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Abstract.

The problem of scheduting a partially ordered set of unit length tasks on 111,
identical processors is known to be UP-complete. There are efficient algorithms
for only few special cases of this problem. In this paper we explore the relation8
between the structure of the precedence graph (the partial order) and optimal
schedules. We prove that in finding an optimal schedule for certain systems it
sumces  to consider at each step high roots which belong to at most the m - 1
highest components of the precedence graph. This result reduces the number
of cases we have to check during the construction of an optimal schedule. Our
method may lead to the development of linear scheduling algorithms for many
practical cases and to better bounds for complex algorithms. In particular, in the
case the precedence graph contains only inforest and outforest components, this
result leads to efBcient algorithms for obtaining an optimal schedule on two or
three processors.
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1. Introduction.

The goal of deterministic scheduling is to obtain ef3cient  algorithms for
scheduling multiprocessor systems under the assumption that the tasks to be
scheduled are known in advance and are all simultaneously available for schcdul-
ing. One of the fundamental problems of the deterministic scheduling theory is
the scheduling, on a collection of identical processors, of partially ordered uait-
length tasks.

A schedule for a set of tasks ordered according to a given precedence graph
is a description of the time at which every task is to be started, and to which
processor it is assigned. The schedule must not violate the given precedence
relation. The schedule should not assign any task more than once. To specify
such a schedule, we use a Ganttchart, which is a tableau consisting of a row for
each processor, and a column for each time quantum, with the name of each task
appearing exactly once.

Various aspects of scheduling theory have been extensively studied in recent
years [GM91 and many of the scheduling problems are known to be UP-complete

. ([G 578],[Ul75]). H ere we study the scheduling of n unit tasks on m identical
processors, with a partial order among the tasks specified by a precedence graph.
Only recently Garey et. al. [G&O] proved the UP-completeness of scheduling
in the particular case of a precedence graph composed only of inforests and
outforests. We say that a graph is an in/or&  if the out-degree of each vertex is
at most one. An outforest is an upside down inforest, in other words, a graph in
which the in-degree of each vertex is at most one.

a Polynomial algorithms have been developed only for a few special cases of
this scheduling problem. The first polynomial algorithm known is due to Hu
[Hu61]. It is a very simple linear algorithm (O(n)) which products an optimal
schedule for any number of processors if the precedence graph is either an inforest
or an outforest. The algorithm of Hu, to which we will refer later as the Highest
Leuel First algorithm (HLF), is a level algorithm. This means that we choose
higher tasks over lower ones, and among tasks of the same height we choose
arbitrarily.

. Another cfficicnt level algorithm is due to Coffman and Graham [CG72].
Their algorithm is polynomial (O(n2)) and produces an optimal schedule for an
arbitrary precedence graph, but only for two processors. It is a level algorithm
because higher tasks are chosen first. However the choice among vortices of the
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same
one.

height is predetermined by the algorithm which therefore is not an HLF

Another special case for which there exists an efIlcient algorithm is the case
where the partial order among the tasks is given by an interval graph; that is, to
each task corresponds an interval of the real line and the precedence between tasks
is determined according to the precedence of disjoint intervals. Papadimitriou
and Yannakakis (PY79] have recently shown an O(n2)  algorithm for obtaining an
optimal schedule in this case.

Garcy et. al. [GJ80] also proved that for a precedence graph which contains
only inforest  and outforest, there exists an O(va~‘+mo6  log n) algorithm for op
timal scheduling, if m is flxed. In the special case of three processors, (m = 3),
they have shown an O(n2 logn) algorithm.

The complexity of the scheduling problem is the result of the need to look at
many possibilities  when creating each step of an optimal schedule. We surmount
this obstacle by using a different approach. By studying deeply the relations
between the structure of the graph and the optimal schedules, we prove some
general theorems which enable us to decrease the number of possibilities to be
checked in many precedence graphs. The general  problem remains, of course,
UP-complete but in some special cases the solution becomes much simpler. Our
method may lead to the development of efficient scheduling algorithms for many
practical cases and to better bounds for complex algorithms.

The statement of our main result is the following: Every precedence graph
has some basic height, called the mediun, such that the choice of a set of tasks
for an optimal schedule can be done exclusively among the free tasks (roots of the
precedence graph) which are above this height. Choosing tasks lower than that
height can be done by HLF.

As an example for the use of the main result we give O(n) algorithms for
finding an optimal schedule for 2 or 3 processors in the case of a precedence graph
containing only inforest and outforest components. In the case of 2 processors
Goyal [Go761 proves a similar result. The basic idea behind the algorithm for three
processors is to sometimes remove vertices from the top of the precedence graph
and sometimes from the bottom. The removed vertices are inserted as columns
into two tableaux which are combined at the end into an optimal schedule for the
graph.
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In section 2 we describe three basic principles of optimal schedules, which
enable us in later sections to manipulate with optimal schedules to prove desired
properties. In section 2 we define the notion of median, which is the special height
characterizing the results we prove later. We also prove some basic properties of
the median. In section 3 we define the Elite of a graph and prove our main
result, called the Elite Theotern. In se&ion 4 we use the Eiite Theorem to prove
some properties of graphs with inforest and outforcst components. Using these
properties we develop, in section 5, linear algorithms for scheduling on two and
three processors.

2. Princfplcr  of optimal rchcdullng.

Let G be a precedence graph for a set of n tasks. The variable n will always
refer to the number of tasks and the variable m to the number  of processors. By a
precedence graph we mean that G = (V, E) is a directed acyclic graph (a DAG),
where V is the set of n tasks and E is a set of ordered pairs of tasks. We also
assume that if a task z has to be executed before a task v then there exists a puth
(directed path) from z to y in G. Note that we assume neither that C is closed
under transitivity nor that it does not contain redundant edges.

We use the following notions to express an ordering between tasks; if (z, g)
is an edge in E then v is a child of z and z is a parent of v; if there exists a
path from z to g, then y is a descendant of z and z is an ancestor of y. By H(G)
we mean the height of C, which is the length of the longest path in C. For a
vertex z E G (i.e. z e V) we denote by H(z) the length of the longest path which
starts at z. WC define the length of a path which contains only one vertex to be

- zero. We use the notion of level to denote vertices of the same height in G. Let
V’ be a subset of V; we say that G’ is the subgraph  of C induced by V’ if it is
the maximal subgraph  of G which contains exactly the set of vertices V’. If C1
and G2 are the subgraphs of G induced by V1 and V2 respectively we denote by
G1 1 G2 the graph induced by V1 U V2. Whenever we use the term wbgruph in
this paper, we mean the maximal subgraph induced by its set of vertices. We use
only this meaning because when WC look at a subset  of the tasks we are interested
in the complete ordering  among them (which is detcrmincd  by the whole graph)
and not at a subordcring; that is, we want to avoid the deletion of constraints
(edges) between tasks.

The graph G = (V, E) is composed of {C,, . . ., G,} if these subgraphs (called
components of G) are a decomposition of G into its connected components; that
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is, each subgraph is a connected graph and there 2rc no edges in G which connect
them, therefore, V = U;V;  and Z = UiE;. Root(G) is the set of' a11 the roots
of the dircctcd graph G that is, the set of vertices with zero in-degree.  Note that
the root(G) is not ncccssarily  the Top-fcurf  of G, which contains the vertices of
maximal height in G.

WC conccntratc only on the case of tasks of equal length. S(G) denotes
a schedule for G which is an ordering of the tasks (vcrticcs) into a tableau of
columns, each of size at most m, in a way that does not contradict the partial
order induced by G; that is, if z appears in cdlumn i and y appears in column
j > i then thcrc  is no path from y to z in G. The G is omitted when it is clear
toyvhich  graph the schcdulc corresponds. (S); denotes the i-th column of S, and
(S)l is the set of tasks with which S starts. The Icnpth r(S) of a schedule is the
number of its occupied columns (obviously l(S) 2 H(G) ). The schedule S is an
optimal schedule for G if t(S) 5 t(Y) for cvcry schedule S’ for G.

For cxamplc  assume  we have a set of fifteen tasks subjcctcd  to the precedence
graph G presented in Figure 1. WC came the tasks by integer numbers. Through-
out the paper we always assume that the graphs arc directed downwards.

9 . IO 11 12 13 14 15

The following tableau is a schedule for G on three processors:

Pl

p2

p3

This schedule is a Icvel  schedule but it is not an optimal schedule because there
exists a shorter one which takes only five time units.



A schedule is a Icuel schedule if higher level tasks are chosen before lower
level ones. Level schedule induces the following property on its tableau: for every
task z, if z is in column i and there exists, in a previous column j (i > j), a task
v which is lower than z in the precedence graph (H(z) > H(y)), then there is
an ancestor of z in the j-th column. A level algorithm is a Higheut Lcuef First
algorithm (HLF) if the choice among vertices of the same height can be arbitrary.
This is a level algorithm with the additional property that if y is of the same
height as z then there exists another schedule which has the same first j columns
except for the fact that z is exchanged with y in the j-th column. Thus, if by
saying that HLF produces an optimal schedule we mean that any level schedule
is optimal. Sometimes we emphasize this fact by saying ‘any HLF algorithm
produces an optimal schedule.”

Definition 1: Let G be a DAG and S(G) be an optimal schedule for G.

(1) For z c G, let k be the column in which z appears in S. The schedule S
is mlnlmal  with respect to {w.r.t.} z if k is the minimal column in which z
appears in all the optimal schedules for G.

(2) Let x = 21. l . z, be a path in G and (121,.  . .,n,) be the columns of S in
which ~1,. . . , z1 appear, respectively. The schedule S is mSnSmal  w.r.t. z
if

(i) S is minimal w.r.t. 21.

(ii) for every j, 1 < j 5 r, nj is the minimal column in which Zj appears
in all the optimal schedules for G which are minimal w.r.t.  the path
21� l * Zj-1.

Some further notations we use: The set {S’}:,,  is a decomposition of S
‘(denoted by S = SA 1 S3 1 ‘9. 1 S’) if S1,. . ., S’ are consecutive subtableaux
of S where the concatenation of these consecutive tableaux is the tableau S. To
each such subschedule Si of S, there corresponds a subgraph Gi of (3 which is
the subgraph of G induced by the set of tasks appearing in Si. We use the same
notation to express the attachment of subschedules. Let G’ and C2 be subgraphs
of G, and S1 and S2 their corresponding schedules. If there is no path from a
vertex in G2 to a vertex in G* then S1 1 S2 denotes a schedule for G1 1 G2
composed of the columns of S’ followed by the columns of S2. Note that the
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notation z I y has a meaning only if its two operands (z and v) are parts of some
compound structure.

Theorem 1 presents the basic conservation property of optimal schedules,
which we call the principle  oj optimofity. This property is one of the three
fundamental properties of optimal scheduling. We will make frequent use of these
properties, sometimes without referring  explicitly to them.

Theorem 1. (the principle 01 optimality)

Let S be an optimal schedule for G and S = S1 1 S2 1 l a . I S’. Let { 3’) be any
set of optimal scheduler for the corresponding  subgraphs  induced by {S’}. Then
3 = 3’ I s2 I . l . I 8’ is an optimal  schedule for G.

Proof. The case I= 1 is obvious. Assume I= 2, S = S1 I S2 and let Cl, G2 be
the corresponding subgraphs. From the definition of a subschedule and that of
the induced subgraph  it is clear that for any pair of vertices, y in G2 and z in C1
the edge (v, z) is not in G. Let 3’ and 3’ be optimal schedules for c’ and C2,
respectively. From the optimality we conclude t($ ‘) 5 i( S1) and t( 3’) 5 t( S2);
therefore I( 3’) + 1( 3’) s t( Si) + t(S2) = t(S). The new tableau 3 = 3’ 1 g2
does not contradict the partial order represented by G simply because there exists
no path from G2 to G1. Therefore the optimality of S implies the optimality of
3 .

The inductive case follows immediately from the case I = 2. I

Theorem 1 enables us to make local changes in a given initial optimal
schedule without affecting the optimality. It also enables us to construct from
a given optimal schedule another one which satisfies specified conditions. We also
USC the principle of optimality to produce an optimal schedule by the following
means: Assume that we have some magic algorithm which, though it cannot
specify an optimal scheduling for an input graph, can point out a subset of the
roots of the graph with which some optimal schedule starts. The principle of
optimality enables us to produce an optimal schedule using the magic algorithm.
We use the output of the magic algorithm as a column in a tableau and remove it
from the graph, and then reapply the magic algorithm. The principle of optimality
implies that this recursive application of the magic algorithm produces a tableau
which represents an optimal algorithm for the graph.
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Optimal schedules have two more basic properties. Denote by CR the
reversed gruph of G; that is, the graph we get by reversing all the directed edges
in G. By SR we denote the reuefae tableau  of S; that is the tableau we get by
reading S from the end to the beginning. We call the following property the
rcucrsing principle.

If S is optimal for G then SR (the reversed tableau) is optimal
for GR.

The last basic property which we point out is the nonuucuney  principle which
holds only in the case where all the tasks are of equal length,

One gains nothing by leaving empty places in the tableau which
describes the optimal schedule.

The nonvacancy property together with the principle of optimality imply
that whenever a graph has less than m+ 1 roots, then the set of all its roots starts
an optimal schedule. Therefore we can put them as a column in the scheduling
tableau and look for an optimal schedule for the rest of the graph.

In this paper we study graphs which are ‘wide,” in the sense of having
sometimes more than m components. We use the notion of median to define the
minimal level which does not have as many components; that is, the first level
which contains less than m components of G.

DefMtIon  2: Let G be a directed acyclic graph (DAG) and {Cd} be its
.componcnts. The median of G with respect to a given m is the minimal non-
-negative integer ~1 for which the set {Gi I H(Gi) > p} contains strictly less than
m components.

For example if the precedence graph is the one in Figure 2 and the number
of processors is three, then the median is 2 because 2 is the minimal level which
contains less than 3 components of the graph. If the precedence graph is the one
in Figure 1, then the median is 0.



Figure 2.

WC dcnotc the median of G with rcspcct to m by l(G). In this paper we
only USC the notion of the median for a fixed number of processors  m; therefore
WC will omit the paramctcr  m from our notation for the median.  WC say that a
component Gi of G is under the median if il(Gi) 2 p(G), and U~OV~ the median
if the component is strictly higher than the median. WC also use the same notions
for vcrticcs. If /1 2 W(G), WC say that the graph is j/at, and if p = 0 WC say that
the graph is narrow. Note that if p 71 0 then thcrc exists a root of height p- 1.

. It is convcnicnt to think of the median as dcfincd in terms of a complete
decomposition of the prcccdcncc graph into its components.  Because if WC would
not dcfinc the decomposition to bc specific for every graph then we would have to
specify the decomposition at each time WC use the median. Note that although we
omitted that possibility, all the results in the paper still hold ror any decomposition
of the graph into cdgc-disjoint components. The dclicatc  point is to dcfinc what
incqualitics bctwccn  medians  mean, but this can be done in a consistent way.

- During the construction of a schedule, the median is a dynamic line; whcn-
ever WC choose a task above it WC may increase it and each time WC choose a task
under it WC might dccrcasc it. Some propcrtics of the median arc prcscntcd in
Thcorc.m 2 .

Theorem 2. (The me&an thcorcm)

Let G = (V,E) bc z1 DAG 2nd G’ = (V’J’)  lx a subgrnph of G.

(1.) If V’ contains rt least 141 the vcrticcs of V v&ich arc not roots of G, then

PW 2 it(G) - 1.

(2.) Lf Vt contains rt least cl1 the vcrtfccs  of V which WC or height h, and all .
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their dereendants,  then

PW 2 midbm, h + 1).

Proof. The median has the property that there exist at most m - 1 components
of the graph with height not less than the median and at least m components of
height not less than the median minus one.

Case 1: We have to show that Cl has at least m components of height not
less than p(C) - 2. But this fact is clear because C has at least m components of
height not less than na - 1 and the deletion of roots and only roots can decrease
the height of any component at most by one. On the other hand the number of
components can be increased (unless G is of height zero,  in which case the property
trivially holds). Therefore G’ has at least m components of height p(G) - 2 and
higher which implies the desired relation.

Case 2 If /L(G) = 0 the case trivially holds. So, assume p(C) > 0 and let
h’ = min(p(G),  h+ 1). Every component of height not less than h’- 1 has at least
one vertex of this height. We know that all these vertices and all their descendants
appear also in the subgraph  G’. Therefore, each such vertex remains at the same
height as in G. If two vertices of height h’ belong to different components in C
then they obviously belong to different components in G’, but it can be that two

- vertices of the same component of G belong to different components in G’. Thus,
G’ has at least the same number of components of height not less than h’ - 1, as
C does. G has at least m components of height h4 - 1, and therefore we conclude
the desired inequality. I

Figure 3 describes case (2) of the theorem. WC assume that the graph G is
the whole “cloud” and the subgraph G’ is the part under the dashed Iine. p(G’)
can have a value between min(h + l&G)) and H(G) + 1.
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Figure 3.

(cl

The following corollaries arc useful in many cases. They prcscnt some of the
situations WC will face in the construction of optimal schcdulcs.

Corollary 3. Given a prcccdmcc  grqh G, rcmovc Prom It some ret of vcrtkcr, a.Il
of them not lower than p(G). Let G’ bc the rcsultifll: subgraph. Then

Proof. The proof follows easily from Thcorcm 2 by taking h = p(G)-1.- P

Our next corollary claims that if 3 component  of the graph is once under
the median than after any choice of vcrticcs according to height it will remain
under the median of the resulting graph. Let G = GH 1 CL whcrc Gt is the
subgraph which is composed of a11 the components which arc under the median;
that is, H(Gt) ,< p(G). G&I is the rest of the graph.

Coroh-y 4. Remove from G any set of highest roots. Let G’, CL and G;{ bc the
rcsulting  subgraphs.  Then

HP’,) 5 PV).
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Proof. By definition H(Ct)  5 p(G). On the other hand, from Theorem 2 we
know that

PW 2 C((G) - 1.

It is enough to prove that if there exists a root of G’, of height p(G) then p(G’)  2
p(G). Assume that this is the case and let x E Gi be that vertex. H(z) = p(G)
and H(Gt) 5 p(G) thus z is also a root of CL. We removed only highest roots
from  G and if z was not removed then no root of G which is lower than z has been
removed. Therefore G1 was constructed only by removing vertices, all not lower
than p(G)-1. This implies, by Theorem 2, that p(G’) 2 p(G). I

3. T h e  Elite Thcorcm.

Our main result is the *Elite Theorem” which assures us that to find an
optimal schedule it is sufficient to check at each time only roots above the median.
If there are less than n roots above the median then we take the rest of the roots
according to their height, choosing arbitrarily among vertices of the same height.
Therefore, we can decrease the ‘width” of the graph that has to be considered
at each step of the construction of an optima1 schedule. However, the resulting
problem is still UP-complete , as can easily be concluded from the construction
used by Ullman  ([Ul75]) in the proof of UP-completeness of the general problem.-

Deflnitlon  3: A root z of a graph G belongs to the Elite, E(G),  of G if it is
above the median; that is, if H(z)  > p, where p is the median of G.

In order to prove our main result, we must first prove another theorem
relating the notion of median to optimal schedules, The theorem states that
given an optimal schedule starting with a root lower than the median, if there
is another root of the graph not in the initial set of that optimal schedule, then
there is another optimal schedule which starts with the same vertices but with
the lower root replaced by the higher one.
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Theorem 5. The Basic Theorem

Let G be a DAG and S(G) be an optimal schedule for G where (S)l =

(B , 23,. . . ,z,).  Let w 4 (S)l be any root such that H(w) 2 H(g). If &her

U) H(I) s /r(G), or
(ii) H(g) -p(G) and H(g) < H(zi)  lorevery  2 < i ,< m,

then there exists an optimal rehedule  S’(C) rueh  thit

(0 = (w, 22, ’ l l # Gn).

The utility of this theorem comes from the fact that the tasks {zp, . . . , z,} appear
also in the first column of the new optimal schedule; the only difference in the
initial set is that g is replaced by w. Thcreforc, we can USC the theorem  to go step
by step from one initial set to another.

First we sketch the proof of the Basic Theorem. We prove that among all
the optimal schedules for the graph G, there is one which starts with the same
set as the schedule S having the following structure:

fro 0’ Y-0 l Y

22 W1 wV-l WY

=3 S’ 4 S’
V-

23
1. . .

1 2 S’ +x
Y S3Y

.. . .. . . .
. . . .

Figure 4.

For every c, 1 < L 5 u, the above structure has the following four propcrtias:

(A) Si does not contain any child of gc-‘.

(a G:, l l l 8
zk} does not contain any child of g+l and y is not, also, a child

of g-1.
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(C) Si does not contain 2197  pxcnt of wL.

(D) For 1 < c 5 p - 1, {zi,. . .,z&} dots not contain any parent of w*+l
and (~2,. . . , z,} does not contain any parent of WI.

If WC succeed in proving that thcrc  is 3n optimal schcdulc with the above four
propcrtics then WC can. easily complete the proof of the Bask Thcorcm. Indeed,
the above propcrtics ensures  that we can cxchangc the series < go,. . . ,z, >
w i t h  the scrics < wl,...,wy >, one by one, and obt3in an optimal schcdulc
which satisfies the Basic Thcorcm.

The, form31  proof of the Basic  Theorem appears in the Appendix.  A graph
G is a conflict-Jrcc graph if it sAsfics the &sic Theorem 3nd if a11  its subgraphs
also satisfy the Basic Thcorcm. Note that the Basic Thcorcm states that every
graph is a conflict-free graph, as WC will prow 13tcr.

After such--a long prcpxation we arc finally ready to prcscnt the Elite
Thcorcm. The statcmcnt of the Elite Theorem is the follolvin,n:  to find an optimal
schcdulc it is sufficient to look at the roots of the prcccdcncc graph that arc above
the median. It also  states that if there is no root abovc the mcdi3n then HLF

’ produces an optimal schedule.

Before giving the precise statement  of the Elite Thcorcm we will  demonstrate
it on a few cxamplcs. First assume that the precedence  graph is the one dcscribcd
in Figure 5.

Gl: 12 3

-

6 7 8 9 IO 11 12

Wl) = {1,2,3,51

Figure 5.

In Figure 5, p(Gi) = 0 and thcrcforc to find an optimal schcdulc WC have
to start by choosiq three of the four tasks that arc above the median. These
four tasks arc the Elite of the graph. If the prcccdcncc staph is the one given in
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Figure G the situation is m,uch simpler.

6 7 8 9 IO 11 12

W2) = w,31

Figure 6.

In this case we know that there exists an optimal schcdulc starting with
&(G& and if WC rcmovc this set from the graph WC obtain the graph dcscribcd
in Figure 7. The EIitc of this graph is empty (&?(Gk)  = 0) and thus (as WC will
prove in the Elite Thcorcm) any HLF algorithm products an optimal schedule for
this graph.

Cl,: . .
m=3

Ffgure  7.

Thcrcforc the tabkau T’, dcscribcs an optimal schcdulc for C), and Tz des-
cribes an optimal schedule  for the whole graph (32.

T; :

Pl

p2

p3

T2 :

Pl

p2

p3
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Theorem  6. The Elite Theorem
Let G be a precedence graph for ordcring  a set of n unit task8 on m identical
procerson and &(C) its elite,  then

(1) If E(G) contains more than m roots, then there erirtt  an optimal  schedule
tor G which  starts wtth  a subset of C(G).

(ii) If t(C) contains m vertices or less,  then there eslrts  an optimal  scheduling
tor G starting  with a set of m highest roots ot G. If such a ret does not
extst we then take all htghert  roots of G.

(iii) If E(G) = 0 then any IILF algorithm  produces an optimal rehedule tor G.

Proof. We prove (g] first. Assume that 1 l(G) 12 m. The following claim is a
straightforward subcase of the Basic Theorem.

Claim:  Let S be an optimal schedule for G and let z E l(C).  If y E (S)a \ &(C)
is of minimal height in (S)l then there exists another optimal schedule, S’, for G
such that (S$ = us)1 \ hlMJ~4*

Using the above Claim it is clear that if the set (S)l \ E(G) is not empty, we
can decrease it until it is.

The proof of (ii) is similar. Assume that l(G) # 0, then as in the previous
case we can find an optimal schcdulc such that e(G) C (S)I. All the roots of G
which are outside the Elite of G are under the median and therefore, again by
the Basic Theorem, we can exchange them one by one until we get the dcsircd
set of highest roots of G. Note that the maximality of the set means that if there

- are less than m roots then the set contains all of them, otherwise it contains NIL
vertices.

We prove (iiz’) by induction on n. First we point out that if the length of
a schedule of n tasks on m processors is equal to [n/ml then obviously it is an
optimal schedule. We prove now by induction on n that for every precedence
graph G if &(G) = 0 then any HLF products a schedule of length [n/ml and
therefore optimal.

First consider the case where G contains not more than m vertices and
E(G) = 0. In this case, if N(G) > 0 then it has less than m components and
therefore p(G) = 0 which implies that l(G) # 0. Thus, it must be that N(G) =
0. But if this is the case then HLF obviously takes only one unit of time which in
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our case is equal to [n/m].

Suppose the assumption holds for every precedence graph with less than n
vertices (n > m) and with an empty Elite Let G be a prcccdcnce graph of n
vertices with an empty Elite. The facts that n > m and that E(C) = 0 imply
that G has at least m components and therefore it has at least m roots. Let A be
any set of highest roots of G; that is, A is an initial set of some level algorithm.
Let G’ be the aubgraph we get after removing the set A from the graph G. G’ has
n- m vertices. We distinguish between two cases:

Case H(G’) < H(G): Then obviously H(G’) = H(G)- 1 and on the other
hand by the first part of Theorem 2 we also know that p(G’) > p(G)- 1. The fact

that &(G) = 0 implies that p(G) 2 H(G) and therefore  &) 2 H(G') which
implies that E(G’) = 0.

Case H(G’) = H(G): Then by the second part of Theorem 2 (choosing
h = H(G) - 1) we conclude that

I@‘) 2 mwm, WN
The fact that the Elite of G’ is empty implies that p(G) 1 H(G) = H(G') and
therefore p(G’)  2 H(G’)  which implies that l(G’) = 0.

Thus, we have shown that the Elite of G’ is empty in all cases and therefore,
we can apply the inductive hypothesis for G’ to conclude that any HLF takes time
r(n- m)lm].  Therefore any HLF for G takes time [(n - m)/ml + 1 = [n/m)
which completes the proof of the Elite Theorem. I

a We end this section with a useful corollary of the Elite Theorem.

Corollary 7. Let G be a DAG  having the following propcrtkrr

(1) t W) IS m*
(2) removing any set of up to m hfghest  toots leaves a rubgtaph G’ wkh

I W’) IS m*
If removing any set of up to m highest  roots fkom the rubgtaph obtained in (2)
agafn  lcavcr a rubgtaph obeying the above properties then any InLF  producer a11
optfmal schedule for G.

Proof. The corollary can be easily proved, by complete induction, using the Elite
Theorem and the principles of optimal scheduli w I
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A simple case in which Corollary 7 can be used is when the components
above the median are trees.

4. Fan graphs.

We say that a graph is a ican gruph if all its components are intrees and
outtrees, that is, it is composed of inforcst and outforest. Hu [Hu61] proved that
any HLF algorithm produces an optimal schedule for trees. The same fact also
holds if G is outforest. But it does not hold for fan graphs, the scheduling of
which is UP-complete [GJ80]. An algorithm, of order O(nlogn),  for scheduling
fan graphs on three processors was very recently developed by Garey et. al. [G 3801.
WC use the Elite Thcorcm to prove the existence of a linear algorithm with a small
constant for scheduling of fan graphs in such a case. We also obtain easily that
HLF produces -an optimal schedule for fan graphs in the case of two processors,
this result was also obtained by Goyal [Go76].

First we prove a general result concerning graphs having the property that
all the highest components are either inforcst or outforest. We call an outforest
that is composed of only one component an outtree, similarly, an inhe is a one
component inforest.

Theorem 8. Let C be a precedence graph. If the elite of G contatnn  either only
outforest  roots or only inforest roots then IILF producer an optimal schedule G.

- Proof. Consider flrst the case where the elite contains only outforest roots.
In this case every outtree component above the median has exactly one root.
Therefore 1 l(G) ]< m. If we remove from G any set of highest roots then by
Corollary 4 all the lower components will remain under the median. Removing
Ioutforcst roots leaves an outforest and therefore the new subgraph  we get contains
only roots of an outforest above its median. Moreover, it also has less than nr
vertices above its median. This fact remains true after removing each highest root
from the resulting subgraph. Therefore by Corollary 7, HLF produces an optimal
schedule for G,

Consider now the other case. Note that removing of roots from an inforcst
does not increase the number of components. Moreover, the number of roots is
never increased. We distinguish between two cases. First, if 1 l(G) fs m then
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from the above note we conclude that HLF produces an optimal schedule. The
second and last case we have to consider is the case where 1 E(G) I> m. We intend
to prove that if E(G) contains only inforest roots and 1 E(G) I> m then HLF
produces an optimal schedule for G. This can be proved by complete induction.
Let us assume that the inductive hypothesis holds for all the subgraphs of G and
show that it holds for G. Remove from G any set A of m highest roots. Let G’
be the resulting  subgraph. By the reasoning of the first case, [(G’) contains only
inforcst  roots. If 1 &(c’) I> m then by the inductive hypothesis HLF produces
an optimal schedule. Attaching the set A to an optimal schedule produces an
optimal schedule for G. If 1 QG’) 15 m then by the first case any HLF produces
an optimal schedule for G’. And again from it we obtain an optimal schedule  for
G. Therefore in any case HLF produces an optimal schedule for G. I

The cast of scheduling a fan graph on two processors is an immediate
corollary of Theorem 8.

Corollary 9. Let G be a fan graph. Then IILF  produces an optimal schedule for
G on two processors.

Proof. In case of two processors the Elite of a graph can contain roots of at
most one component  of the graph. In our case the graph is a fan graph, therefore
l(G) contains either roots of an intree (inforest of one component) or a root of an
outtrce. In any case by Theorem 8 we conclude that HLF produces an optimal
schedule for G. 1

Note that Corollary 9 holds also for non-fan graphs in which the highest com-
ponent is either an outtree or an intree.

The case of 3 processors is more complicated  and we need some more general
results for achieving an algorithm for optimal scheduling in this case. Let us
howcvcr  first describe intuitively the optimal scheduling algorithm we will use.
Consider a fan graph G in which both the top and the bottom contain only
outforcst and inforest roots. Choose a side such that the highest level contains
a root of an outtree. From that side remove the root of the outtrce and any
other two highest roots. Keep the removed  roots in a tableau of this side (we
keep two tableaux). Now, look at the graph resulting from the removal of these
roots, and repeat the same process on that graph. At the end we arc left with
two tableaux: in one of them vertices removed  from the top and in other from the
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bottom, Construct from them one tableau by attaching the reverse of the bottom
tableau to the top tableau. The tableau thus obtained is an optimal schedule for
the given precedence graph.

Lemma 10. Let G be any graph whle-h has an fntrce and an outtree  component.
Let S(G) be an optimal schedule for G. Assume that v is a root of an intree

component and that z 1s a root of an outtree component, such that H(z) >, H(y).
If v E (S)l and z 4 ($)I then there exists  an optimal schedule, 3, for G which
starts with  z instead of with v; that is, (s), = (($)I \ (y})U{z}.

Proof. Let xz be the longest path in C which starts with z and q, the one that
starts with y. The path R, is at least as long as Q. The vertices on these paths
appear in the schedule S in the order in which they appear in the paths. Let k be
the first column in S at which the number of vertices along X= which appear up to
that column is equal to the corresponding vertices along q,. There must be such
a column because S starts with zy and not with rt and the latter is not shortef
than the former. Moreover, no vertex of xy exists in the column (S)k, otherwise
k would not be minimal.

X, is a path in an outtree, therefore every vertex in x, has at most one
parent, which is the previous vertex along the path R%. Similarly every vertex
along zy has at most one child, which is the next vertex along ry. Therefore we
can exchange the vertices of xz and q, which appear in the first k columns one by
one, respectively. The new tableau we obtain is of the same length as S, and none
of the orderings induced by G is violated, simply because every vertex along xr
moves upward, following its only parent, and every one along xy moves downward
following its only child. Note that in the k-th column there is no vertex of zy and

- therefore the first to move can do so without contradicting the order induced by
G.

Thus, we have obtained the optimal schedule which we were looking for
I because it starts with the set ((S)l\{v})  U(z). I

Using the Basic Theorem we can strengthen Lemma 10, for the case in which
the graph G is a fan graph.

Theorem 11. Let G be a fan graph, Let CL be a maximal height component of
G. If Gk is an outtree then there exists an optimal  schedule for G which starts
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with Gk.

Proo/. Let S(G) be an optimal schedule for G and let z be the root of Gk (an
outtree has only one root). Assume that (S)l does not contain z, we construct
another optimal schedule which starts with z. If (S)t contains only roots of
outforest then G has more than m components. Therefore, one of those in the
first column must be under the median. This implies, by the Basic Theorem, that
there exists an optimal schedule in which that root is exchange with z. The only
case left is the case in which there exists a root of an intree  in (S)i, in this case we
can apply Lemma 10 to get the optimal schedule. 1

Thus, among components of the same height we will always choose an outtree
if possible. In some sense, we can say that outtrecs have priority over intrees.  The
following lemma extends this result.

Lemma 12. For m = 3 let G be a fan graph and z be the root of an outtree in C.
Denote by xz= zl-. z, a maximal path in G which starts at t. Let S(G) be an
optimal rehcdule whkh Is minimal w.r,t.  xrs. Denote by (Q, . . . , u,) the columns
of q.... ,z, in S, respectively (~0 = 0). For every j, 1 s j 5 t, if v is a vertex
~XA (S)i, where aj-1 < i < aj then H(y) > H(zj).

Proof. Assume conversely that there exists a vertex y E (S)i, where the column
i satisfies 0j-1 < i < aj such that H(y) 5 H(zj).  Let S = S’ 1 S’, where S2
is the subschedule that starts with (S)i. Let C2 be the subgraph  induced by S2.
In G2 the vertex Zj is a root of an outtree component. If y belongs to an intree
component; that is, it is a root of an intree  in G2, then by Lemma 10 we conclude
that there exists an optimal schcdule,S’ for G2 which starts with Zj. Because of
the principle of optimality that schedule contradicts the minimality of S w.r.t.
x=, as we can decrease aj without affecting ~1,.  . . , “j-1. The same contradiction
arises in the case where (S)i does not contain m vertices.

The only case left is the case where v belongs to a intree and there exists
m vertices in (S2), . Note that in the previous case we did not use the fact that
m = 3, but here we do have to use it. So, (S2)l contains 3 vertices and y is a
root of an outtree. But this implies that there are at least 3 components in G2,
one of z, one of E/, and at least one of the other vertices in (S)l. We have assumed
that H(y) 5 H(zj)  and therefore at least one of the vertices in (S2)l is under
the median of G2. By the Elite Theorem or by the Basic Theorem we can find
another optimal sch- - l %rting with zj and again contradicting the minimality
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of S w.r.t.  x=. This completes the proof of the lemma.

Note that in the proof of Lemma 12 we use the fact that m = 3 only in
comparisons with other outtree components, therefore, in general we can prove
that for every m there exists an optimal schedule in which vertices along an
outtree path precede inforest vertices of the same height.

The following theorem presents the key idea of the algorithm we present
later for optimal scheduling of fan graphs on three processors.

Theorem 13. For m = 3 and G a fan graph, let A be a set of up to three marimd
height roots of G. If A contafns  a root of an outtree whfeh  1s highest in G, then
there erIstr an optimal  schedule for G whfeh  starts with the set A.

Proof. If G is of one level the theorem is trivially true. Otherwise, let A be a set
of three highest vertices satisfying the conditions of the theorem. Let z E A be
the root of the highest outtrce. By Theorem 11, there exists an optimal schedule
which starts with z. Denote by rt the maximal path in G which starts with z. Let
S(G) be an optimal schedule for G which is minimal w.r.t. K%. If A contains less
than 3 vertices there must be less than 3 roots in G and in such a case A G (S)l.
Therefore assume A = {z,y,z} and (S)l = {z, u, w}. We want to prove that
there exists an optimal schedule which starts with A. Assume that y is not u or

- that w is not z; otherwise (S)l is A and we have nothing else to prove. By the
definition of A we know that H(y) >C H(u) and H(z)  2~ H(w). This inequality
holds up to renaming of identical vertices, because it might be that y is u or z is
w, but not both. Let x~,x.,x~,  and X~ be the maximal paths in G which start at

- v/, z, u, and w, respectively. Note that it may be that some of these paths (or even
all of them) coincide somewhere in G. According to the definitions it is clear that
vertices along the paths appear in different columns of S in the order induced by
the path. Let k be the first column in S at which the number of vertices along
the path IQ equal to the corresponding number along x0 and the number along
the path X. is equal to the number along xto.  Let S = S1 1 S2, where S1 is the
first k columns of S and S2 is the rest of them. Denote by G1 the graph induced
by S l. Figure 8 describes schematically the structure of the subgraphs and the
paths.
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Figure 8.

The w3y WC defined k implies that in Cl,

H(y) &I H(u) and U(z) &I M(w) (4 - I).

The minimality of S w.r.t. xz and the fact that z is highest root in G imply, by
Lemma 12, that in G1,

H(x) &I H(y) and H(x) &I H(z) (4 - 2).

Thcrcforc, z is highest root of an outtrcc in G1. WC assume that cithcr y or z is
not in (S)I,  this fact 2nd (4 - 1) imply that in the first k columns at least one of
the paths is disjoint from the others, othcrwisc  k wouid not bc the first column
atxhich the numbers arc equal. G is a fan graph and therefore the disjoint paths
arc in a disjoint component of G I, So, the above vcrticcs belong to at Icast two
components of G’ and none of them is the component  to which the root z belongs.
Thcrcforc, G’ has at lcast  three components.  Equations (4 - 1) and (4 - 2) imply
that at least one of the two vcrticcs, u and w, is under the median of G’. More
prcciscly, it can bc show by chxking the vxi ous possibilities that every vcttcx
in (S)l which is not in A is under the mcdizn. The Elite Thcorcm proves that
in this case there exists an optimal schedule for G’ which starts with {z, y, t} as
&sired. 0

Theorem 13 sufIkcs  for proving the corrcctncss  and Iincarity of the Flip-Flop
algorithm. One can prove a slightly stronger version of Thcorcm 14: it is sufficient.
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to ensure that the set A is a set of up to three maximal-height roots of the graph
which contains an outtrce root. Thus, it is not ncccssary that the outtrce root be
the highest: it can be only one of the three highest ones.

5. The Flip-Flop algorithm.

The precise flip-flop algorithm we describe here is more cBkient than the
intuitive algorithm we described in section 4. The method is this one: we remove
roots from the top and from the bottom of the preccdcncc graph, but we stop this
flip-flop process and continue by an HLF algorithm as soon as we are able to do
so. Our ability to stop the f3ip-fiop process ensures the linearity of the algorithm.

/
To decide when we can apply an HLF algorithm for optimal scheduling on

3 processors, we use three of the results we have proved previously. The first
result is case (iii) of the Elite Theorem; according to that result, if the Elite of the
precedence graph is empty (E(G) = 0) then WC can obtain an optimal schedule for
the graph by using an HLF algorithm. The second result is Theorem 8; which says
that if we have above the median either only outtrce or only intrec components
then we can also obtain an optimal schedule using an HLF. The third result, that
enables us to decide easily if we can apply an HLF to obtain an optimal schedule,
is Corollary 7; it states that we can do so if the number of the roots above the
median is less than four (I l(G) I< m).

We say that the HLF-condition holds for the precedence graph if one of the
- above conditions holds; therefore, if the HLF-condition holds we can then obtain

an optimal schedule by using an IILF algorithm.

The only remaining case in which the HLF-condition does not hold is when
I the precedence graph has exactly two highest components above the median: an
outtree and an intree with more than two roots strictly higher than any other
component of the graph. During the execution of the Flip-Flop algorithm we use
a test function HLF?(G)  to check if the HLF-condition holds.

Let C be a fan graph, denote by CO the highest  outtree component of C
and by Gf the highest intree component of G. We call these two components the
principof  componenta  of the graph. Let ho, hI be the heights of the two principal
components, respectively, and let h3 be the height of a third highest component
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of G. If one of these heights is not dcfincd, set the corresponding h to be zero.
The two principal components GO, Cl and the triple < /a~, hf, ha > enable us to
test easily if the HLF-condition holds for G. Note that all the five notions defined
above are the same for the graph and for its reverse with the only exception that
“0, and “I” are exchanged because an outtree of the graph is an intree of its
reverse and similarly for an intrce.

Function H LF?(G):
IILFf=FALSE;
If max(ho, hf) < h3 + 1 then I?LF?=TRUE ff;
If min(ho,  hl) 2 ha + 1 then IILF?=TRUE  fI;
Xf the three highest roots of Cl arc not higher than ha + 1;

then IILF?=TRUE  II.

The following lemma proves that the function HLF?(G)  computes exactly
the HLF-condition.

Lemma 14. HLF?(G)=TRUE if and only if the InLF-condition  holds for G.

Proof. We prove that the subconditions of the function HLF? are equivalent to
the conditions of the three results used to define the HLF-condition.

Claim (i): max(ho,  hf) < ha +  1 if and only if E(G) = 0.

Proof. From the definition of the triple < ho, hl, h3 > we know that

max(h0,b)  2 h3.
a

(5 - 1)

Therefore the left hand side of Claim (i) holds only in the case where all the three
highest components of the graph are not lower than h3 and at the same time are
not higher than ha + 1. This implies  that

P(G) = h3 + 1, (5 - 2)

The two equations (5-1) and (5-2) imply that no component is higher than
the median of the graph which implies that its Elite is empty, E(G) = 0. The
second direction is very similar to what we have just proved and therefore will be
omitted.
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Claim (ii): max(ho,  hl) > ha + 1 and min(ho,  hf) ,< ha + 1 if and only i f
the graph has either only intrce component or only outtree component above the
median.

Proof. Assume that h3 is an outtree, then by definition ho 2 ha. If the left hand
side of Claim (ii) holds then we also know that

ho > h3r ho > hI and h3 2 hl - 1. (5 - 3)

This implies that ht < p(G), otherwise we would have at lcast three components
above the median which contradicts the definition of the median. By definition, hr
is the highest intrce component, thcrcforo WC only have outtree components above
the median, which proves the claim. The case where h3 is an intree is exactly the
same. The other direction of Claim (ii) is similar and therefore omitted.

The only remaining possibility is the case-_
min(ho,  hl) > ha + 1 and the three highest roots of Cl are not
higher than h3 + 1, and the outtree Go is higher than ha + 1.

It is easy to show that this case is equivalent to the one where the first two
results do not hold and the Elite of the graph contains less than m roots. This
completes the proof of the lemma. I

The definition of the function HLF?(G) and Lemma 14 imply the following
simple result.

Corollary  15. If HLF?(G)=TRUE  then the only two components above the
median of G are GI and GO.

We are now ready to present the Flip-Flop algorithm. The Flip-Flop algo-
rithm produces an optimal schedule if the precedence graph is a fan graph and the
number of processors is three. The algorithm removes roots from the graph and
inserts them into tableaux. The roots from the top are inserted in the tableau
Ttbp and those from the bottom in TbOt.  Each tableau has three rows (one for
each processor). The variable 6, which we use in the algorithm represents the
preccdcnce graph remaining  at the current step of the algorithm. Initially if:
is equal to G and after each removal of vertices from the graph the variable c
becomes the resulting subgraph.
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The Flip-Flop Algorithm (m = 3)

111 While not HLF?(&) and the outtree component is the highest component
do:

remove from & the root of the highest outtree and any other two
highest roots. Add these three roots as the next column in the tableau
Ttop;

end;

[2) WhiIe not HLF?@) and the outtree component is the highest component
do:

be&
remove from &

R
the root of the highest outtree and any other two

highest roots. Add these three roots as the next column in the tableau
Tbot;

end;

PI If HLF?(&)  then continue to fill TtoP by an HLF algorithm applied to & fL

141 If HLF?@) then continue to fill Tbot by an HLF algorithm applied to eR
fL

151 If eR is not empty then return to step [l] fL

PI If CR is empty then output the tableau Tfop 1 revemc(T~,~)  as an optimal
schedule fL

Note that the expression ‘Ttop 1 revetse(Tb,$  represents the tableau we get by
attaching to the end of the tableau Ttop the reversed tableau of Tb,t.

Before we prove that the Flip-Flop algorithm produces an optimal schedule
let us demonstrate it on the precedence graph given in Figure 9.
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5
P =O,m=3

F A L S E

18 19 20 21

The graph has two components,  one outtrcc and one inttcc. WC observe
. that the HLF?(G)  test fails and tbt the intrcc compoocnt is higher. Therefore

we look at the bottom of the graph and find V” as the root of the highest
outtrce (of Gn). Thus WC ~311 tzkc {17,lS, 19) and put them as the first column
in the tableau 7’bole After removing this triple from the graph WC arc left with the
following subgraph  :

1 5

7

10

3-Y 9 ,

11

P =O,m=3

\ HLF?(@ = F A L S E

117

t

16

Tbot :

14 20 21

Figure 10.

18

i
19

Now, both the top and the battom contain outtrcc roots of maximal height.

27



WC can choose either of the sides  to continue the algorithm. Note that according
to the Flip-Flop algorithm w hxc to continue from the bottom. This is done to
prcvcnt too m3ny %wrscsA, but for the dcmonstrGtion wc continue from the top.
So, we c;in choose {5,1,2} and put them as the first column in the toptablcau.
We rcmovc these roots from the graph and arc left with the subgraph which
appears in Figure 11.

4 7

IO

12 13

15 16

P =O,m=3

HLF?(&)=FALSE

TLop : 5

H

1

2

Tbot :

Figun: 11.

Again, WC can choose cithcr side of the resulting graph to proceed Ict use
chodsc the top. Then, WC rcmovc {7,3,4) from the graph and insert them as the
next column in the toptablcau. WC get now the graph in Figure 12.

IO

12

15

i
20

13
T

16
top :

21

Figure 12.

P =4,m=3

HLF?(&) = T R U E

5 7
3

1 3
4

2 4

Tbot :

The Elite of the graph that WC have just got is empty and thcrcfore  by the
Elite Theorem WC know that HLF produces an optimal schedule  for the resulting
graph. Thus, HLF?=TRUE. So, WC cm complctc the tableau Ttdp according to
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HLF and get,

Tiop : 5 7 6 9 11 14

1 2 10 12‘ 15 20
I /

3 4 8 13 16 21
* 4

The concatenation of the two tableaux is an optimal schedule for the graph C.
Note that the tableau we have got is a level tableau, but not every level tableau
is an optimal schedule. If we apply the algorithm to the various examples, given
in the paper, we would find that in some cases we get a schedule which is not a
level schedule.

Theorem 16. The Flip-Flop algorithm producer an optimal schedule for G on
three processors.

Proof. First we have to show that the algorithm terminates. For this, it is
enough to show that for any fan graph at least one of the cases in the algorithm
holds. The cases are complementary, except for the condition of having a highest
outtree component. But it is obviously true that if the graph does not contain
highest outtrec component then its reverse contains one; thus, at any step of the
algorithm at least one of the cases in the algorithm holds. To complete the proof
of termination, observe that at every step of the algorithm we decrease the size of

e the graph and therefore after a finite number of steps the algorithm terminates.

The optimality of the final tableau can be deduced from the fundamental
principles of optimal schcdulcs. The reverse principle and the principle of op
Itimality  imply that if at every step of the algorithm we remove columns that
belong to optimal schcdulcs then the whole tableau that we get at step [6] is an
optimal schedule for the precedence graph. Therefore it remains to show that all
the columns belong to optimal schedules. Theorem 13 ensures that the columns
we get in the steps [l] and 12) belong to optimal schedules. The Elite Theorem,
Corollary 7 and Thcorcm 8 imply that the columns that we produce in steps [3]
and [4] also belong to optimal schedules. Therefore, we have proved the optimality
of the schedule produced by the Flip-Flop algorithm. I

29



Note that the algorithm can be further improved using the remark  we made
after Theorem 13. Due to this remark we immediately know that we can start
an optimal algorithm with the triple { 1,5,3}.  Indeed, that triple is a set of three
maximal height roots containing a root of an outtrcc. This improvement can be
added to the algorithm but it does not seem that its contribution is significant.

To prove the linearity of the FlipFlop  algorithm we have to describe care-
fully the data structures that we use and the prccisc implementation of the algo-
rithm. WC assume that the preccdcncc graph is given by the regular adjacency
lists [AH741  with the only exception that the list is dual; that is, there arc also
pointers that point back. The motivation behind this data structure, which is
called Dutzf  Linked-List,  is to enable us to remove easily vertices from either the
top or the bottom of the graph, level after level.

WC supplement every vertex in the Dual Linked-List with some more infor-
mation. Every vertex cpntains a counter with the number of vertices pointing to it
from above (parents), and a counter for the number  of its chidren. To each vertex
we attach a bit that denotes if it belongs to an intrcc or to an outtree component.
Note that if the graph is a chain of vertices it can be defined cithcr  as an intrce
or. as an outtrce; in our case it is not essential which type we choose to define
it as, except that being an outtrce can somctimcs improve the algorithm. The
height of a vertex in the graph is different from its height in the reverse graph,
which WC call the depth of the vertex. Therefore, we also attach to each vertex
two numbers: one is its height in the graph G and the other is its depth. All the
above attachments can be done in a linear time.

The next problem we have to face is how to manage the list of the roots
of the graph and its reverse, The list has to enable us to easily find the roots
according to their height and to let us easily remove roots. These properties are
those of hashing schcmcs [Kn73].  Thus, we can keep the list of the roots of the
graph in a hash table. To each level of the graph there correspond a row in the
hash table This row points to a linked list of all the roots of that height. For easy
insertion in the hash table WC can keep at each vertex, in addition to its height, a
pointer to the corresponding row in the hash table. Deletion from the hash table
can be done row after row and within the rows according to the linked list. Thus,
the first vertex in the hash table is the first vertex of the first noncmpty row.

Note that our special form of the hash-tables and data structure ensures
that every insertion or deletion  takes a constant number of steps. There are no
collisions during the insertions because of the queues.
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Everything we have described until now can help us to implement HLF in
a linear number of steps. But in the Flip-Flop algorithm we change the height
of some components by either removing from the top or from the bottom of the
graph, therefore we cannot keep all the roots of the graph in the same hash
table. The problem does not exist if all the roots in the hash table arc of the
same component, because in that case the height  of all of them is changed at the
same time by the same amount. To be more precise, assume that the hash table
contains the roots of an intrce, if we remove from that intrcc the leaf, which is the
root of the reversed component then the height of all the roots in the hash table
is decreased by exactly one. So, to bc consistent -4th the structure we can keep
roots in the same hash table if tither all of them belong to the same component or
all of them arc going to be removed from the table without changing their height.
In the complete implementation we will have four hash tables.

The four hash tables arc HI, Ho, H and HR. In the hash table HI we keep
all the roots of a highest intrce component of the precedence graph. The roots
are inscrtcd, as described before, according to their height in the graph. The
reverse of this component is an outtree and therefore contains exactly one root.
The pointer tf points to that root. In the hash table Ho WC hold all the roots
of the reverse of a highest outtrce component; that is, its leaves. These leaves
are inserted according to their depth in the graph. The pointer rg points to the
root of this outtrce component. The rest of the roots of the graph are inserted
according to their height into the hash table H, and the rest of the leaves in the
hash tablo  HR, according to their depth. In the complete implementation of the
algorithm we will show how these four hash tables solve the problem.

7%~ complete implcmcntution oj the Flip-Flop algorithm:
e

[Initialization]
Construct the Dual Linked-List to represent the precedence graph and sup-
plement every vertex with the information we rcquircd. Define Cl and Go,
as described above. Construct the four hash tables. If there is no outtree
component then set hl to zero, otherwise set it to be the height of the
component GJ. Similarly set ho. Set h3 to be the height of the highest
component of the graph, other than Gl and GO. Set & to be C.

[l] The  tes t  HLF?(&) can be implemented  easily, as noted in the definition
of the function HLF?(G).  If the test is FALSE then compare the heights,
execute the body of step [l] only if H(Go) 2 H(Gf). Insert the root to
and the first two roots in the hash table HI as the next row in the tableau

31



Ttop. Remove the two roots from HI and from the graph c. Insert their
chidren in HI according to their heights in the original precedence graph G.
Note that their heights in G might be diffcrcnt from their heights in G, but
the difference is fixed for all of them and for all the roots which are already
in HI. Update the value of hl, its value can either remain the same or be
decreased by one. Set GJ to be the remaining intree. Now observe that the
removing of ro might break GO in some outtrce components. In such case
we cannot leave all the lcavcs of GO in Ho because they do not belong to
the same component any more. So, after removing ro from GO set GO and
G to be the remaining graphs. Decrease  ho by one and set ro to point to
the highest child of the old to. Scan the components of the chidren other
than the new rg, update the heights and depths, find the leaves and transfer
them from HO to HR. Insert the leaves according to their depth in the new
G. Insert the chidrcn, other than ro, in the hash table Ho according to
their new heights. If one of these chidren is higher than ha than set ha to
be the maximal-height of them.

[2] Step two is done exactly as step one with the exception that we look at the
reversed graph. Thus, by exchanging “0” with “l”, “H" with “HR”, and
“Ttop" with “T&'.

13) If at the end the test HLF?(&) becomes TRUE, then enter the HLF step.
Scan GO to update the heights of its vcrticcs. Insert the root ro of the
outtrce GO in the hash table H according to its new height. Update the
heights of the vertices in GI, the height of every vcrtcx in this component
is the difference between its original height in G and the height in G of the
leave rl. Merge the two hash tables HI and H into one; that is, transfer all
the roots in HI to H according to their heights in G. Remove from H three-
roots at a time, according to their order. Insert the removed roots as the
next row in the tableau 7&,. Remove these roots also from & and insert
their chidren in H, Continue this process until G is empty. If at some point
there are less than three roots in H then remove as many as there exist and
complete the row with empty places.

[4] Step four is done exactly as in the previous stop, merge Ho with HR and
put the roots in the tableau &,t.

15) Test if the remaining graph is empty; if not then return to step [l].

(6) If the graph is empty then take the tableau Ttap and attach to it the reversed

32



tableau Tbot. We attach the rcversc of 7jor because it describes the schedule
from the end to the beginning. The resulting tableau is the desired optimal
schedule.

Theorem  17. The FlipFlop algorithm is a linear algorithm

ProoR As we pointed out during the detailed description of the implementation
of the Flip-Flop algorithm, all the constructions of the data structures are linear.
During the algorithm we insert every vertex in the hash table at most twice and
remove it at most twice. We look at each vertex during the execution of the
algorithm at most twice, before transferring it to the tables. The only suspicious
step is the search that we do for updating the heights of the subcomponents of GJ
and GO, but these searches are done at most once for every branch of the graph.
The last thing we have to show for proving that the implementation is linear is
to show an efficient way to find the first three empty rows in each hash table and
keep track of them.  We can do this by having three pointers pointing, at the
beginning, to the first three empty rows. Whenever we delete vertices from the
hash table we update them as WC update ho. Using the fact that the precedence
graph is a fan graph, one can prove that during the insertions we increase the
value of such a pointer at most twice.

Note that, as we proved in Thcorcm 16, at each step of the algorithm at
least one of the cases holds. This completes the proof that the algorithm can be
implemented in a linear number of steps. I

All the above reasoning also proves that the algorithm is not only linear,
but that it is linear with a fairly small constant. Note that the implementation
we described is also an efficient implementation of the HLF algorithm for any
directed graph.
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Appendix

For the formal proof of the Basic Theorem we need the following lemma
which will be used recursively in the proof of the Basic Theorem. Recall that the
graph G is a conjfict-free  graph if it satisfies the Basic Theorem and if all its

..subgraphs also satisfy the Basic Theorem.

Lemma A. Let G = (V,E) be a confiietfkee graph. Let A be any set of vertfter
all strictly lower than p(G).  Denote by h the maximal height of the vertices in
A. Let w 4 A be a root of G such that H(w) > h. If G has at least m - 1
components of height 2 h - 1 not contalnfng  vertkes  in A, thea there exists
an optimal schedule S = S1 1 S2 1 S3 (therefore G = G1 1 G2 1 G3), where
wES2= (S), such that one of the followfng eases holds.

U) s’ Z (II ,w,z3p., z,) and A c V3 (the vertkcs ot G3); that is, w sppean
before any vertex of the set A;

pif, s2C b, WI 23, . . . , z,) and Q E A, having  the propctttest
(Pl) every vertex z of G1 satlsfks H(z) > min(p(G),  H(w)) and z 4 A;
(P2) for every root, z, of G3 the followfng holds, H(z) < h, or z has a

parent in G2, or z E A;

(P3) every component of G with heSght not less than h which does not
contain vertices from A has exactly one representative in S2. The
vertex g is the only representative of all the other components;

a
(PO H(9) = h;
(P5) p(G3) > h - 1.

Note that A can be any set of vertices under the median; it may include roots
and nonroots, or it may be empty. The only restriction is that there are enough
higher components not containing vertices from A. One possibility is that all the
elements of A arc taken from a single component. The root w can even be in the
same component as vertices from A. The case where A is empty obviously leads
to case (i) of the theorem.

Proof. If G has less than n components then k(G) = 0 and the theorem trivially
holds. Therefore, let us assume that it has more than (m - 1) components; that
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in, k(G) # 0. We also assumed that w 4 A.

We prove that if (i) dots not hold then (ii) will hold. Let S be an optimal
schedule which is minimal w,r.t. w (see Definition 1). Assume w E (S), and let t
be the carliest vertex in S such that H(z) 5 min(H(w),p(G)).  Assume z E (S)r;
if I > u then (i) holds, therefore assume that I 5 u.

Case t < u : let S = S1 1 S2, where S1 = (S)l 1 . . . 1 (S)I-1. Then z is a
root of G2. By the construction we know that S2 is an optimal schedule for G2
and that Theorem 2 implies p(C2) 2 p(G). G2 is a subgraph  of a conflict-free
graph; therefore it is itself conflict-free, so the I3asic Theorem holds for it. The
conditions of the Basic Theorem are satisfied by w and z because

H(z) 5 /r(C) 5 p(G2) and H(z) 5 H(W), 1

and S2 starts with z and not w. Therefore there exists another optimal schedule
S2 for G2 which starts with w. But in this case, by the principle of optimality
(Theorem l), the schedule S = 3’ 1 3’ is optimal for C and contradicts the
minimality of S with respect to w.

Thus, we are left with the case 1 = u. If the column (S), does not contain
any vertex from the set A then we are again in case (i), otherwise let 0 be the
highest vertex of A in that column. We can partition the optimal schedule into
s = S1 1 S2 I S3 where S2 = (S),, S1 is the part of S before S2, and S3 is
the part of S after the column S 2. We also know that all the vertices in S1 are
above the median and that w and g are in S 2. Without loss of generality, let
s2 Z hw3,-‘~ z,) where g E A. Let G1, C2 and C3 be the corresponding
subgraphs of G.e

So far we actually proved that :

if (i) does not hold for any optimal schedule then
every optimal schedule S for G which is minimal
w.r.t. w satisfies the following: for every vertex z in
G’, w4 2 mi4w4Am

(1)

which proves (Pl).

Note that according to the above proof, for every optimal schedule  minimal
w.r.t. w (Dcflnition  l), the column S2 is uniquely determined to be the u-th
column. Now, among all of these optimal schedules we choose those which have
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the least number of vertices from A in the u-th column. The least number is not
zero because WC assumed that case (i) does not hold and zero leads to case (~1.
Let g be the highest vertex of A which appears in the u-th column among all
such optimal schedules. Assume, without loss of generality, that S is such an
optimal schedule containing 0 in its u-th column. For further rcfcrences we call
the property of an optimal schedule to have the least number of vertices of A in
its u-th column, the minimality w.r.t. A.

Denote by G3 the graph induced by S2 I S3. By assumption, it is a conflictt
free graph. From (Pl) and Theorem 2 we know that

we are considering the case p(C) > 0 and therefore G3 has at least m components.
S2 I S3 is an optimal schedule for G3,and  starts with Q, where H(g) 5 p(e’).
Let v be a root of G3-which has no parent in C2 and is not included in A. c3 is
conflictfrcc  and therefore if H(u) > H(g) then there exists an optimal schedule
S’ for c3 in which g and u are exchanged in the first column. But this implies
that S1 1 S’ is an optimal schedule for G which contradicts the minimaliy  of S
wkt. A. Therefore, we have proved

for every u in G3, H(v) < H(g), or u ban a parent
in G2, or u is in A. (2)

Now assume that G, is a component of C such that H(C,) > H(g) and G, does
not contain vertices from A. By (2) we know that every vertelv of C, with height
H(u) 2 H(g) is in S’. G, must have a vertex of height H(g); let o be such a vertex.
Recall that we assumed  D 4 A. By (Pl)  WC know that 0 is not in S1, so therefore
it must be in S2. There are at least m - 1 such components, and therefore every
one of them has exactly one vertex in S2, and g is the only representative of all
the other components. So, WC have proved

every component of C that has height 2 H(g) and
does not contain vertices from A has exactly one
representative in S2 and g is the only one from all
the other components  of C.

(3)

Note that if w belongs to a component which contains a vertex from A then
(2) and (3) imply that (i) holds.
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From (3) we conclude that there are exactly m components of G which are
of height H(g) or more (including the component of g itself). This fact implies
that if g is not of maximal height in A then there must be another root which
belongs to a component which contains a vertex from A, and is higher than g and
is in G3. Gs is conflictfree and thcrcfore  WC can find another optimal schedule
for c3 in which we exchange  that root with p in the first column. Either such an
optimal schedule contradicts the minimality of S w.r.t. A, or q is not the highest
vertex in A appearing in the u-th column of the corresponding optimal schedule.
This contradiction implies that (PI) holds; that is, H(g) = h. (P4) enables us to
conclude from (2) and (3), respectively that (P2) and (P3), hold..

To finish the proof we just have prove (PS). Let z be any root of G3 having
the property H(z) > p(G3). Then by (PZ), (P3) and (P4) it is clear that z e G3
and therefore, by Thcorcm 2, p(G3) > r(c3)  - 1. On the other hand

M3) 2 mw4G)Jw + 1) > H(O),
which implies that p(G3) > H(g)-1  = h-l, as desired. I

Using Lemma A we are ready to prove the basic theorem. Intuitively, the
idea is to find a path in the graph G, starting at g and a set of vertices from
the component to which w belongs. We construct an optimal schedule in which
the vertices along the path appear  in such a way that they can be exchanged one
by one with the vertices from the component of w without violating the ordering
induced by G.

Proof of the Basic Theorem:

Using Lemma A rccursivcly, we prove the theorem  by complete induction
on the prcccdcncc graph G. Let G be a DAG and assume that all its subgraphs
satisfy Theorem 5; that is, they are conflict-free. We prove that this assumption

- implies that G itself is confktfrce.

In the following two cases the theorem holds trivially:

Case p(G) = 0: This case occurs when G has less than m components but
then the theorem is trivially true.

Case H(G) = 0: This case occurs when G is a collection of vertices. In this
case the theorem also trivially holds.
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Now, let G bc a graph having only conflictfree  subgraphs. Let S be an
optimal schedule for G. Assume (S)l = (gO,zp,. . . , zm), where H(g”) 5 (r(G).
Let WI be any root of G such that H(ru’) 2 H(g”) and w1 4 (S)l. We want
to prove that there exists another optimal schedule S’ for G such that (St)1 =
(w’, 22, � l l t hn)*

Denote by Go the subgraph of G obtained by deleting (S)l from G. By
assumption, Go is a conflictfree graph. The following claim determines the
median of Go.

Claim:

(a) If H(g) < P(C) then  P@O)  2 P(C) - 1.

(b) If H(g) = P(G) then @o) 2 P(C)-

Proof. From the first case of Theorem 2 we conclude (a) immediately.  But if
H(g) = /r(G) then by condition (ii) of the Basic Thcorcm we know that all the
vertices in (S)l are not lower than the median; Corollary 3 implies (b).

If p(Go) = 0 then, by the previous claim, either H(g) = 0 or p(G) = 0.
This implies that in any case g is an isolated vertex of G. Therefore 0 can be
exchanged with w without destroying the optimality of the new tableau we get.

Thus, let us assume that JJ(CO) > 0; that is, GO has more than m - 1
components. To apply Lemma A to the subgraph  Go, let & be the set of all
chidrcn of gO. By the above claim it is clear that for every z E A, H(z) < p(Go)
and H(z) < H(wl).

We use the following indexed notations for the variables in Lemma A. Denote

respectively; and

S1,G~,g,{t3,...,~,)  by s,‘,G,,g‘,{s~,...,z~}.

With this notation the conditions for Lemma A can be written:

(CU G,- 1 is conflict-free.
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(C2) tub 4 A,-1 and is a root of C,+.

(C3) For every z E A,-‘, H(z) < p(G,-1)  and H(z) s H(d).

(C4) There exist at least m - 1 components which arc higher than the vertices
in A,-1 and which do not include any of these vertices.

These four conditions enable us to apply Lemma A. Using the above notation
we can describe the results of Lemma A as follows:

There exists an optimal schedule SL = St I St I Sf for G,-1 such that one
of the following casts hold:

(i) ST = (&W’,%~  ,..., 2;) and A, c V’ (V‘ is the set of vertices of G,) where
G, is the subgraph  of G,-1 induced by Sf.

(ii) ST = (y, tlJ’,z;,  . . .) 2;) and g‘ E A, having the properties :

(Rl) No vertex of A, appears in Sf .

(R2) No vertex of A, appears in {z;, . . . ,z&}.

(R3) No vertex from {z;, . . . , z&} belongs to
belongs.

(R4) p(G) > W) - 1.

the component to which w

Result (Rl) holds by (Pl) of Lemma A, (R2) is implied by (P2) and (P3).
e Result (R3) is also implied by (P3) and (R4) is just (PS).

We now show that we can apply Lemma A for L = 1 and also that whenever
case (i) dots not hold we can reapply the Lemma again on the resulting graph. The
Iconditions (Cl) to (C4) hold for L = 1 for the following reasons. The inductive
assumption implies that Go is a confkbfrcc graph; the assumptions that w is a
root of G and that H(w) 2 H(g”) imply (C2). & is defined to be the set of the
chidren of go and therefore the height of its maximal vertex is H(g”) - 1. By the
above claim, as we have pointed out before, (C3) holds. The case H(Go) = 0 was
excluded before; thcrcforc, we can assume that I > 0. This implies that there
are m - 1 components of G in which go does not appear  and therefore there are
at least m - l components of G which do not contain chidren of go. By the above
claim it is clear that the chidrcn of go are strictly under the median of Go, and
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therefore at least m- 1 components which do not contain chidren of go are higher
than & in Go. We now prove that after every iteration, if case (ii) holds then we
can make another iteration. So, assume that (ii) holds after the r-th iteration;
that is, the results (Rl) to (R4) hold. By complete induction every rubgraph  of
G is conflict-free and hence G,. Define A, to be the set of the chidren of g*, then
the height of the maximal vertex in the set .A4 is H(g‘)  - 1. Choose w‘+l to be
the highest root of the component to which UJ’ belongs; that is, the highest root
after the deletion of UP.  This choice implies that H(d) - 1 5 H(w’+‘). (R4)
implies that /r(GJ 5 H(g‘) - 1 and therefore for every z E A,,

and
H(z) 5 H(g’) - 1 s H(d) - 1 < H(w’+‘),

which imply that (C3) holds. The choice of w ‘+I immediately implies (C2). In
the subgraph Cf-,, g‘ was strictly under the median p(G,+) and therefore
there are at least m - 1 components of G, which are higher than its chidren and
obviously do not contain any of them. This proves (C4), and thus we have shown
that if case (ii) holds we can make another iteration.

Whenever (i) does not hold we can continue the above iteration, but in each
iteration the height of g decreases, H(g’) = H(g*-l) - 1, and therefore after a
finite number of iterations WC should get either that (i) holds or that for some JA,
w9p) = 0. This last case implies that A,,-1 is empty which ensures that Case
(i) also holds in the p-th iteration.

So, assume that after v iterations Case (~1 holds. By the principle of
optimality (Theorem 1) we know that the compound schedule constructed from
the optimal subschedules obtained during these v iterations is optimal.

This optimal schedule has the structure which is presented in Figure 4. For
every c, 1 < c 5 Y, this structure has the following four properties:

(A) St does not contain any child of g‘?

(a (4, . . . , z&} does not contain any child of g’-l and y is not a child of gywl.

(C) Si does not contain any parent of w’.

(D) For 1 5 c < c( - 1, {z$, . . . , z&} does not contain any parent of wL+l
and (22,.  . . , z,} does not contain any parent of wl,
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(Rl) and (R2) imply (A) and (B), respectively; the way we defined the w‘ in each
iteration implies (C), and (D) holds because of (R3).

Properties (A) to (D) ensure that we can exchange the series [go,. . . , g’-‘1
with the series [wl,..  . , tlfy] one by one, respectively, and obtain an optimal
schedule for G which starts with (WI, 22,. . . , z,) as dcsircd. I
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