 16

DcVillims  and Glasscr 1
DeViHiers  arrd Glasscr 1
DeVillicrs and Glaswr  1
DeVilliers atld Glasscr 1
DeVillicrs and Glaswr  2
DcVilliers  and Glasser  2
DeVillicrs and Glassw  2
DeVilliere  and Glassw  2
DeVilliers and Glaswr  2
DeVillicrs and Glassar  2

starting value
(1 .o, 8.0.4  .o. 4.<3  12)

(1 .O, 8.0,8.0,1 .O)
(1.0,8.0,1.0,4.~312)

(1 .o, 8.0. a3.0,  1 .o)
(4.5.0,2.0,2..5,  1..5,0.9)

(42.0,0.8,  1.4. l&l .O)
(4s.0,2.0,2.1,2.0,0.9)
(4S.O,2.S,  1 .i, 1 .O, 1.0)
(3.5.0,2.S,  1.7,1 .o, 1.0)

(42.0,O.R,  1.8,3.lS,  1.0)

Problems from Dennis, Gay, and Vu [1985]

n nt
44a.‘t 6 6 Exp. 791129
44b.‘t 6 6 Exp. 791226
44c.‘t  G 6 Exp. 0121a
44d.“t  G G Exp .  ol2lb
44e.‘t 6 6 Exp. 0121~
45a.O 8 8 Exp. C91129
ah.’ 8 8 Exp. 791226
45c.O 8 8 Exp. 0121a
45d.O 8 8 Exp. olzlb
45e.O 8 8 Exp. 0121~

starting value
(.299,  -0.27.3.  -.4i4, .4i4, -.08!J2.  .0882)$

(-3, 3, -1.2,2.6$1 .%I, -1 .S)
(-.041,  .0.3, -2.S6$2.SGS,  -.X4, .7S4)$
(-.OS6,  .02G,  -2.991,2.991,  -.SG8,  .S68)
(-.074,  .013, -X632,3.632,  -.289,  .289)

(.299,  .l BG, -0.2’73,  .0254,  -0:3i4, -.0892,  .0892)$
(-3, -XI, 3. -.34*3. -1.2.2.69,  l.S9, -1.S)

(-.Odl,  -.iiS, .03, -.Odi.  -2.SGS,2.S6S,  -.iS4, .iS4)S
(-.OSG. -.iSS, .026, -.Oli.  -2.991, 2.991, -.SG8,  .S68)
(-.Oi4. -.iR3, .cI13.  -.033,  -3.632. 3.G.32,  -.2R9. .2RR)

t Variables 12 and x4 (h and n in Dennis, Gay, and Vu [1985]) are eliminated from the linear
constraints in order to get the (i-variable formulation of the problem (see Dennis, Gay, and Vu
[1985]).

$ Specification of some starting values in Dennis, Gay, and Vu [1985]  is incomplete. The correct
values were obtained from D. M. Gay in 1986.
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