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Abst ract

A crucial lemma in recent work of the author (show ng that k-term
arithmetic progression-free sets of integers nust have density zero)
stated (approximately) that any large bipartite graph can be deconposed
into relatively few "nearly regular" bipartite subgraphs. |p this
note we generalize this result to arbitrary graphs, at the same time

strengthening and sinplifying the original bipartite result.
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We show that, for n sufficiently large, every graph with n

vertices can be partitioned into k classes (k jndependent of n )
in such a way that the resulting-partition exhibits strong regularity
properties. An earlier version of this result for bipartite graphs
was extremely useful in proving that every set of positive integers of
positive upper density contains arithnetic progressions of every length
[1}. Simlarly, the present version finds applications in other extremal
problems of conbinatorial nature. To state the result in more precise
terns, we need a few definitions.

Wen G = (V,E) is a graph and when A, B are disjoint subsets'
of v, we denote by e(4,B) = eG(A,B) the number of edges of G with
one endpoint in A and the other in B. |n addition, when A and B

are nonenpty, we also define

A

e
d(A,B) = A . BB

(The nunmber a(a,B) is the density of edges between A and B .)
The pair (A,B) is called s-regular if

XchA , YeB , x| > ela] 5 [¥] > ¢l
imply

la(x,¥) - a(a,B) | < e

otherwise the pair is called s-irregular. By an equitable partition of

a set v, w shall nean a partition of Vv into pairwise di sjoint
cl asses CO’Cl""’Ck such that all the Ci's with 1< i <x have
the same cardinality. The class C, may be enpty; we shall refer to

it as the exceptional class. Let G = (V,E) be a graph with n vertices.

An equitable partition of Vv into classes CysCys--+5Cy Will be called



s-regular if the cardinality of the exceptional class C, does not
exceed en and if at nost ex> of the pairs (Cs’ct) with
1 <s<t<kare s-irregular.

Trivially, every partition of V into me- poi nt classes is s-regular
for every ¢. W shall prove that for every ¢ there is an integer M
such that every sufficiently large graph adnmits an s-regular partition
into k classes with k <M. In fact, we may al so prescribe a | ower
bound m on the number of classes; then, of course, M becones a
function of ¢ and m.

In the proof, we shall use the "defect form" of Schwarz inequality: if

. m m n
Zox, = o L oxts (m < n)
k=1 k=1

"then

n n 2 2
2 1 + ®'n
z X 2 H(k§ Xk) m(n-m)
W shall also use the fact that the density 4(X,Y) behaves in a rather
continuous fashion. Mre precisely, if

Xcx , Yoy , \x*\ > (1-8) x| , It > (1-8)]¥]

and 0 < & < 1/3 then some trivial computations show t hat

|d(x*,Y*) - 4(X,Y)| < 68

and that

|d(X*,Y*)2 -d(X,Y)2| < 126

Wth every equitable partition P of the vertex-set of Ginto

cl asses CO’Cl""’Ck

(CO bei ng the exceptional class), we shall
associ ate a nunber called the index of P and defined by
1 k k

ind P = = )2 Z
k S:l 't:S+l

2
a(c,,Cy)



The crucial part of our argument is contained in the follow ng statenent.

Lenmma. Let G = (V,E) be a graph with n vertices. Let P be an

equitable partition of V into.classes CoCys . +5Cy the exceptional

class being C, . Let ¢ be a positive integer such that

hk > 600(-:-5
[} .

I nmore than ek” pairs (C,C.) inl1l<s<t<kares-irregular
then there is an equitable partition Q of v into 1+ khk cl asses
the cardinality of the exceptional class being at nost

e + =

0 hk

and such that

. . ¢
ind Q> ind P+'26

Proof . For each s-irregular pair (cs,ct) inl<s<t<k, choose

sets X = X(s,t) and Y = y(s,t) such that

XECS ) ch‘t P IX!EE'CS‘:IY|_>_|C |

and
la(x,v) -a(c,cy) | > e

In each Cs s those sets define the obvious equival ence relation with

k-1 _ , :
at nost 2 classes; the equival ence classes will be called the atons.

Set

m=Lf};lcilJ (1<i<K)

Trivially, we may choose a collection Q of pairwise di Sjoint subsets

of V such that



(i) every menber of Q has cardinality m,

(ii) every atom A contains exactly | |A|/m] nenbers of Q,
(i) every cl ass Ci contai ns exactly L‘Cil/mJ nmenbers of Q.
Not e that

Lleyl/my = u* (1<1<K)

and so every class Ci contains exactly 4 menbers of Q; in fact,
we nmay assume that Q has exactly k4" nenbers. The collection Q
may be considered to be an equitable partition of V, the cardinality
its exceptional class being at nost

n

[eol+1m < feg| + o

[t remains to be shown that

. . 55
ind Q> ind P+E

For this purpose, label all the menbers of Q which are contained
in sone Cg (l1<s<k) as Cs(i) with i running from1l to gq =1+k

For each s , define

RN
C. = U C_(i
S i=1 S
T s eyl s el -
st > 160 m > sl( ~ 600
and so
* *.2 2 €
lac ,c )" -ac,c)| < =
whenever 1 < s <t <k . Now, the Schwarz |emma inplies



U1

ac (1), ¢ (N® > a@ch,cH? > acc)? - &

q

1
=
i= 50

q2 1 j=1

The |l ast inequality can be greatly inproved whenever the pair (Cs’ct)
happens to be s-irregular. In this case, we shall nmake use of the
sets X = X(s,t) and Y = ¥(s,t) introduced above. Let Xy be the

| argest subset of X that partitions into nenbers of Q. Evidently,

|x

> x| -2 > xj@ -

£
100

W shal |l set

- [B (G -m)]

Wthout |oss of generality, we may assune that

* r % r
X =uyc(ic X and Y = U c.(3) ¢
i=l j:
Ve have
* *
K| > |x\(1 =), 1 > |y\(1 ‘ﬂ)%)
and so
lax’,Y) - a@)| < £
Hence
* ¥ * *
la(x",y) -a(cy, ct)l > £
. . . . 2 _ 2
Using the defect form of Schwarz inequality (wwthn=q , ®m=7T

* .
and 8 = rgd(x*,Y*) _er(CS , c:)) we obtain

2 2
q q o *.0 r
5 2 T ac, e »oael, ) - F s
q i=1 j=1 q -r
e 5k
> d(C,C )" - %o"““ 7



Finally, we have

k
mao >3 2 3 (1 3 3 d(CS<i),Ct(J))2)
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as desired.

Theorem  For every positive real e and for every positive integer m

there are positive integers N and M with the follow ng property:
for every graph Gwith at least N vertices there is an e-regular
partition of Ginto k+1 classes such that m< k <M .

Pr oof . Let s be the smallest integer such that

s -
1 > 600e™ , 5 sp and s >

(G

Define a sequence f(0),r(1),£(2),... by setting f(0) = s and

£(t+1) = £(4)uf(t)

for every t . Let t be the largest nonnegative integer for which

- there exists an equitable partition P of Vinto 1+ £(t) cl asses

such that
5
. te
ind P > %55

and the size of the exceptional class does not exceed

1
enf 1 - —/——
( 21',+:I_)
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(Such a partition certainly exists for t =0 . Since ind P <2l

for every partition P, the integer t is well defined.) By our
| emma, and by the maximality of t , the partition P is E-regular.

Hence we may set M= f(Lloe'S_j") . End of proof.

It would be interesting to decide whether the same statenent hol ds

when the requirenent that at nost ek> pairs (C_,c,) be e-irregul ar
S

+)
I's replaced by the stronger requirenent that no pairs (Cs’ct) be

s-irregul ar.
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