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Abst r act

This note is a continuation of" the paper "Arithnetic properties of
certain recursively defined sets,” witten in collaboration with R chard
Rado. Here the sets under consideration are those having the form

S = (mlxl+ . «etmx : 1) where m

: ..,m_ are given natural nunbers
rr r

1"
with greatest comon divisor 1 . The set Sis the snallest set of

natural numbers which contains 1 and is closed under the operation

mX t. L tmX Also, S can be constructed by iterating the
operation mx, + . ..+tmx_ over the set {1} = For exanple,

(2x+ 2y: 1) =1{1,5,13, 17,25, . . . } = (1+ 12N) U (5+12N) where

N =1{0,1,2,...} . It is shown in this note that S contains an infinite

arithmetic progression for all natural nunbers r-lymg s oM,

Furthermore, if (ml,...,mr) = (ml Ceemm ..+mr) =1, thenSis

a per-set; that is, Sis a finite union of infinite arithmetic

progressions. In particular, this inplies (mx+ny: 1) is a per-set
for all pairs {mn} of relatively prine natural nunbers. |t is an
open question whether S is a per-set when (ml,...,mr) =1, but
(ml...mr,ml+ . ..+mr) >1 .

This research was supported in part by the National Science Foundation
under grant nunber GJ-992, and the Ofice of Naval Research under
contract number N-00014-67-A-0112-0057 NR 044-402. Reproduction in
whole or in part is permtted for any purpose of the United States
CGover nnment .
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1. [ ntroduction

This note is a continuation of Section 3 of "Arithmetic properties
of certain recursively defined sets,” witten in collaboration with
Richard Rado. Al of the special notation used in this note is defined
there. Besides using the notation of [1], we shall require also several
results proved there.

The significance of the present note in relation to [1]is as
follows: Let r-l,ml,...,mr denote natural nunbers. There exists a
smal | est set S denoted (m.LX1+ . ..*mx : 1) which contains 1 and

is closed under the operation p =m -+mx . The set S can

X1t
be constructed by iterating o over the set {1}; that is,

S = (Llup{llu({lupfilup({1upf{il))u.*. . Anong other things,
it was shown in [1] that Sis an affine transformation of the set
(m1x1+. . otmx +b: a) , and S is closed under nultiplication. W
use these results in the present note to show that S contains an

infinite arithnetic progression, thus resolving Conjecture 2 of [1]in

the affirmative. Al so, we show that if (ml,...,mr) = (ml...mr,m + . ..otm)

1
=1, then Sis a per-set; that is, Sis a finite union of infinite

arithnetic progressions. This settles affirmatively infinitely nmany
cases of Conjecture 1 in [I]. In particular, this conpletely settles
the case r = 2 of Conjecture 1.

The main idea developed here is as follows. W show that S
contains an affine transformation of a set T having the form
(mx1+. ..+tmxk: 1) where kK = r! and m= myeeem . Next, we show

that T contains an infinite arithmetic progression A . This inplies

S contains an affine transformation of A, so S contains an infinite



arithmetic progression, a+dN say. W showthat if

(a,d) = (m ,...,mr) =1, then Sis a per-set. The condition

1

(a, d) =1 is nmet when (m 1, and this is the

el Mt ..+mr)

1 1

route to our main result.

2. Resul ts

THEOREM 1.  Suppose k,meP , and |et

(1) s Z(mxl+...+mxk+l: 0) ,
h
(2) T = {c0+clm+ . .ot mo: hel, ¢ ¢ {0,113, C'1<—kci-l' ie[1,n]} .
Then
(3) S=T

PROCF: First, we show that

(W) 1+mT+ ...+ml c T

To see this, suppose x(J) er and let x(3) - cc()j)+c](_j)m+ L. for

j =21,...,k, then by definition of T

(5) CéJ) e {0,1} , ng) ch‘z (1€P, | = 1,..0,k) ;
there exists a nunmber t such that ¢W) =0 for all i >t and

i

j =1,...,k . Now |et

k . ® .
(6) X = 1+m Z X(J) - z Cj_ml
j=1 i=0
wher e ¢y = 1, and
k A
(7) o, = ¥ cld (icP)
Jj=1



It follows from (5) that

(8) c; < key (ieP) ;

al so, c, =0 for all i >t+1 since ci‘(Jl):Ofor all i-1 >t

and j = 1,...,k . Hence, =xeT, and this proves (4).

Next, we show that
(9) Tc{oju@+mr+ . ..+mnT) .
Suppose the contrary, and let y denote the smallest nunmber in T
not contained in the set defined on the right in (9). W have

(10) y=c¢ 6Em+...+%mh>

wher e c, € {0,1} and ¢, < ke, , for i =1,..,h. Suppose c,
has the form
. .
- (h
(11) o = igl e
W th cf'l) eN for i =1,...,k, then since cj+1_<_kcj , there exist
c.gi) EN with cgi) < C\(]%I for i =1,...,k , such that

Hence, we can construct k-vectors (cj(_ll) s veey c(k)) recursively for

3-1
=1 ....h such that c§i) chi_)l and (11) holds for j = 1,...,h-1 .
Y
A'so, since c; <k, we can select (cél e (0,1} for i = 1,...,k .
It follows that céi) + cI(i)m+ .. ET for i = 1,...,k . Also, (11)

implies



5 e nd F Oy e(D) gy
13 vy = cm’ = c.+m cy4m
) i% ° jmda I

Since 0 is an elenent of the set on the right in (9), and we are
supposing y is not an elenent of this set, it follows that cO;éO.

Hence, ¢y = 1, and (13) inplies

(1k) y >y - c(gi) * ffi)mﬂrﬁ..* cl(lf)l ™t (i = 1,..0,k) .

The nunbers y(i) have the proper formso that we can concl ude
y(i)él“ for i =1,...,k, and (13) shows that y = l+m§rl)l- : ..+rry(k)
But this neans y is an elenent of the set on the right in (9), a
contradiction. So (9) is true.

Together (4) and (9) inply

(15) 1+ml+ ..o+ml = T

Si nce T4me + . ..m s an increasing operation, we can apply the
Corol lary of Theorem 3 proved in [1] to conclude from (15) that T = S .

This conpletes the proof.

THEOREM 2: Suppose k-1,meP , and let £ be an integer satisfying

i >ml , then
Whnto1 | _
(16) kT T o Nc(lnxl+ o tmx 41 0) = s
PROCF: Suppose heN dy € [O,kz] , and d; <_kdi 1 for i =1, ...,h,
then it follows from Theorem 1 that 1+km+ . +k£'lmz'l+d0mz+ eeet dhm£+h

is an element of S . That is,

(17) :



wher e

h £ .
(18) D = {do+d Mk . ..+dm: heN, dy € [0,k" 1, di < kdg o for i=1,

Ve want to show D= N. O course, Dc N, so it has to be shown

that Nc D. Suppose the contrary, and let y denote the small est

non-negative integer not contained in D. Note that

(19) [o,x'1c o,
(20) (f Lt 1+m c D
Since xf-xtt > ml , there exists re [ka' ],kl] such that y = qmr .

But (19) inplies y > k’l , S0 0 < q <y . Because y was chosen

mniml, it follows that gedD, and (20) inplies y = r+gm D , a
contradiction. This conpletes the proof.

CORCLLARY OF THECREM 2:

(21) KA + (km-l)mlN c (mxl+ L eetmx 1)

PROCF: This follows from (16) and Corollary 1 of Theorem9 proved

in[1].

THECREM 3: Suppose r-lm,..om €P let k =r! , let m= myeeem
and let S = (lel+ see tmX 1),

(22) T:((ml+...+mr)r-km+mxl+...+mxr: 1) cs.

PROCF: It was shown in [1] that Sis closed under nultiplication,

Hence, since

(23) mS+. .. +mrS c S

c.oh}



r

we have
(2k) (ms+... +m8)' ¢ S
for all teP . In particular, (24) holds for t = r . Witingt =r

in (24), we have

(25) Y Zm....srgs;

1.=1 i=1 M e

but, since les and s < S, (25) inplies

rl

r
(26) (m.l.+"'+mr) —r&h‘i. .m z:zL:ml...mrSCS.
. . T
Hence, S is closed under the operation (m + . ..+mr) -k mox, + coetmx
also, 1es. Now we use the fact that T is a subset of every set X

closed under this operation provided 1eX . Since S satisfies these

conditions, we have T ¢ S, and this conpletes the proof.

COROLLARY OF THECREM 2:  Suppose 2cp sati sfies k'-x?"1 >m1 . Then
(e7) 1+ ((m +m) - (km _> . ..+r¥)r~l)m!N cS.
PROCF : The set T defined in (22) is an affine transformation of the
set R = (mxl+ : ..+m<k; 1> . In fact, using Corollary 1 of Theoremg

proved in [1], we have

((m1+ . ..+mr)r—l)R- (ml+ cee +mr)r+ Jm
km-1

(28) T =

Furthermore, (21) asserts that R contains an arithnetic progression A .
Thus, T contains the set obtained by replacing Rwith Ain the

right number of (28), and this gives (27).



THEOREM 4. Suppose a,d,r-l,ml,...,mreP , (a,d) = (ml,... .

and | et S=<mlxl+. LoHMX S 1) . If a+daNc s, then Sis a

per - set .

PROCF: Let aq

classes nodulo d entered by S. W suppose the ats are ordered so

seees8y €P denote representatives of all the residue

t hat a; = 1(mod d) , and for each j e [2,h] there exist elenents

bl’. @@9 {al,...,aj_l} such that aj =mpyt.. +mrbr(mod d) . Now

we show by induction on t that ag, + dV < S . Since a; = 1(mod d) ,
aa, = a(md d) , and

(29) a,atdl ¢ a+dN_cs.

Suppose a;at di Sfor i =1,...,t where t > 1 . W have

By q Wbt +mrbr(mod d) for certain elements

biseeesb € {al,...,at} ; al so, we have supposed bat AN @ S for

i =1,...,r . Using the fact that mN+ . ..+mN = N, and applying

Lemma 5 of [1] we have

oR

(30) 8, jatdl = mi(abi+ aN) @ S .

i=1

It follows by induction that

(31) a,atdi @8

for +t =1,...,h .

Recall that S is closed under multiplication. Hence, for each

icP there exists o {al, ' DO@@% such that a' = ci(mod d . In
particular, if u is the order of a(mod d) , then a2t - c, l(mod d)
and Cq® = 1(mod d) . But ¢, 18t & @ S by (31), and this inplies
l+daN e s .
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The nunbers a,..., ah were selected so that

h
(32) S © U (a,+an)
= 5
i=1

Furthernore, since 1+dN ¢ S we can wite a = 1in (31) and
concl ude that
h

(33) U (s, +an) @ s
i=1

Toget her (32) and (33) inply
h
(34) U (ai+dN) s ,
i=1
so Sis equal to a per-set with a finite subset deleted fromit. It

follows fromLema 2 of [1] that Sis a per-set. This conpletes the

proof .

THEOREM 5: Suppose r-Lm, .. om eP Wi th (ml,..,,mr) = (m,ml+ . ..+mr) =1

where m = m . .m . Then S = <mlxl+...+mrxr: 1) is a per-set.

PROOF: Let at+ dv denote the arithnetic progression given in (27),

and note that (m,ml+ . ..+ml) = 1linplies (ad) =1 . This is easily
checked by noting that a =1 mod((m + . .. +m y¥-1) , and

I
a E(ml+. o +mr)r(mod m since (klml—l)/(km—l) = 1(mod M . Since
(ml,. : ..nr) =1, we can apply Theoremk to conclude that Sis a

per-set. This conpletes the proof.

OOROLLARY OF THECREM 5:  [f myneP with (mn) = 1 , then (mx+ny: 1)

is a per-set.
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PROCF: [f (mn) =1,

and the result follows

then (m,mtn) = (n,m+n) = (mn,mrn) = 1 ,

from Theorem 5.

There are infinitely nmany sets (mlxl+. cetm X 1) with

r-l,ml, seeom €P and

(m5...m) =1 whose status as a per-set or

non-per-set is left open by Theorem5 or Theorem 10 of [|]. For

exanpl e, neither Theorems5 nor Theorem 10 applies to sets

(mlxl+mx +m,x,: 1) where m, = ab(ay+bz) , m, = acy , m, = bcz

272 33
wWth a, b, c, vy, z

Ref erence

2 3

natural nunbers chosen so that (ml,nb,mB)

(1] D. A Karner and R Rado, "Arithnetic properties of certain

recursively defined sets," to appear.
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